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PREFACE

The objective of the book is to draw the readers' atten
tion to the basic laws of mechanics, that is, to the laws of
motion and to the laws of conservation of energy, momen
tum and angular momentum, as well as to show how these
laws are to be applied in solving various specific problems.
At the same time the author has excluded all things of
minor importance in order to concentrate on the questions
which/are the hardest to comprehend..

The book consists of two parts: (1) classical mechanics
and (2) .relativistlc mechanics. In the first part the laws of
mechanics are treated in the Newtonian approximation, i.e.
when motion velocities are much less than the velocity of
light, while in the second part of the book velocities com
parable to that of Iight are considered.

Each chapter opens with a theoretical essay followed by
a number of the most instructive and interesting examples
and problems, with" solutions provided. There are about
80 problems altogether; being closely associated with the
introductory text, they develop and supplement it "and
therefore their examination is of equal importance.

A few corrections and refinements have been made in the
present edition to stress the physical essence of the prob
lems studied. This holds true primarily for Newton's second
law and the conservation laws. Some new examples and
problems have been provided.

The book is intended for first-year students. of physics
but can ' also be useful to senior students and lecturers.

I. E. lrodov





NOTATION

Vectors are designated by roman bold-face type (e.g. r. F);
the same italicized letter~ (r, F) designate the norm of a
vector,

Mean values are indicated by crotchets ), ~.g. (v),
(N).

The .~ymbol.~ ~, d. 6 (when put in front. of a quantity)
signify:
L\, a finite increment of a quantity, i .e. a difference between
its final and initial values, e.g. 1\r=r2 - rl~ ~U= U"J, - lli;
d, a differential (an infinitesimal increment), e.g. dr .. dll:
0, an elementary value of a quantity, e.g, BA is an elemen
tary work.

tI;f./

Unit vectors: .
I, j, k are unit vectors of the Cartesian coordinates x .. y, z:
ep , e .• , e; are unit, vectors of the cylindrical coordinates

(>, Cj), a:
n, T are unit vect-ors of a normal and a tangent to a path.

Reference frames are denoted by the italic letters K .. K'
and C.

The C frame is a reference frame fixed to the centre o.f
inertia and translating relative to inertial frames. All quan-
tities in the C frame are marked with a tilde, e.g. p', E.

A, work,
c; velocity of light in vacuo.
E, total mechanical energy. the total energy,
E, electric field strength.
e .. elementary electric charge ..
F~ force. .
G, fl(~Id st rengt h ..
~ .. free Iall aceelerat ion"
t .. moment of inerti a ,

L, angular momentum with respect. to a point,
L~, angular momentum with respect to an axis,
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I, arc coordinate, the arm of a vector,
M, moment of a force with respect to a point,

M z, moment of a force with respect to an axis,
m, mass, relativistic mass, rno rest mass,
N, power,
p, momentum,
q, electric charge,
r, radius vector,
s, path, interval,
t, time,

T, ki netic energy,
U, potential energy,
v, velocity of a point or a particle,

w, acceleration of a point or a particle,
p, angular acceleration,
~, velocity expressed in units of the velocity of light,
y, gravitational constant, the Lorentz factor,
B, energy of a photon,'

se , elastic (quasi-elastic) force constant,
u., reduced mass,
p, curvature radius. radius vector of the shortest distance

to an axis, density,
<p, azimuth angle, potential,

(0, angular velocity,
Q, solid angle.



INTRODUCTION

Mechanics is a branch of physics treating the simplest
form of motion of matter, mechanical motion, that is, the
motion .ofbodies in space and time. The occurrence of mechan
ical phenomena in space and time can be seen in any mechan
ical law involving, explicitly or implicitly, space-time
relations, i.e. distances and time intervals.

The position ot a body in space. can be determined only
with respect to other bodies. The same is true for the motion
of a body, i.e. for the change in its position over time. The
body (or the system of mutually immobile bodies) serving
to defin.e the position of a particular body is identified as
the reference body.

For practical purposes', a certain coordinate system, e.g.
the Cartesian system, is fixed to the reference body when
ever motion is described. The coordinates of a body permit.
its' position in space to be established. Next, motion occurs
not only in space but also in time, and therefore the descrip
tion of the motion presupposes time measurements as well.
This is done by means of a clock of one oranother type.

A reference body to which coordinates are fixed and mu
tually synchronized clocks form the so-called reference [rame.
The notion of a reference frame is fundamental in physics.
A space-time description of motion based on distances and
time intervals is possible only when a definite reference
frame is chosen.

Space and time by themselves' are also physical objects,
just as any others, even though immeasurably more impor-



t2 I.'roductlon

tant. The properties of space and time can be investigated
by observing bodies moving in them. By studying the char
acter of the motion of bodies we determine the properties
of space and time.

Experience shows that as long as the velocities of bodies
are small in comparison with the velocity of light, linear
scales and time intervals remain invariable on transition
from one reference frame to another, i.e. they do not depend
on the choice of a reference frame. This fact finds expres
sion in the Newtonian concepts of absolute space and time.
Mechanics treating the motion of bodies in such cases is
referred to as classical.

When we pass to velocities comparable to that of light, it
becomes obvious that the character of the motion of bodies
changes radical ly. Linear scales and time intervals become
dependent 011 the choice of a reference frame and are differ
ent in different reference frames. Mechanics based on these
concepts is referred to as relatioistic, Naturally, relativistic
mechanics is more general and becomes classical in the case
of small velocities.

The actual motion characteristics of bodies are so complex
that. to investigate them we have to neglect all insignificant
factors, otherwise the problem would get so complicated as
to render it practically insoluble. For this purpose notions
(or abstractions) are employed whose application depends
on the specific nature of the problem in question and on the
accuracy of t.he result that we expect to get. A particularly
important role is played by the notions of a mass point and
of a perfectly rigid body.

A mass point, or, briefly .. a particle, is a body whose dimen
sions can be neglected under the conditions of a given prob
lem. It is clear that the same body can be treated as a mass
point in some cases and as an extended object in others.

A perfectly rigid body, or, briefly, a solid, is a system of
mass points separated by distances which do not vary dur
ing its motion. A real body can be treated as a perfectly
rigid one provided its ~ deformations are negligible under
the conditions of the problem considered.

Mechanics tackles two fundamental problems;
1. The investigation of various motions and the general

ization of the results obtained in the form of laws of mo-
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tion, i.e. laws that can be employed in predicting the
character of motion in each specific case.

2. The search for general properties that are typical of
any system regardless of the specific interactions between
the bodies of the system.

The solution of the first problem ended up with the 80

called dynamic laws established by Newton and Einstein,
while the solution of the second problem resulted in the
discovery of the laws of conservation for such fundamental
quantities as energy, momentum and angular momentum.

The dynamic laws and the laws of conservation of energy,
momentum and angular momentum represent the basic laws
of mechanics. The investigation of these laws constitutes
the subject matter of this book.



PART ONE

CLASSICAL MECHANICS

CI-IAPTER f

ESSENTIALS OF KINEMATICS

Kinematics is thesubdivision of mechanics treating ways
of describing motion regardless of the causes inducing it.
Three problems will be considered in this chapter: kinematics
of a point, kinematics of a solid, and the transformation of
velocity and acceleration on transition from one reference
frame to another.

§ r. t. Kinematics of a Point

There are three ways to describe the motion of a point:
the first employs vectors, the second coordinates, and the
third is referred to as natural. Let us examine them in
order.

The vector method. With this method the location of a
given point A is defined by a radius vector r drawn from
a certain stationary point 0 of a chosen reference frame to
that point A. The motion of the point A makes its radius
vector vary in the general ease both in magnitude and in
direction, i.e. the radius vector r depends on time t, The locus
of the end points of the radius vector r is referred to 8S the
path of the point A.

Let us introduce the notion of the velocity of a point.
Suppose the point A travels from point 1 to point 2 in the
time interval ~t (Fig. 1). It is seen from the figure that
the displacement vector L\r of the point A represents the
increment of the radius vector r in the time ~t: !!r = r, -
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- r1 • The ratio dr/dtj is called the mean velocity vector {v}
during the time interval ~t. The direction of, the vector
(v) coincides with that of ~r. Now let us define the veloc-:
ity vector v of the point at a given moment of time as the
limit of the ratio drlAt as dt -+ 0, i.e.

v=lim~=.!k. (1.1)
At-+O ~t dt

This means that the velocity vector v of the point at a given
moment of time is equal to the derivative of the radius
vector r with respect to time, and its directionvItke that of

<11>

Fig. i

the vector dr, along the tangent to the path at a given point
coincides with the' direction of motion of the point A. The
modulus of the vector v is equal to~

v = I v 1 = I dsldt. I·
The motion of 8 point is also characterised by acceleratione u

The acceleration vector w defines the rate at which the ve
locity vec~or of a point varies with time:

w = dv/dt, (1.2)

Le, it is equal to the derivative of the velocity vector with·
respect to time. The direction of the vector w coincides with
the direction of the vector dv which is the increment of the
vector v during the time interval dt. The modulus of the

"

• Note that in the general case I dr r =1= dr, where r is the modulus
of the radius vector r, and 'v =1= drldt: For example, when r changes
only in direction, that is the point moves in a circle. then r = const,
dr = O. but I dr I =F= O. '
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vector w is defined in much the same way as tha~ ~f ~be
vector v.

EDmple. The radius vector of a point depends on time t 8S

r = .t + bt1/2~

where a and b are CODstaU, vec~. Let us lind the velocity " of the
point and its aecelera\io1l w:

v = dr/dt = a + bl, w = dv/dt = b ::= const .

.The modulus of the velocity vector

1)== yV2= Vat +2abt +b1tl .

Thus, knowing the function r (t), one can find the velocity
v of a point and its acceleration w at any moment of time.

Here the reverse problem arises: can we find v (t) and
r (t) if the time dependence of the acceleration w (t) is
known?

It. turns out that the dependence w (t) is not sufficient to
get 8 single-valued solution of this problem; one needs also
to know the so-called initial conditions, namely t the veloc
ity Vo of the point and its radius vector ro at 8 certain
initial moment t = O. To make sure, let us examine the
simple case when the acceleration of the point remains COD

stant in the course of time.
First, let us determine the velocity y (t) of the point. In

accordance with Eq. (t.2) the elementary velocity incre
ment during the time interval dt is equal to dv = w dt,
Integrating this relation with respect to time between
t = 0 and t, we obtain the velocity vector increment dur
ing this interval: ,

tiv- Jwdt=wt.
o

However, the quantity A. is not the required velocity v.
To find v, we must know the velocity Vo at the initial mo
ment of time. Then v = "10 + A"I, or

v > "(: .;- wt.

The radius vector r (t) of the point is found in a similar.
manner. AccordingtoEq. (t.t) the elementary increment of
..he radius vector during the time interval dt is dr = v dt,
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gtj2

Integrating this relation with respect. to t9~i functio.n v (t),
we obtain the increment of the radius vector during the
interval from t ~ 0 to t:

t

Ar = ) v (t) dt::r- vot +wt2/2.

o
To find the radius vector r (t), the location ro of the point
at the initial moment of ttme must be known. Then r =
= ro + L\r, or

r = ro+ vot +wt2/2.

Let us consider, for example, the motion of a stone thrown
with the initial velocity Vo at an angle to the horizontal.
Assuming the stone to move with the constant acceleration
w = g, its location relative
to the point ro = 0 from which
the stone was thrown is de
fined by the radius, vector

r = vat+gtaj2,

i.e. in this case r represents
the sum of two vectors as O~~WlJi7mW7liwm7llll.i7lJ).~~

shown in Fig. 2.
Thus, the teomplete solu- Fig. 2

tion of the problem of a moving
point, that is, the determination of its vcleoity v and its
location r as functions of time, requires knowing not only
the dependence w (t),. but also the initial conditions, i.e. the
velocity V o and the location ro of the point at the initial
moment of time. .

The method of coordinates. In this method a certain coor
dinate system (Cartesian, oblique-angled or curvilinear)
is fixed to a chosen reference body. The choice of a coordinate
system is stipulated by various considerations: the char
acter or) the symmetry of the problem, the formulation of
the problem, the quest for a simpler solution. We shall
confine ourselves here" to Cartesian coordinates f, y, s.

• The motion of a point in polar coordinates is· considered
in Appendix 1.

2-0539
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Let us write the projections of the radius vector r (t)
on the axes z; Y, z to characterize the position of the point
in question relative to the origin 0 at the moment t:

x = z (t); y = y (tl; z = z (t~

Knowing the dependence 01· these coordinates on time, that
is, the law of motion of. the point, we can find the position
of the point at any moment of time, as well as its velocity
and acceleration. Indeed, from Eqs. (1.1) and (1.2) we can
easily obtain the formulae defining the projections of the
velocity vector and the acceleration vector on the x axis:

v~ == ~/dt, (1.3)

where tk is the projection of the displacement vector dr on
the x axis;

(t.4)

where dvx is the projection of the velocity increment vector
dv on the x axis. Similar relations are obtained for y and z
projections of the respective vectors. It is seen from these
formulae that the velocity and acceleration vector projec
tions are equal respectively to the first and second time de
rivatIves of the coordinates.

Thus, the functions x (t), y (t), z (~), in essence, complete
ly define' the motion of a point. Knowing them, one can
find not only the position of a point, but also the projections
of its velocity and acceleration, and, consequently, the
magnitude and direction of vectors v and w at any moment
of time. For example, the modulus of the velocity vector

v== ¥v:+v:+.v:;
the direction of the vector v is defined by the directional eo
sines as follows:

cos ~ = vx!v; cos P= V,I/V; cos V = v,/v,
where a, ~, ., are the angles formed by the vector v with the
axes s, y, z respectively. Similar formulae define the mag
nitude and direction of the acceleration vector.

Besides, some more questions can be solved: one can de
termine the path of a point, the dependence of the distance
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(1.5)

Fig. 3

covered on time, the dependence of the velocity on the
position of a point etc.

The reverse problem, that is, the determination of the
velocity and the law of motion of a point from a given accel
eration, is solved, as in the vector method, by integration
(in this case, integration of acceleration projections with
respect to time); this' problem also has a single-valued solu
tion provided that in addition to the acceleration the initial
conditions are also available, i.e. velocity projections and
the coordinates of a point at the initial moment.

The "natural" method. This method is employed when
the path of a point is known in advance. The location of
a point A. is defined by the arccoordi
nate l, that is, the distance from the
chosen origin 0 measured along the
path (Fig. 3). In so doing, the pos
itive~ direAtion of the coordinate
l is adopted at will (e.g. as shown
by an arrow in the tigure).

The motion of a point is deter
mined provided we know its path,
the origin 0, the positive direction of the arc coordinate 1and
the law of motion of the point, Le. the function 1 (t).

Velocity' 0/ a point. Let us introduce the unit vector ·or
fixed to the moving point A and oriented along a tangent to
the path in the direction of growing values of the arc coordi
nate 1 (Fig. 3). It is obvious that 'I' is a variable vector sinee
it depends on 1. The velocity vector v of the point A is
oriented along a tangent to the path and therefore can be
represented as follows:

Iv=v~~, I
where v'( = dlldt is the projection of the vector v on the
direction of the vector '1', with V-c being an algebraic quan
tity. Besides, it is obvious that

Iv'Cl = lv'=v.
Accelerauon ala point, Let us differentiate Eq. (1.5)

with respect to time:
dv dv-c d.rr

w=tU=tit'f+v-ctUe (1.6)

2*



20 Classical M~chanfe,

Then transform the last term of this expression:
cl-r d-r dl _ t d-r _ 2 4-r

V,; Cit = Vt dfCit- V,; df -v df. (1.7)

Let us determine the increment of the vector 't in the inter
val dl (Fig. 4). It can be strictly shown that when point 2
approaches point 1, the segment of the path between them
tends to turn into an arc of~e with centre at some

'r,

a
Fig. 4

point O. The point 0 is referred to as the centre of curvature
of the path at the given point, and the radius p of the cor
responding circle as the radius of curvature of the path at
the same point.

It is seen from Fig. 4 that the angle Ba = I dl IIp =
= I d'f 1/1, whence .

I dsld! I = 1/p;·

at the same time, if dl -+ 0, then d-r -L '1'. Introducing a unit
vector n of the normal to the path at point 1 directed toward
the centre of curvature, we write the last equality in a vec
tor form·:

d'l'ldl ...:... nip. (1.8)

Now let us substitute Eq. (1.8) into Eq. (1.7) and then
the expression obtained into Eq. (1.6). Finally we get

tll1-r Viw=--r+-n.dt . P (i.9)
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dA

= V (dvldt)2 + (V2/p)2.

Here the first term is called the tangential acceleration W't

and the second one, the normal (centripetal) acceleration Wn :

W-r,= (dv,,/dt)-r; wn = (v2/p) n . (1.10)

Thus, the total acceleration w of a point can" be represent
ed as the sum of the tangen
tial W't and normal Wn accele-
rations. .

The magnitude of the total
acceleration of a point is

w=Vw~+w~=
"

" "
0" I
J <, I

"J
Example. Point A travels along 0

an arc of a circle of radius p F· 5
(Fig. 5). Its velocity depends on 19.
the arc coqrdtnate l as v = a }(1
where a is~ constant. Let us calculate the' angle a between the vec
tors of the total acceleration and of the velocity of the point as a func
tion of the /- coordinate I.

It is seen from Fig. 5 that the ang.le a can be found by means of
the formula tan a = wnlw'f. Let us find wn and W't:

Wn=~=~. W",= dv'f = dv'( ~=_a_a Yl=~.
p p' dt dl dt 2 yl 2

Whence tan a = 2lfp.

§ t .2. Kinematics of a Solid

Being important 'by 'itself, the theory of motion of a solid
is also essential in another respect. I t is well known that
a reference frame used for describing various kinds of. mo
tion in space and time can be fixed to a solid. Therefore,
the study of motion of solids is actually equivalent to the
study of motion of corresponding reference frames. The
results to be obtained in this section will be repeatedly used
hereafter.

Five kinds of motion of a solid are Identified: (1) trans
lation, (2) rotation about a stationary axis, (3) plane motion,
(4) motion about a stationary point, and (5) free motion.
The first two kinds of motion, that is, translation and rota
tion about a stationary axis, are the basic kinds of motion
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Fig. 6

o

d!p
.........-_~d!fJ

.........~:::----
...............

...... it,.
A

of a solid. All the other kinds of motion of a solid prove to be
reducible to one of the basic motions or to their combina
tion. "This will be shown by the example of plane motion.

In this section we shall deal with the first three kinds of
motion and with the problem of summing angular veloci
ties.

Translation. In this kind of motion of a solid any straight
line fixed to it remains parallel to its initial orientation

, alNJl~~ime. Examples: a car
o travelling along a straight sec

tion of a road, 8 Ferris wheel
cage, etc.

When moving translationa
ry" all points of a solid tra
verse equal distances in the
same time interval. Therefore
velocities, as well as accelera
tions, are of the same value
at all points of the body at the
given moment of time. This
fact allows the study of trans
lation of a solid to be reduced
to the study of motion of an
individual point belonging to

that solid, Le. to the problem of kinematics of a point.
Thus, the translation of a solid can be comprehensively

described provided the dependence of the radius vector on
time r (t) for any point of that body.is available as well as
the position of that body at the initial moment.

Rotation about a stationary axis. Suppose a solid, while
rotating about an axis 00' which is stationary in a given
reference frame, accomplishes an· infinitesimal rotation
during the time interval dt. We shall describe (the" corre
sponding rotation angle by the vector dq> whose modulus is
equal to the rotation angle and whose direction coincides
with the axis 00', with the rotation direction obeying the
right-hand screw rule with respect to the direction of the
vector dq> (Fig". 6).

Now let us find the elementary displacement of any point
A of the solid resulting from such a rotation. The location
of the point A is specified by the radius vector r drawn from
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8 certain point 0 on the rotation axis. Then the linear dis
placementof the end point of the radius vector r is associ
ated with the rotation angle dcp by the relation (Fig. 6)

, dr , = r sin edep,

or in a vector form
dr = (dep, rl. (i.it)

Note that this equality holds only for an infinitesimal
rotation dq>. In other words, only infinitesimal rotations
can be treated as vectors.*

Moreover, the vector introduced (dep) can be shown to
satisfy the basic property of vectors, that is, vector addition.
Indeed, imagine"a solid performing two elementary rota
tions, dfPt and dept, about different axes crossing at a sta
tionary point O. Then the resultant displacement dr of
an arbijrary point A of the body, whose radius vector with
respect to the point 0 is equal to r, can be represented as
follows: .<

dr = drl +om, = [dCf>I, r] + [dep2' r] = [dep, rJ
where

(1.t2)

I.e, the two given rotations, dCJ>t and dep2' are equivalent to
one rotation through the angle dq> = dept + dCP2 about the
axis coinciding with the vector d, and passing through
the point O.

Note that in treating such quantities as radius vector r,
velocity v, acceleration w we did not hesitate over the choice
of their direction: it naturally followed from the properties
of the quantities themselves. Such vectors are referred to
8S polar. As distinct from them, such vectors as dq> whose

• In the ease of a finite rotation through the 8ngle]Aq> the linear
displacement of the point A can be found from Fig. 6:

~ Ar , = r sin 9·2 sin (Acp/2).

Whence it 'is immediately seen that the displacement Ar cannot
be represented as a vector cross product of ACf and r. It is only pos
sible in the C8!e of an infinitesImal rotation cl4p when the radius vec
tor r can be regarded invariable.
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direction is specified by the rotation direction are called
axial.

Now let us introduce the vectors of angular velocity and
angular acceleration. The angular velocity vector (t) is
defined as

(t) = drp/dt, (1.13)

(1.15)

(1.16)

where dt is the time interval during which a body performs
the rotation dq>. The vector (t) is axial and its direction coin-
cides with that of the vector dfP. .

The time variation of the vector ro is defined by the angu
lar acceleration vector p~

~ P = ([iJj/dt. (1.14)

The direction of the' vector p coincides with the direction of
dO), the increment of the vector roo Both vectors, p and (I),

are axial.
The representation of angular velocity:and angular accel

eration in a vector form proves to be very beneficial, espe
cially in the study of more complicated kinds
of motionof a solid. In many cases this makes
a problem more explicit, drastically simplifies
the analysis of motion and the corresponding
calculations.

Let us write the expressions for angular ve
locity and angular acceleration via projec-

Fig. 7 tions on the rotation axis z whose positive
direction is associated with the positive di

rection of the coordinate (J), the rotation angle, in accordance
with the right-hand screw rule (Fig. 7). Then the projections
0> % and ~ % of the vectors ro and pon the z axis are defined by
the following formulae:

roz = drp/dt,

P% = dro zldt.

Here 0) z and ~ % are algebraic quantities. Their sign specifies
the direction of the corresponding vector. For example, if
ro % > 0, then the direction of the vector (0 coincides with
the positive direction of the z axis; and if ro % < 0, then the
vector ro has the opposite direction. The same is true for
angular acceleration.
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(1.17)

Fig. 8

Df

o

Thus, knowing the function cp (t), the law of rotation of
a body, we can find the angular velocity and angular accel
eration at each moment of time by means of Eqs. (1.15) and
(1.16) On the other hand, knowing the time dependence of
angular acceleration and the initial conditions, i.e. the
angular velocity (1)0 and the angle <Po at the initial moment of
time, we can find. 0) (t) and q> (t).

EX8m~le. A solid rotates about a stationary axis in accordance
with the law, = at - btl/2 where a and b are positive constants.
Let us determine the motion characteristics of this body.

In accordance with Eqs. (i.i5) and (1.t6)
CI}% = a - bt; PI: = -b = coast.

Whence it is seen that the body performs a uniformly decelerated
rotation <pz < 0), comes to a standstill at the moment tq = alb
and then reverses its rotation direction (due to' o% changing Its sign
to the opposite).

Note that the solution of all problems on rotation of a solid
about a s~ionary axis is similar in form to that of prob
lems on rectilinear motion of a
point. It is sufficient to replace the
linear quantities x, Vs and ui; by the
corresponding angular quantities «1',
co % and p.z in order to obtain all
characteristics and relationships for
the case of a rotating body.

Relationship between linear and
angular quantities. Let us find the
velocity v of an. arbitrary point A of
a solid rotating about a statio-nary
axis 00' at an angular velocity ID.
Let the location of the point A rel
ative to some point 0 of the rota
tion axis be defined by the radius
vector r (Fig. 8). Dividing booth
sides ofEq. (1.11) by the correspond
ing time interval dt and taking into account that
dr/dt = v and d«p/dt = (I), we obtain

Iv = [(J)r], I
i.e. the velocity v of any point A of a solid rotating .about
some axis at an angular velocity CI) is equal to the cross
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product of;m and the"radius vector r of the point A relative to
an arbitrary point 0 of the rotation axis (Fig_ 8).

The modulus of the vector (1.17) is v = cor. sin 8, or

u = mp,

where p is the radius of the circle which the point. A circum
scribes. Having differentiated Eq. (1. t 7) with respect to

1('

"

o~------~

K
g

Fig. 9 Fig. 10

time, we find the acceleration w of the point A:

_w = [dID/dt, r] + fro, dr/dt]
or

Iw= U~r] +[ol [Olr)). I (1.18)

In this case (when the rotation axis is stationary) PII ID,

and therefore the vector [~r] represents thetangential accel
eration W-r. The vector [(f) (6)r]] is the normal acceleration
Wn - The moduli of these vectors are

(w'tl = PP; W n = ro2p,

whence the modulus of the total acceleration w is equal to

w= Yw~+w~=p Yp2+ro6..
Plane motion of a solid. In this kind of motion each point

of a solid moves in a plane which is parallel to a certain
stationary (in a given reference frame) plane. In this case
the plane figure <D "formed asaresult of cutting the solid by
that stationary plane P (Fig. 9) remains in that plane all
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the time during the motion. Example: a cylinder rolling
along a plane without slipping (in a similar case a cone per
forms a much more complicated .motion).

It is easy to infer that the position of a solid in plane mo
tion is unambiguously determined by the position of the
plane figure (J) within the stationary plane P. The study of
the plane motion of a solid thus reduces to the study of
motion of a plane figure within its plane.

Let the plane figure <I> move within its plane P, which
is stationary in the" K reference frame (Fig. 10). The posi
tion of the figure <I> in the plane can be defined by specify
ing the radius vector f o of an arbitrary point 0' of the figure
and the angle q> between the radius vector r' rigidly fixed
to the figure and a certain selected direction in the K refer
ence frame. The plane motion of the solid is then described
by the two 'equations'

~, f o = r o (t); q> = q> (t).

It is clear that if the radius vector r' of the point A
(Fig. 10) .turns through the angle dq> during the time inter
val dt, then any segment fixed to the figure will turn through
the same angle. In other words, the rotation of the figure
through the angle dfP does not depend on the choice of the
point 0'. This means that" the angular velocity m of the
figure does not depend on the choice of the point 0', and
we have the right to call m the angular velocity of the solid
per se.

Now let us find the velocity v of an arbitrary point A
of a solid in plane motion. Let us introduce the auxiliary
reference frame K ' which is rigidly fixed to the point 0'
of the solid and translates relative to the K frame (Fig. 10).
Then the elementary displacement dr of the point A in the K
frame can be written in the following form:

dr = dro+dr',

where dro is the displacement of the K' frame, or the point
0', and dr' is the displacement of the point A relative to
the K' frame. The translation dr' is caused by the rotation
of the solid about the axis which is at rest in the K' frame
and passes through the point 0'; according to Eq. (1.11)
dr' = [dept r']. Substituting this relation into the previous
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Fig. 11
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one and dividing both sides of the expression obtained by
dt, we get

v=vo+[mr'], (1.19)

i.e. the velocity of any point A of a solid in plane motion'"
comprises the velocity Vo of an arbitrary point 0' of that
solid and the velocity. v' = (ror'] caused by rotation of the
solid about the axis passing through the point 0'. Once
again we would like to stress that v' is the velocity of the
point A relative to the translating reference frame K ' which

is rigidly fixed to the point 0'.
In other words, plane motion

Of-a-solid can be represented as
a combination of two basic kinds
of motion: translation (together
with an arbitrary point 0' of the
solid) and rotation· (around an
axis passing through the point
0').

Now we shall demonstrate
that plane motion can be re
ducedto a purely rotational mo-
tion. Indeed, in plane motion

the velocity~ Vo of the arbitrary point 0 ·of the solid
is normal to the vector CI) which means that we can always
find a certain point M which is rigidly fixed to the solid··
and whose velocity v = 0 at a given moment. The location
of the point M, i.e. its ra-dius vector fir relative to the
point 0' (Fig. 11), can be found from the condition 0 =
= Vo + [mfMl. The vector rM is] perpendicular to m and
vo, its direction corresponding to the vector cross product
Vo = -(rorM] and its magnitude rM = va/ro.

The point M defines the position of "another important
axis (coinciding with the direction of the vector ro). At
~ given moment of time the motion of a solid represents
a pure rotation about this axis. Such an axis is referred to as
an instantaneous rotation axis.

• Note that Eq. (1.19) also holds for any complex motion of
a solid .

•• The point M may turn out to be outside the solid.
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Generally speaking, the position of the instantaneous axis
varies with time. For example, in the case of a cylinder roll
ing over a plane surface the instantaneous axis coincides at
any moment with the line of contact between the cylinder
and the plane.

Angular velocity summation. Let us analyse the motion
of a solid rotating simultaneously' about two intersecting
axes. We shall set into rotation a cer-
tain solid at the angular velocity 0)' B
about the axis OA (Fig. 12), and then
we shall set this axis into rotation
with the angular velocity (1)0 about Wo

the axis OB which is stationary in the
K reference' frame. Let us find the re-
sultant motion in the K'frame. 0

We shall introduce an auxiliary ref-
erence ttame K' fixed rigidly to the Fig.!t2
axesOA and OB. It is clear that this
frame rotates with" the angular .velocity (1)0' while the
solid rotates' relative to this frame with the angular
velocity m'.

During the time .interval dt the solid will turn through
an angle dq>' about the axis OA in the K' frame and simul
taneously through dfl'o about the axis OB together with the
K' frame. The cumulative rotation follows_from Eq. (1.12):
dcp = dq>o + d«p'. Dividing' both sides of this equality by
dt, 'we obtain

O1=IDO+01' • (1.20)

Thus, th-e resultant motion of the solid in the K frame is
a pure rotation with the angular velocity (J) about an axis
coinciding at each moment with the vector (J) and passing
through the point 0 (Fig. 12). This axis is displaced relative
to the K frame: it rotates together with the OA axis about
the axis OR at the angular velocity (1)0.

It is not difficult to infer that e.ven when the angular
velocities (J)' and (1)0 do not change their magnitudes, the
body in the K frame will possess the angular acceleration
~ directed, according to Eq. (1.14), beyond the plane
(Fig. 12). The angular acceleration of a solid is analysed in
detail in Problem 1.tO.
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And here is one more remark. Since the angular velocity
vector 0) satisfies the basic property of- vectors, vector sum
mation, (I) can be expanded, into a sum of vector components
projected on definite directions, i.e. CJ) = rol'+ roB + ...,

. where all vectors belong to the same reference frame. This
convenient and beneficial routine is frequently employed
to analyse complex motions of a solid.

§ 1.3. Transformation of Velocity and Acceleration
on Transition to Another Reference Frame

A

Fig. fS

o

Prior to entering upon the study of this problem we should
recall that within the bounds OlCrassical mechanics the
length of scales and time are considered absolute. A scale
is' the same in different reference frames, i.e, it does not
change during motion. This is also true of time' running
uniformly throughout all frames. ..

Formulation of the problem. There are two _arbitrary
reference frames K and K' moving relative to each other
in a definite manner. The. velocity v and the acceleration w

of a point A in the K frame are
known. What are the correspond
ing values v' and w' of this
point in the K' frame?

We shall examine the three
most significant cases of relative
motion of two reference frames
in succession.

i.The K' frame transtate«
'relative to the K {Ira me.

Suppose the origin of the
X' frame is determined by the
radius vector f o in the K frame,
and its velocity and accele

ration by the vectors Vo and Wo- If the location of the point
A in the K frame is determined by the radius vector rand
in the K' frame by the radius vector r', then apparently
r ~ ro + r' (Fig_ 13). Next, let during the time interval dt
the point A. accomplish the elementary displaceD!'ent dr
in the K frame. This displacement is made up ofthe displace
ment dro (together with the K ' frame) and the displace-
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ment dr' relative to the K' frame: dr = dro + ds': Dividing
this expression by dt, we obtain the following formula for
the velocity transformation: .

I v=vo+v'. I (1.21)

Differentiating Eq. (1.21) with respect to time, we immedia
tely get the acceleration transformation formula:

Iw=wo+w'·1 (1.22)

Whence it is seen, specifically, that if Wo = 0 and w = w',
Le. when the K' frame moves without acceleration, the
acceleration .of the point A relative to the K frame will be
the same in both frames.

2. Phe K' frame rotates at the constant angu
lar ve1o.fJity 0) about an axis: which is station
ary in the K !ranle.

Let us assume the erlgins of the reference frames K and K'
to be located at an arbitrary point 0 on the rotation axis

w

o (a)

w

(6)

Fig. 14

(Fig. 144). Then the radius vector of the point A will be
the same in both reference frames: r == .r' .

If the point A is at rest in the K' frame, this means that
its displacement dr in the K frame during the time interval
fit is caused only by the rotation of the radius vector r
thfough the angle dfI) (together with the K' frame) and in
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accordance with Eq. (1.11) is [equal to~the 'vector cross
product (dq>, rJ.

. If the point A moves at the velocity v' relative to tbe K'
frame, it will cover an additional distance v'dt during the
time interval dt (Fig. 14a), so that

dr = v'dt + [dq>, r], (1.23)

Dividing this expression by dt, we obtain the velocity
transformation formula as follows: •

IV= v' +[cor], I (1.24)

where v and v' are the velocity values which characterize
the motion of the point A in the ~' frames respec
tively.

Now let us pass over to acceleration. In accordance with
Eq. (1.24) the increment dv of the-vector v during the time
interval dt in the K frame must comprise the sum of the
increments of the vectors v' and [roll, i.e,

dv = dv' + [ID, drl. (1.25)

Let us find dv'. If the point A moves in the K' frame with
a constant velocity (v' = const), the increment of this vec
tor in the K frame is caused only by this vector turning
through the angle dq> (together with the K' frame) and is
equal, as in the case of r, to the vector cross product [dep, v'l.
To make sure of this, let us position the beginning of the
vector v' on the rotation axis (Fig. 14b). But if the point A
moves with the acceleration w' in the K' frame, the vector
Vi will get an additional increment w'dt during the time
interval dt, and consequently

dv' = w'dt + [dq>, v'I. (1.26)

Now let us substitute Eqs. (1.26) and (1.23) into Eq. (1.25)
and then divide the expression obtained by dt, Thus we
shall get the acceleration transformation formula:

w = w' + 2 [mv'] + [ro [(Or]], (1.27)

where wand w' are the acceleration values of the point A
observed in the K and X' frames. The second term on the
right-hand side of this formula "is referred to as. the Cortolts
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acceleration W Cor and the third term is the axipetal accel
eration wc p directed toward the axis"

WCor = 2 [my'], WOP = [m [Olr)]. (1.28)

Thus, the acceleration w of the point relative to the K
frame is equal to the sum of three accelerations: the accel
eration w' relativeto the K' frame, the Coriolis acceleration
WCor and. the axipetal acceleration wop- .

The axipetal acceleration can be represented in the form
wcP = _ro2p where p is the radius vector which is normal
to the rotation axis and describes the position of the point A
relative to this axis. Then Eq. (1.27) can be written as fol
lows:

(1.29)

3. The K' frame 'rotates with the constant. an
gular velocity 0) about the axis ttranslating
'UJi~h the velocity Vo and, acceleration Wo rela
tive to the K frante.

This case combines the two previous ones. Let us intro
duce an auxiliary S frame which is rigidly fixed to the rota
tion .axis of the K' frame and translates in the K frame.
Suppose v and v s are the velocity values of the point A in
the K and.S frames; then in accordance with Eq. (1.21)
v = Va + V s- Replacing v s in accordance with Eq. (1.24)
by VB = v' + [rorl, where r is the radius vector of the
point A relative to the arbitrary point on the rotation axis
of the K' frame, we obtain the following velocity transfor-
mation formula: .

(1.30)

• This axipetal acceleration should not be confused with conven
tional (centripetal) acceleration.
3-0538
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In a similar fashion, using Eqs. (1.22) and (1.29), we obtain
the acceleration transformation Iormula'":

·1 w= w' +Wo+2 [my'] - m2p. 1 (1.31)

"Recali that in the last two formulae v, v' and w, w' are the
velocities and accelerations of the point A in the K and K'
frames respectively, Vo and w; are the velocity and accele
ration of the rotation axis of the K' frame in the K frame, r
is the radius vector of the point A relative to an arbitrary
point on the rotation axis of the K' frame, and p is the
radius vector perpendicular to the rota~onaxis and describ
ing the location of the point A relative 0 this axis.

In conclusion, let us examine the f lowing example.

Example. A dise~rotates with aconstant angular~velocitym about
an axis fixed to the table. Point A moves along the disc with
the constant velocity v relative to the table. Find the velocity Vi
and acceleration w' of the point A relative to the disc at the moment
when the radius vector describing its position relative, to the rota-
tion axis is equal to p. ,

In accordance with Eq. (1.24) the velocity Vi of the point A is
equal to

v' = v - [mp).

The acceleration w' can be found from Eq. (1.29), taking into account
that in this case w = 0 since v = const. Then Wi = -2 1my'] ++ Cl)2p. Substituting the expression for v' into this formula we obtain

w' = 2 (v_} - Cl)2p•

Problems to Chapter t

et .1. The radius vector describing the position of the particle A
relative to the stationary point 0 changes with time according to the
following law:

r = a sin Cl)t + b cos IDI,

where a and h are constant vectors, with a J..h; CI) is a positive constant.
Find the acceleration w of the particle and the equation of its path
y (z), assuming the z and y axes to coincide with the directions of
the vectors a and h respectively and to have the origin at the point O.

• Note that in the most general case when 0) =F const, the ri!ht
hand side of Eq. (1.31) will feature one more term, namely ( rl,
where p is the angular acceleration of the K' frame, r is the ra ius
vector describing the position of the point located on the rotation
axis and taken for the origin in the "K frame.
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Solution. Differentiating r with respect to time twice, we obtain
w = -ro2 (8 sin IDt + b cos rot) = -ro1r,

i.e. the vector w is always oriented toward the point 0 while its mag
nitude is proportional to the distance between the particle and the
point O. .

Now let us determine the trajectory equation. Projecting r on the
x and y axes, we obtain

z = a sin rot, y = ..b cos rot.

Eliminating IDt from these two equations, we get
rial + 1/llb? = 1.

This is the equation of an ellipse, and a and b are its semi-axes (see
Fig. 15; the arrow shows the direction of motion of the particle A).

,
\

r " 2t'\ t
<, \4%"',

D......--~~-_ ................~

y

Fig. 15 Fig. 16

el.2.IDisplacement andl distance. At the moment t = 0 a.par
ticle is set in motion at the velocity Vo whereupon its velocity begins
changing with time in accordance with the law

.. = Vo (1 - t/~),

where 't is a positive constant. Find:
(1) the displacement vector Ar of the particle, and
(2) the distance, covered by it in the first t seconds of motion .

.Solution. t. In accordance with Eq. (1.1) dr = v dt = Vo (1 
- tl't) dt: Integrating this equation with respect to time between 0
and t, we obtain

Ar = vot (1 - t/2't).

2. The distance , covered by the particle in the time t is deter
mined by

t

s=JVdt.
o

3·
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where v is the modulus of the vector v. In this case

v=v If-tl'tl ={ vo(f-tl1:), ~f '~'t,
o Vo (tlT.-i), If t, 1:.

From this it follows that if t > 't~the integral for calculating the
distance should be subdivided into two parts: between 0 and l' and
between l' and e. Integrating in the two eases (t < 't and t > -r),
we obtain

}t'ig. re illustrates the plots v (t) and 8 (t)~he dotted lines show
the time dependences of the projections V% 8. Ax of the vectors v
and Ar on the % axis oriented along the vector .

•• •3. A street car moves rectilinearly from sta ion A \·10 the next
stop B with an acceleration varying according to the law w = a - be
where a and b are positive constants and z is its distance from sta
tion A. Find the distance between these stations and the maximum
velocity of the streetcar. .

Solution. First we shall find how the velocity depends on x, During
the time interval dt the velocity increment dv = w de. Making use
of the equation dt = dx/v t we reduce the last expression to the form
which is convenient to integrate:

v dv:= (a - bZ) dz.

Integrating this equation (the left-hand side between 0 and II and
the right-hand side between 0 and z), we get

rr/2 = az - bz'/2 or v == V (2a ....;,. bz) z.

From this equation it, can be immediately seen that the distance
between the stations, that .is, the value Zo corresponding to v = 0
is equal to %JJ = 2alb. The maximum velocity can be found from the
condition dVldx = 0, or, simply, from the condition for the maximum
value of the radicand. The value Zm corresponding to vma~ is equal
to ~ = alb and VJ'n(J% = alltb: ...,

.1.4. A particle moves in the x, V plane from.the point % = Y = 0
with the velocity v = ai + bxj, where a and b are constants and I
and j. are the unit vectors' of the z and y axes. Find the equation of
its path II (z). . '.

Solution. Let us write the increments of the % and y coordinates
of the particle in the time interval dt: dy = vII de, th = v~ dt, where
VII= b:t, Vx = a. Taking their ratio, we get

dy = (b/a) z dx.
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Integrating this expression, we obtain the following equation:

%

Y= J(b/a) z dz = (b/2a) Zi,

o

Le, the path of the point is a parabola.
• 1.5. The motion law for the point A of the rim of a wheel rolling

uniformly along a horizontal path (the x axis) has the form

z = ~.(CI)t - sin IDt); y = ~ (t - cos oot),

where a and CI) are"po,itive constants. Find the velocity v of the ·point
A, the distance. which it traverses between two successive contacts
with the roadbed, as well as the magnitude and the direction of the
acceleration w of the point A_ ,

Solution; The velocity v of the point A and the distance 8 it covers
are determined by the formulae

~{=y V:+~=a(a) V2 (i-cos wt) =2aoo sin (6)t/2),

It

$= I II (e) de= 4a If-cos (oot1/2)],
o

where '1 is the time interval between two successive contacts. From
y (t) we find that y ('.I) = 0 at rotl = 2n. Therefore, s = 8a.

The acceleration of the point A

w= V~+w~=a(J)t.

Let us show that the vector w, constant in its magnitude, is always
directed toward the centre of the wheel, the point C. In fact, in the
K' frame fixed to the point C and translating uniformly relative
to the roadbed the point A moves uniformly along a circle about the
point C. Consequently, its acceleration in the K' frame is directed
toward the centre of the wheel. And since the K' frame moves uniform
ly, the vector w is the same relative to the roadbed.

• 1.6. A point moves along a circle of radius r with deceleration;
at any moment the magnitudes of its tangential and normal accelera
tions are equal, The point was set in motion with the velocity Vo
Find the velocity v and the magnitude of the total acceleration lD

of the point as a function of the distance' covered by it. .
Solution. By the hypothesis, dv/dt = -Vl/T. Replacing dt by ds/v,

we reduce the initial equation to the form

dvlv = -dslr.

The integration' of this eXfression with regard to the initial velocity
yields the following resu t:

V= voe-aIT.
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In this case I w't I == wn' .and therefore the total acceleration
W = y2 wn = y2",slr, or

w= Y2 vI/rel'I'"•

• t.7. A point moves along a plane path 80 that its tangential
acceleration W'f = a and the normal acceleration wn = bt', where
a and b are positive constants and t is time. The point started moving
at the moment t = O. Find the curvature radius p of its path and its
total acceleration w as a function of the distance, covered by the point.

Solution. The elementary velocity increment of the point dv =
= W-r dt, Integrating this equation, we get v = at. The distance
covered s = at2/2. .

In accordance with Eq. (1.10) the curvature radius of the path
can be represented as p = vt»; = al/bt', \

p = a3/2bs.

The total acceleration

.1.8. A particle moves uniformly with the velocity v along a para
bolic path y = ax', where a is a positive constant. Find the accel
eration ID of the particle at the point % = o.

Solutton. Let us differentiate twice the path equation with respect
to time:

dy dx
dt= 2axdt ; dig [ ( dx ) 2 d l

% ]
dt2 =24 tit +% dtS •

Since the particle moves uniformly, its acceleration at all points
of the path is purely normal and at the point x = 0 it coincides with
the derivative d2V/dt2 at that p.oint. Keeping in mind that at the
point z = 0 I dzldt I =:= v, we get

Note that in this solution method we have avoided calculating the
curvature radius of the path at the point z = 0, which is usually
needed to determine the normal acceleration (wn = vI/p) .

• t .9. Rotation of 8 solid. Asolid starts rotating about a station
ary axis with the angular acceleration p = Po cos cp, where Po is
a constant vector and <F is the angle of rotation of the solid from the
initial position. Find the angular velocity <t>z of the solid as a func
tion of q>.

Solution. Let us choose the positive direction of the z axis along
the vector Po. In accordance with Eq. (1.16) dCJl% = ~% dt. Using
Eq. (1.is) to replace dt by dcp/<t>", we reduce the previous equation
to the following form:

001, doo" = ~o cos cp dcp.
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The integration of this expression with regard to the initial condition
(co% = 0 at cp = 0) yields Ctly2 = Po sin q>. From this it follows that

6)% = ± y2Po sin cp.

The lllot Ctln (cp) is shown in .Fig. i7. It can be seen that as the angle,
grows, the vector (0 first increases, coinciding with the direction of
the vector Po (6) > 0), reaches the maximum at cp = n,/2, then starts
decreaetng and ~nally turns into zero at q> = n. After that the body
starts lo_ting in the opposite direction in a similar fashion «J)~ < O}.
A. a result, tbelbody will oscillate about the;position q> = 1(/2 with
an amplitude equal to n/2.

• , .to. A round cone having the height "~and the base radius r
rolls without~81ipping~along:-the table surface' as shown in Fig. f8.

Fig. t7

!t

'!P

Fig. f8

The cone apex is hinged at the point 0 which is exactly level with
the point C, the cone base centre. The point C moves at the constant
velocity v. Find:

(f) the anplar velocity (J) and
(2) the angular acceleration p of the cone relative to the table.
Solution. t. In accordance WIth Eq. (i.20) m = O}o + (0', where

Olo and (0' are the angular velocities of rotation about the axes 00'
and OC respectively. The magnitudes of the vectors 0)0 and 0)' can be
easily found from Fig. is:'

COo=v/h, 00' = vir.

Their ratio molco' = rlb. It follows that thel vector 0) coincides at
any moment with the cone generatrix which passes through the con
tact point A.

Tile magnitude of the vector (0 Is equal to

00= y co3+co" = (vir) Yt +(r/h)".

2. In accordance with Eq. (i.14) the angular acceleration p of the
cone is represented by the derivative of the vector (0 with respect
to time. Since (00 = const, then

p = do>/dt = (/,(O'idt. l
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The vector 0)' rotating about the DO' axis with the an¥Ular velocity
(Ilg retains its magnitude. Its increment in the time Interval dt is
equal to I dO)' 1=00' .<00 dt , or in vector form to d.'=[ GloO)'] dt. Thus,

II = (8)am'].

'The magnitude of this vector p fs equal to P= ~/rh.
• t. ft. Velocity and acceleration transformation. A horizontal

bar rotates with the constant angular velocity 0) about a vertical
axis which is fixed to a table and passes through one of the ends of
that bar. A small coupling moves along the bar. Its velocity relative
to the har obeys the law v' = ar where a is a constant and r is the
radius vector determining the distance between the coupling and the
rotation axis. Find:

(t) the velocity v and the acceleration w of the 'coupling relative
to the table and depending o.n r;

(2) the angle betweenthe vectors v and w in the process of motion.
Solution. 1. In accordance with ~~4)

y = ar + [fIlr).

T4e magnitude of this vector v = r y at + 001•

The acceleration w is found from Eq. (1.29) where in this case
w' = dv'/dt = air. Then

w = (at - (OI) r + 2a IfIlrJ.
The magnitude of this vector lD = (al + wI) r,

2. To calculate the angle (I between' the vectors v and w, we shall
make use of their scalar product, from which it follows that cos (I =
= vw/uw. After the requisite transformations we obtain

cos (I = tty1+(6)/4)1.

It is seen from this fonnula that in this ease the angle cz remains
constant during the motion.



CHAPTER 2

THE BASIC EQUATION OF DYNAMICS

§ 2.1. Inertial Reference Frames

The law of inertia/Kinematics, being concerned with de
scribing motion irrespective of its causes, makes no essential
difference between various reference frames and regards
them as equivalent. It is quite different with dynamics,
which deals with laws of motion. Here we detect the intrin
sic difference between various reference frames and identify
the advantages of one class of frames over others.

Basically, we can" use anyone of the infinite number
of reference frames. But the laws of mechanics have, gener
ally spegklng,' a different form in different reference frames;
it may dien happen that in an arbitrary reference frame the
laws governing simple phenomena prove to be very complicat
ed. Thus,_o; we face fhe problem of choosing R reference frame
in which the laws Of mechanics take the simplest form. Such
a reference frame is obviously most suitable for describing
mechanical phenomena.

With. this aim in view let us consider acceleration of a
mass point relative to an arbitrary reference frame. What
causes the acceleration? Experience shows that it can be
due to some definite bodies acting on this point, as well as
to the properties of the reference frame itsels (in fact, in the
general case the acceleration is different relative to differ
ent reference frames).

We can, however, assume that there is a reference frame
in which acceleration of a mass point arises solely due to its
interaction with other bodies. Then a free mass point exper
iencing no action from any other' bodies moves rectili
nearly and uniformly, relative to.sueh a frame, or, in other
words, due to inertia. Such a reference frame is called inertial.

The statement of the existence of inertial reference
frames formulates the content of the first law of elassleal me
ehantes, the law of inertia of Galileo and Newton.

The existence of inertial frames is corroborated by exper
iments. By early tests it was established that the Earth
represents such' a frame. Subsequently, the more accurate
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experiments (Foucault's experiment and the like) argued
that this reference frame is not totally inertial-, viz., some
kinds of acceleration were detected whose occurrence can
not be explained by any definite bodi~ acting in this frame.
At the same time the observation of acceleration of planets
proved the inertial character of the heliocentric reference
frame fixed to the centre of the sun and "stationary" stars.
At the present time the inertial character of the heliocentric
reference frame is confirmed by the whole totality of exper
imental facts.

Any other reference frame moving rectilinearly and uni
formly relative to the heliocentrie~ame is also inertial.
In fact, if the acceleration of a bodYls equal to zero in
the heliocentric reference frame, it will be equal to zero
in any other of these reference. frames.

Thus, there is a vast number of inertial reference frames
moving relative to one another rectilinearly and uniformly.
Reference frames executing accelerated motion relative to
inertial ones are called non-inertial.

On symmetry properties of time and space. An important
feature of inertial frames consists in the fact that time and.
space possess definite symmetry properties with respect to
them'. Specifically, experience shows that in such frames
time is uniform while space is both uniform and isotropic.

The uniformity of time signifies that physical phenomena
proceed identically at different m-oments when observed
under the same conditions. In other words, different moments
of time are equivalent in terms of their physical properties.

The uniformity and isotropy of space mean that the prop
erties of space are identical at all points (uniformity)
and in all directlone at each'point (isotropy).

Note that space is non-uniform and anisotropic with re
spect to non-inertial reference frames. This means that if
a certain body does not interact with any other bodies, its
different orientations are still not equivalent in mechanical
terms. In the general ease this is also true for time which is
non-uniform, i.e. different moments of time are not equiva-

• It should be pointed out that in many cases the reference frame
fixed to the Earth can be regarded practically inertial.
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Fig. 19

lent. It is clear that such properties of space and time would
complicate the description of mechanical phenomena very
much. For example, a body experiencing no action from
-other bodies could not be at rest: even though its' velocity
is equal to zero at an initial moment of time, the next mo
ment the body would start moving in a definite direction.

Galilean relativity. In inertial reference frames the fol
lowing principle of relativity is valid: all inertial frames
are equivalent in their mechanical properties. This means
that no mechanical tests performed "inside" a given inertial
frame can detect whether that frame moves or not. Through
out all inertial reference
frames the properties of g I< 9'11<'
space and time, 8S well as I
all laws of mechanics, are I
identical. : r

This ~atement formu
lates .the content of the
Galilean principle oi-relati» ..
ity, one -of the most impor
tant principles of classical
mechanics. This principle 2

is a generalization of prac
tice and is confirmed by
all multiform applications
of classical mechanics to motion of bodies whose veloc
ity is considerably less than that of light.

Everything that was said above clearly demonstrates the
exceptional nature of inertial reference frames, which as a
rule' makes them indispensable in studies of mechanical
phenomena.

·k'he Galilean transformation. Let us find the coordinate
transformation formulae describing a transition from one
inertial frame to another. Suppose the inertial frame K'
moves relative to the inertial frame K with the velocity V.
Let us take the x'; y', z' coordinate axes of the K' frame
parallel to the respective x, y, z axes of the K frame, so
that the axes x and x' coincide and are directed along the
vector V (Fig. 19). The moment when the origins 0' and 0
coincide is to be taken for the initial reading of time. Let
us write the relation between the radius vectors r' and r
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of the same point A in the K ' and K frames:

r'"= r - Vt
and, besides,

t' = t.

(2.1)

(2.2)

The length of rods and time rate are assumed to be indepen
dent of motion here and, consequently, are identical in the
two reference frames. The assumption that space and time
are absolute underlies the concepts of classical mechanics,
which are based on extensive experimental data pertaining
to the study of motion whose velocity is substantially less
than that of light.

The relations (2.1) and (2.2) are referred to as the Galilean
transformations. These transformations can be written in
a coordinate form as follows:

I-;:'z-vt, y'=y, z'=z, t'=t./ (2.3)

Differentiating Eq. (2.1) with respect to time, we get the
classical law of velocity transformation for a point on tran
sition from one inertial reference frame to another:

Iv'=v-v·1 (2.4)

Differentiating this expression with respect to time and
taking into acocunt that V = const, we obtain w' = w,
i.e. the point accelerates equally in all inertial reference
frames.

§ 2.2. The Fundamental Laws of Newtonian
Dynamics

Investigating various kinds of motion in practice, we
discover that in inertial reference frames any acceleration
of a body is caused by some other bodies acting on it. The
degree of influence (action) of each of the surrounding bodies
on the state of motion of the body A in question is a prob
lem whose solution in a concrete case can be obtained through
experiment.
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The influence of another bod) (orbodies) causing the accel
eration of the body A is referred to as a force. Therefore.
a body accelerates due to a force acting on it.
. One of. the most significant features of a force is its mate

rial origin. When speaking' of a force, we always implicitly
assume that in the absence of extraneous bodies the force
acting on the body in question is equal to zero. If it be
comes evident that a force is present, we try to identify its
origin as one or another concrete body or bodies.

All the forces which are treated in mechanics are usually
subdivided into the forces emerging due to the direct con
tact between bodies (forces of pressure. friction) and the
forces arising due to the fields generated by interacting bodies
(gravitational and electromagnetic forces). We should point
out, however, that such a classification of forces is condition
al: the interacting forces in a direct contact are essentially
produced J.:ty some kind of field generated by molecules .and
atoms of ,.Bodies. Consequently, in the final analysis all for
ces of interaction between bodies are caused by fields. The
analysis of/the nature of interaction forces. lies ~utside the
scope of mechanics .and is considered in other lvisions of
physics.

Mass. Experience shows that every body "resists", any
effort to change its velocity, both in magnitude and: direc
tion. This property expressing the degree of unsusceptibili
ty of a body to any change in its velocity is called inertness.
Different bodies reveal this property in different degrees.
A measure of inertness is provided by the quantity called
mass. A body possessing a greater mass is more inert, and
vice versa.

Let us introduce the notion of mass m by defining the
ratio of masses of two different bodies via the inverse ratio
of accelerations imparted to them by equal forces:

ml/m, = W,/Wl. (2.5)

Note that this definition does not require any preliminary
measurements of the forces. It is sufficient to meet the crite
rion of equality of forces. For example, if two different bodies
lying on a smooth horizontal surface are pulled in succes
sion by the same spring oriented horizontally and stretched
to the same length, the influence of the spring on the bodies
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is equal in both cases, i.e. the force is identical in both
cases.

Consequently, a comparison of the masses of two bodies
experiencing the action of the same force reduces to the
comparison of accelerations of these bodies. Having adopted
a certain body for a mass standard, we may compare the
mass of any body against the standard.

Experience shows that in terms of Newtonian mechanics
a mass determined that way possesses the following two
important properties:

(1) mass isan additive quantity, Le, the mass of a compo
site body is equal to the sum of the masses of its constituents;

(2) the mass of a body proper is a constant quantity, re
maining invariable in the process of motion.

Foree. "Let us get back to the experim-ent in which
we compared the accelerations of two different bodies sub
jected to the action of an equally stretched spring. The fact
that the spring was stretched equally in both cases permit
ted us to claim an identical force exerted by the
spring.

On the other hand, a force makes a body accelerate. The
accelerations of different bodies under the action of the same
equally stretched spring are different. Our task is to define
a force in such a way as to make 'it the same despite the differ
ence in accelerations of different bodies in the case consid
ered.

To do this, we have to clear up the following thing first:
what quantity is the same in this experiment? The answer
is obvious: it is the product mw. It is then natural to adopt
this quantity for a definition of force. Besides, taking into
account that acceleration is a vectorial quantity, we shall
also assume a force to be a vector coinciding in its direction
with the acceleration vectorw.

Thus, in Newtonian mechanics a force acting on a body of
mass m is definedas a product mw. Apart from the maximum
simplicity and convenience, this definition of a force is
of course justified only by the subsequent analysis of all
consequences following from it.

Newton's second law. Examining in practice the interac
tion of various mass points with surrounding bodies, we
observe that mw depends on the quantities characterizing
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both the state of the mass point itself and the state of sur
rounding bodies.

This significant physical fact underlies one of the most
fundamental generalizations of Newtonian mechanics, New
ton's second law:

the product of the mass of a mass point by its acceleration
is a function of the position of this point relative to surround
ing bodies, and sometimes a function of its velocity as well.
This function is denoted by F and is called a force.

This is exactly what constitutes the actual content of
Newton's second law, which is usually formulated in a brief
form as follows:

the product of the mass of a mass point by its acceleration
is equal to the force acting on it, i.e.

ImW=F·1 (2.6)

This e4\Iation is referred to as the motion equation of a
mass point.

It should be infmediately emphasized that Newton's
second law and Eq.~~2.6) acquire specific meaning only after
the function F is established, that is, its dependence on the
quantities involved, or the law of force, is known. Determin
ing the law of force in each specific case is one of the basic
problems of physical mechanics. .

The definition of 'a force as mw (Eq. (2.6» has the remar
kable merit of presenting the laws of force in a very simple
form. The study of motions at relativistic veloc
ities, however, showed that the laws of force should be
modified to make the forces dependent on the velocity of a
mass point in an intricate way. The theory would thus turn
out to be cumbersome and confusing. .

However, there is an easy way to dispose of the problem;
the definition of a force should be slightly modified as fol
lows: a force is a derivative of the momentum p of a mass point
with respect to time, that is, dp/dt; Eq. (2.6) should then be
rewritten as dp/dt = F.

In Newtonian mechanics this. definition of a force is iden
tical to mw since p = mv , m = const and dp~dt·= mw,
while in relativistic mechanics, as we shall see, momentum
depends on the velocity of a mass point in a more compllcat-
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ed way. But something different is important here. When
force is defined as dp/dt, the laws of forces prove to remain
the same in the relativistic case as well. Thus, the simple
expression of a given force via the physical surrounding
should not be changed on transition to relativistic mechan-
ics. This fact will be employed later. .

On summation ·of forces. Under the given specific condi
tions any mass point experiences, strictly speaking, only
one force F .whose· magnitude ·and direction are specified
by the position of that point relative to -all surrounding
bodies, and sometimes by its velocity as well. And still
very often it is convenient to depict this force F as a cumu
lative action of individual bodies, or a sum of the forces FI ,

Fit •••• Experience shows that if the bodies acting as
sources 'of force exert no influence on each other and so do
not change their state in the presence of other bodies, then

F = FI + Ft + ...,
where F i is the force which the ith body exerts on the given
mass point in the absence of other bodies.

If that is the case, the forces FIt F tp •• are said to obey
the principle of superposition.This statement. should be regard
ed as a generalization of experimental data.

Newton's third law. In all experiments involving only
two bodies A and B, body A imparting acceleration to B, It
turns out that B imparts acceleration to A. Hence, we come
to the conclusion that the action of bodies on one another
is of an interactive nature.

Newton postulated the following general property of all
interaction forces, Newton's third law:

two mass points act OTt each otherwith forces which are always
equal in magnitude and oppositely directed along a straight
line connecting these points, i.e.

IF12 = -Fu·1 (2.7)

This implies that interaction forces always appear in pairs.
The two forces are applied to different mass points; besides,
they are the forces of the same nature.

The law (2.7) holds true for systems comprising any num
ber of mass points. We proceed from the assumption that
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in this case as well the interaction reduces to the forces
of paired interaction between 'mass points.

In Newton's third law both forces are assumed to be equal
in magnitude at any moment of time regardless of the motion
0/ the points. This statement corresponds to the Newtonian
idea about the instantaneous propagation of interactions,
an assumption Which is identified in classical mechanics as
the principle 0/ long-range action. In accordance with this
principle the interaction between bodies propagates in space
at an infinite velocity. In other words, having changed
the position (state) of one body, we can immediately detect
at least a slight variation in the other bodies interacting
with it, however far they may be located. .

Now we know thai this is actually not the case: there does
exist a finite maximum velocity of interaction propagation,
being equal to the velocity of light in vacuo. Accordingly,
Newton's'third law (as well as the second one) is valid only
within certain bounds. Howevet, in classical mechanics,
treating b~dies mofing with velocities substantially lower
than the velocity of light, both laws hold true with a very
high accuracy. This is evidenced, Jo~ example, by orbits of
planets and artificial satellites computed with an "astro
nomical" accuracy by the use of Newton's laws.

Newton's laws are the fundamental laws of classical me
chanics. They make it possible, at least in principle, to
solve any mechanical problem. Besides, all the other laws
of classical mechanics can be derived from Newton'8

laws.
In accordance with the .Galilean principle of relativity

the laws of mechanics are identical throughout all inertial ,
reference frames. This means, specifically, that Eq_ (2.6)
will have the same form in any inertial reference frame. In
fact, the mass m of a mass point per se does not depend on
velocity, i.e. is the same in all reference frames. Moreover,
in all inertial reference frames the acceleration w of a point
is also identical. The force F is also independent of the
choice of a reference frame since it is determined only by
the position and velocity of a mass point relative to sur
rounding bodies, and in accordance with non-relativistic
kinematics these quantities are equal in different inertial
reference frames.
4-0539
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Thus, the three' quantities m, wand F appearing in

Eq. (2.6) do not change ontransition from one inertial refer
ence frame to another, and therefore Eq. (2.6) does not
change either. In .other words, the equation mw = F is
inoaruuu with respect to the Galilean transformation.

§ 2.3. Laws of Forces

In accordance with Eq. (2.6) the motion laws of a particle
can be determined in strictly mathematical terms provided
we know the laws of forces acting on this particle, that is,
the dependence of the force on the quantities determining it.
In the final analysis, each law of this kind is obtained from
the. processing of experimental data, and, basically, always
rests on Eq. (2.6) as a definition of force.

Gravitational and electrical forces are the most fundamen
tal forces underlying all mechanical phenomena. Let us
describe briefly these forces in the simplest form when inter
acting masses (charges) are at rest or move with ·a low
(non-relativistic)~ velocity.

The gravitational force acting between two mass points.
In accordance with the law of universal gravitation this force
is proportional to the product of -the masses of points m1 and
mIt inversely proportional to the square of the distance r
between them and directed along the straight line connect
ing these points:

(2.8)

where y is the gravitation constant.
The masses involved in this law are called gravitational

in distinction to inert masses entering Newton's second law.
It was established from experience, however, that a gravi
tational mass and an inert mass of any body are strictly
proportional to each other. Consequently, we can regard
them equal (i.e. to take the same standard for measuring
the two masses) and speak just of mass, whether it appears
as a measure of inertness of a body or as a measure of gravi
tat-ional attraction.
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The Coulomb force acting between two point charges
ql and Q2'

(2.9)

where r is the distance between the charges and k is a pro
portionality constant dependent on the choice of a system
of units. As distinct from the gravitational force Coulomb's
force can be both attractive and repulsive.

It should be pointed out that Coulomb's law (2.9) does not
hold precisely when the charges move. The electrical inter
action of moving charges turns out to be dependent on
their motion in a complicated way. One part of that inter
action which is caused by motion is referred to as magnetic
force (hence, another name of this interaction: the electro
magnetic one).At low (non-relativistic) velocities the magnet
ic force constitutes a negligible part of an electric interac
tion, wbfch is described by the law (2.9) with a high degree
of accuracy.

In spite' of the faet that gravitational and electrical inter
actions underlie all innumerable mechanical phenomena,
the analysis of these phenomena, especially macroscopic
ones, would prove to be very complicated if we proceeded
in all cases from these fundamental interactions. Therefore,
it is convenient to introduce some other, approximate, laws
of forces which can in principle be obtained from. the funda
mental forces. This waywecan simplify the problem in mathe
matical terms and to. turn it into a practically soluble one.

With this in mind, the following forces can be, for example,
introduced. .

The uniform force of gravity

F = mg, (2.10)

where m is the mass of a body and g is gravity acceleration.*
The elastic force is proportional to a displacement of a

mass point from the equilibrium position and directed to-

• Note that in contrast to the force of gravity the weight P is
the force which a body exerts on a support or a suspension which is
motionless relative to this body. For example, if a body with its sup
port (suspension) is at rest with respect to the Earth, the weight P
coincides with the gravity force. Otherwise, P = m (g - w), where w
is the acceleration of the body (with the support) relative to the Earth.

4*
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ward the equilibrium position:

F = -xr,

Cta"tcal Mechantcs

(2.11)

where r is the radius vector describing the displacement of
a particle from the equilibrium position; and x is a positive
constant characterizing the "elastic" properties of a particu
lar force. An example of such a force is that of elastic defor
mation arising from an extension (constriction) of a spring
or a bar. In accordance with Hooke's law this force is defined
as F = xAl, where ~l is the magnitude of elastic deforma
tion.

The sliding' friction force, emerging when a given body
slides over the surface of another body

F = kR n , (2.12)

where k is the sliding friction coefficient depending on the
nature and condition of the contacting surfaces (specifically,
their roughness), and Rn is the force of the normal pressure
squeezing the rubbing surfaces together. The force F is
directed oppositely to the motion of a given body relative
to another body.

The resistance force acting on a body during its transla
tion through fluid. This force depends on the velocity v of
a body relative to a medium and is directed oppositely
to the v vector:

F= -kv, (2.13)

where k is a positive coefficient intrinsic to a given body
and a given medium. Generally speaking, this coefficient
depends on the velocity v, but in many cases at low veloci
ties it can be regarded practically constant.

§ 2.4. The Fundamental Equation of Dynamics

The fundamental equation of dynamics of a mass point
is nothing but a mathematical expression of Newton's
second law:·

(2.14)
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Basically, Eq. (2.14) is a differential equation of motion
of a point in vector form: Its solution constitutes the basic
problem of dynamics of a mass point. Two antithetic formu
lations of the problem are possible hore: '

(1) to find the force F acting on a point if the mass m of
the point and the -time dependence of its radius vector
r (t) are known, and

(2) to find the motion law of a point, i.e, the time depend
ence of its radius vector r (t), if the mass m of the point
and the force F (or the forces F i ) are known together with
the initial conditions, the velocity Vo -and the positicn .r o
of the point at the initial moment of time.

In the first case the problem reduces to diflerentir.ting
r (t) with respect to time and in the second to integrsting
Eq. (2.14). The mathematical aspects of this problem were
discussed at length when we treated kinematics of a point.

Depeneing on the nature and formulation of a specific
problem Eq. (2.14) is solved either in vector, form or in
coordinates or in projections on the tangent and on the
normal to the traj~ctory at a given point. Let us see how
Eq. (2.14) is written in the last two cases.

In projections on the Cartesian coordinate axes. Projecting
both sides of Eq. (2.14) on the x, y, z axes, we get three dif
ferential equations

(2.15) ,

where Fx, F y' F % are the projections of the vector F on the
x, y, z axes. It should be borne in mind that these' projec
tions are algebraic quantities: depending on the orientation
of the vector F they may be both positive and negative. The
sign of the projection of the resultant force F also defines
the sign of the projection of the acceleration vector.

Let us show a concrete example of the standard method
of solving problems through the use of Eq. (2.15).

Example. A small bar of mass m slides down an inclined plane
forming an angle a with the horizontal. The friction coefficient is
equal to k. Find the acceleration of the bar relative to the plane. (This
reference frame is assumed to be inertial.)

First of all we should depict all the forces acting on the bar: the
force of gravity mg, the normal force of reaction R o-{ the plane and
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the friction force FIr (Fig. 20) directed oppositely to the motion of
the', bar.

After that let us fix the coordinate system z, y, z to the "inclined
plane" reference frame. Generally speaking, a coordinate system can
be oriented at will, but in many cases (and in this one, in particular)
the direction of the axes is specified by the character of motion. In this

. case, for example, the. direction in which the bar moves is known
in advance, and therefore the coordinate axes should be so laid out
that one of them coincides with the motion 'direction, Then the prob
lem reduces to the solution of only one of the equations (2.15). Thus,

let us choose the z axis as shown
in Fig. 20~ and indicate its po
siti ve direction by an arrow.

And only now we can set about
working out Eq. (2.15): the left
hand side contains the product of
the mass m of the bar by the pro
jection of its acceleration wz , and
the right-hand side the projections
of all forces on the % axis:

mwx=mgx+Rx+Flrx·
In this case Iz = , sin a, R =
=.0 and Fir ~=- FIr. and there10re

mwx = mg sin a-FIr.

Since the bar moves only along the
. z axis, the sum of projections of

all forces on any direction perpendicular to the % axis is equal to zero
in accordance with Newton's second law. Taking the y axis as such
a direction (Fig. 20), we obtain

R=mg cos a, and Ffr=kR= kmg cos a.
And finally,

mw~ = mg sin a. - kmg cos a..

If the right-hand side of this equation is positive, then also Wx > 0,
and consequently the vector w is directed down along the inclined
plane, and vice versa.

In projections on the tangent and the normal to the trajec
tory at a given point. Projecting both sides of Eq. (2.14)
on the travelling unit vectors 't' and n (Fig. 21) and making
use of the tangential and normal accelerations appearing
in Eq. (1.10), we can write

dV-r; F
mCit~ ''t, (2.1.6)
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mg

where FIf and Fn are the projections of the vector F on the
unit vectors e and D. In Fig. 21 both projections are posi
tive. The vectors F, and Fn are referred to as the tangential
and normal components of the force F.

Recall that the unit vector ,. is oriented in the direction
of growing arc coordinate l while the unit vector n is directed
to the centre of curvature of the trajectory at a given point.

Eqs. (2.16) are convenient to use provided the trajectory
of a mass point is known.

Example. A small body A slides off the top of a smooth sphere
of radius r. Find the velocity of the body at the moment it loses con
tact with the surface of the sphere if its initial velocity is negligible.

Ii-
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Fig. 21 Fig. 22

Let us depict the forces acting on the body A (which are the force
of gravity mf( and the normal force of reaction R) and write Eqs. (2.16)
via projections on the unit vectors l' and D (Fig. 22):

m dvldt = mg sin a,
m~/r = mg cos 9 - R;

since the subindex 't is inessential here, it has heen omitted.
The first equation should he transformed to make it more conven

ient to integrate. Taking into consideration that dt = eu» = r dOlv
where dl is an elementary path the body A covers during the time
interval dt, we shall write the first equation in the following form:

v dv = gr sin 6 dO.
fntegrating the left-hand side of this expression between the limits 0
and v and the right-hand side between 0 and 9, we find

VI = 2gr (1 - cos 8).

Next, at the moment the body loses contact with the surface R = O,
and therefore the second initial equation takes the form

u2 -= Rr cos 8.
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where v and 9 correspond to the moment when the body loses contact
with the surface. Eliminating cos 0 from the last two equalities, we
obtain o = V 2gr/3.

§ 2.5. Non-inertial Reference Frames.
Inertial Forces

The fundamental equation of dynamics in 8 non-inertial
frame. As mentioned above, the fundamental equation of
dynamics holds true only in inertial reference frames. Still
there are many cases when a specific problem needs to be
solved in a non-inertial reference frame (e.g. motion of a
simple pendulum in a carriage moving with an accelera
tion, motion of a satellite relative to the Earth surface etc.),
Hence, the following question arises: how to modify the
fundamental equation of dynamics to make it valid in non
inertial reference frames?

With this in mind let us consider two reference frames:
the inertial frame K and non-inertial frame K'. Suppose
that we know the mass m of a particle, the force F exerted
on this particle by surrounding bodies and the character
of motion of the K' frame relative to the K frame.

Let us examine a sufficiently general ease when the K'
frame rotates with a constant angular velocity ID about an
axis which translates relative to the K frame with the accel
eration Woe We shall employ the acceleration' transforma
tion formula (1.31), from which it follows that the accelera
tion of the particle in the K' frame is

w' = w-wo+ (02p+ 2 (v'mJ, (2.17)

where v'is the velocity of the particle relative to the H'
frame and p is the radius vector perpendicular to the rota
tion axis and describing the position ofithis particle with
respect to this axis.

Multiplying both sides of Eq. (2.17) by the mass m of
the particle and taking into account that in an inertial
reference frame mw = F, we obtain

Imw' = F-mwo+ mro2p + 2m [V'(J))./ (2.18)

This Is the fundamental equation 0/ dynamics in a non-inertial
reference frame rotating with 8 constant angular velocity fI)
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about an axis translating with the acceleration Wo• I t indi
cates that even if F = 0, the particle will move in this
frame with an acceleration (which in 'tae general case
differs from zero), as if under the influence of certain forces
corresponding to the last three terms of Eq. (2.18). These
forces are referred to as inertial .

.Eq. (2.18) shows that the introduction of inertial forces
makes it possible to keep tim format of the fundamental
equation of dynamics in non-inertial reference frames as
well: the left-hand side is the product of the mass of the
particle by its acceleration (but this time relative to the
non-inertial reference frame), and the right-hand side con
tains the forces. However, apart from the force F caused by
the influence of surrounding bodies (interaction forces), it
is necessary to take into account inertial forces (the remain-
ing terms .on the right-hand side of Eq. (2.18».

Inerttak'Iorees, Let us write Eq. (2.18) in the following
form: ,.

mw',.=F+F'n+Fcf+Fcor. (2.19)
where

IFln = -mwol (2.20)

is the Inertial force caused by the translation of the 000

inertial reference frame;

IFel = mro2p I (2.21)

is the centrifugal force of inertia;

IF cor=2m[v'0)J! (2.22)

is the Coriolis force. The last two forces emerge due to rota
tion of the reference frame.

Thus, we see that the inertial forces depend on the charac
teristics of the non-inertial reference frame (w0' (f) as well
as on the distance p and the velocity v' of a particle in that
reference frame.

For example, if a non-inertial reference frame translates
relative to an inertial one, a free particle in that frame
experiences only the force (2.20) whose direction is opposite
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to the acceleration °0 of the given reference frame. Recall
how a sudden braking of the carriage we travel in makes us
swing forward, that is, in the direction opposite to Woe

Here is another example: a reference frame rotates about
a stationary. axis with the angular velocity 0, and the body
A. is at rest in that frame (e.g. you are on a rotating plat
form in an amusement· park). Apart from the forces of inter
action with surrounding bodies, the body A experiences
the centrifugal force of inertia (2.21) directed along the
radius vector p from the rotation axis. As long as the body A
is at rest relative to the rotating platform (v' = 0), this
force makes up for the interaction force. But as soon as the
body begins to move, i.e. the velocity v' appears, there
originates the Coriolis force (2.22) whose direction is deter
mined by the vector cross product Iv'0]. Note that the
Coriolis force crops up to supplement the centrifugal force of
inertia appearing irrespective of whether the body is at rest
or moves with respect to the rotating reference frame.

It was pointed out that the reference frame fixed to the
Earth's surface can be regarded in many cases as practically
inertial. However, there are some phenomena whose inter
pretation in this reference frame is impossible unless its
non-inertial nature is taken into account.

For instance, free-fall acceleration is the greatest
at the Earth '8 poles. Approaching the equator, one observes
a decrease In this acceleration caused not only by the devia
tions of the Earth from a spherical shape, but also by the
growing action of the centrifugal force of inertia. There are
also such phenomena as a deviation of free-falling bodies to
the East, a wash-out of right banks of rivers in the Northern
Hemisphere and left. banks in the Southern Hemisphere,
a rotation of the Foucault pendulum oscillation plane, etc.
Phenomena of this kind are 'associated with the motion of
bodies relative to the Earth's surface and can be explained
by the Coriolis force.

Example. A train of mass m moves along a meridian at the lati
tude q> with the velocity v'. Find the lateral force which the train
exerts on the rails.

In the reference frame fixed to the Earth (rotating at the angular
velocity (I) the train's acceleration component normal to the merid
ian plane is equal to zero. Therefore, the sum of the projections
of forces aeting on the train in this direction is also equal to zero. And
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this means that the Coriolis force FCOr (Fig. 23) must be counterbal
anced by the lateral force R exerted by the right rail on the train,
i.e. FcO,. = -R. In accordance with Newton's third law the train
acts on that rail in the horizontal direction with the force R' = -B.
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'Fig. 23 Fig. 24

Consequently, R' = FCor = 2 m [v'm]. The magnitude of the vector
R' is equal to R' = 2mv' <t> sin-e.

The following simple example illustrates how the inertial
forces "appear" on transition from an inertial reference
frame to a non-inertial one.

Example. A horizontal disc D freely rotates over the surface of
a table about a vertical axis with a constant angular velocity (I).

A sphere possessing mass m is suspended over the disc as shown in
Fig. 24a. Let us consider the behaviour of that sphere in the K frame
fixed to the table and assumed inertial, and in the K' frame fixed to
the rotating disc.. '
, In the inertial K frame the sphere is subjected to two forces, the
gravity force and the stretching force of the thread. These forces
equalize each other so that the sphere is at rest in the K frame.

In the non-inertial X' frame the sphere moves uniformly along
a circle with the normal acceleration ro2p, where p is the distance
between the sphere and the rotation axis. One can easily see that this
acceleration is due to inertial forces. Indeed, in the K' frame, apart
from tho two counterbalancing forces mentioned above, there are
also the centripetal force of inertia and the Coriolis force (Fig. 246).
Taking the projections of these forces on the normal n to the path at
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the point where the sphere is located, we write:

mw~= FCor - Fej = 2mv' 00 - m(J)lp = m001p,

where it is taken into consideration that in this case v' = oop. Hence,
ID~ = (a)1~. .

Properties of Inertial forces. To summarize, we shall
list the most significant properties of these forces in order"to
discriminate them from interaction forces:

1. Inertial forces are caused not by the interaction of
bodies, but by the properties of non-inertial reference frames
themselves. Therefore inertial forces do not obey Newton's
third law.

2. To avoid misunderstandings is should be firmly borne
in mind that these forces exist only in non-inertial reference
frames. In inertial reference frames there are no inertial
forces at all, and the notion of "torce is employed in these
frames only in the Newtonian sense, that is, as a measure of
interaction of bodies.

3. Just as gravitational forces, all inertial forces are
proportional to the mass of a body. Consequently, in a uni
form field of inertial forces, as in the field of gravitational
forces, all bodies move with the same acceleration regardless
of their masses. This highly important faet bas far-reaching
consequences.

The principle of equivalence. Since inertial forces, just
as gravitational ones, are proportional to the masses of
bodies, the following important conclusion can be made.
Suppose we are in a certain closed laboratory and are deprived
of observing the external world. Moreover, let us assume
that we are not aware of the whereabouts of our laboratory:
outer space Of, e.g. the Earth. Observing the bodies falling
with an equal acceleration regardless of their masses, we
cannot determine the cause of this acceleration from only
this fact. The acceleration can be brought about by a gravi
tational field, by an accelerated translation of the laboratory
itself, or by both causes. In such a laboratory no experiment
whatsoever on free fall of bodies can distinguish the uniform
field of gravitation from the uniform field of inertial forces.

Einstein argued that no physical experiments of any kind
can be of use to distinguish the uniform field of gravitation
from. the uniform field of inertial forces. This suggestion;



The BaBic Equation oj Lynamtcs

raised to a postulate, provides a basis for the so-called
principle of equivalence of gravitational and inertial forces:
all physical phenomena proceed in the uniform field of gravi
tation in exactly the same way as in the corresponding uniform
field of inertial forces.

This far-reaching analogy between gravitational and iner
tial forces was used by Einstein as a starting point in his
development of the general theory of relativity, or the rela
tivistic theory of gravitation.

In conclusion it should be pointed out that any mechanical
problem can be solved in both inertial and non-inertial refer
ence frames. Usually the choice of one or another reference
frame is determined by the formulation of the problem or by
the desire to solve it in as straightforward a manner as
possible. In so doing, we quite often find that non-inertial
reference ftames are most convenient to apply (see Prob
lems 2.9l'1~.11).

Problems to" Chapter 2

.2. t , A bar of mass ml is placed on a plank of mass ma, which
rests on a smooth horizontal plane (Fig. 25). The coefficient of fric
tion between the surfaces of the bar and the plank is equal to k, The

--------~r

Fig. 25

plank is subjected to the horizontal force F depending on time t as
F = at (a is a constant). Find:

(1) the moment of time to at which the plank starts sliding from
under the bar;

(2) the accelera tiona of the bar WI and of the plank w2~in the proc
ess of their motion.

Solution. 1. Let us write the fundamental equation of dynamics
for the plank and the bar, having taken the positive direction of the z
axis as shown in the .figure:"

m1wl=Fjrt m,.w.=F-Fjr. (t)

As the force F grows, so does the friction force Ffr (at the initial
moment it represents the friction of rest). However, the friction force
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FIr has the ultimate value FJr.max = kmlg. Unless this value is
reached, both bodies move as a single whole with equal accelerations.
But as soon as the force FJr reaches the limit, the plank starts sliding
from under the bar, I.e.

Ws ~ Wt·

Substituting here the values of WI and WI taken from Eq. (t) and
taking into account that FIr = kmll, we obtain

(at - kmlg)/m2 ~ kg,

where the sign "=" corresponds to the moment. t = to. Hence,

to = (mt + ma) kg/a.

2. If t ~ to, then

Wt = WI = at/ (tnt + m.>:
and if t~~ to, then

WI = kg = const, WI = (at - kmtg)/m2•.

The plots WI (t) and WI (t) are shown in Fig. 26.
• 2.2. In the arrangement of Fig. 27 the inclined plane forms the

angle a = 30° with the horizontal. The ratio of the masses shown is
'I = m1lml = 2/3. The coefficient of friction between the plane and

Fig. 26

t

Fig. 27

the body ml is k = 0.10. The masses of the pulley block and the
threads are negligible. Find the magnitude~and direction of the accel
eration of the body ml if the system is set into motion from an initial
state of fest.

Solution. First we should tackle the problem associated with the
direction of the friction force acting on the body m2. Otherwise, we
cannot write the fundamental equation of dynamics lor the body ml
in terms of projections, and tlie problem proves to be uncertain.

We shall argue as follows: euppose that in the absence of friction
forces the body m, starts sliding, say, upward along the inclined
plane. "Switching on" the friction forces. we obviously cannot reverse
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the motion direction, but only decrease the acceleration. Thus, the
direction of the friction force acting on the body m2 is determined if
we find the acceleration direction of this body in tile absence of fric
tion (k = 0). Accordingly, we shall begin with that.

Let us write the fundamental equation of dynamics for both, bo
dies in terms of projections, having taken the positive directions of
the ZI and ZI axes as shown in Fig. 27:

mlw~ = mIg - T, m2wX = T - mIg sin ex,

where T is the tensile force of the thread. Summing up termwise the
left- and right-hand sides of these equations, we obtain

'l-sin ex,
WX = 1)+1 g.

After the substitution 1'J = 2/3 and ex = 300 this expression 'ylelds
ID~ > 0, i.e. the body ml moves up the inclined plane. Consequently,
tile friction force acting on this body is. directed oppositely. Taking
this into account, we again write the equations of motion:

mlw~ ~-1 mig - T', mlw~ = T' - mIg. sin ex - kmlg cos a.

Hence,
...-sin a-k cos a ~ 005

w~= 11+ 1 g"" ,. g.

• 2.3. A non-stretchable thread with masses mJ and ms attached
to its ends (ml > m2) is thrown over a pulley block (Fig. 28). We
begin to lift tb.e pulley block with the acceleration Wo relative to the'
Earth. Assuming the thread to slide over the pulley block without
friction, find the acceleration wi of the mass ml relative to the Earth.

Solution. Let us designate the positive direction of the x axis
as shown in Fig. 28 and write the fundamental equation of dynamics
for the two masses In terms of projections on this axis:

""lWIX=T-mIC, (t)

m.wls= T-I1ltl· (2)

These two equations contain three unknown quantities: ~l%' Wu,
and T. The third equation is provided by the kinemaLic relationsliip
between the accelerations:

Wt=Wo+W', w3= wo- w ' ,

where w' is the acceleration of the mass ml with respect to the/ulley
block. Summing up termwise the left-hand and the right-han sides
of these equations, we get

WI+ W3 = 2wo,

or in terms of projections on the z axis

W1 X + w~u: = 2wn. (3)



~ltl,,'ctJl AIecAantc.

The simultaneous solution of Eqa. (I), (2) and (3) yields

WIX = [2mJ wo+(m.- mI) g)/(ml+In.).

Whence it is seen that for a given 1D0 the sign of Wl S depends on the
ratio of the masses ml and mi·

.2.4. A small disc moves along an inclined plane whose friction
coefficient k = tan a, where Q is the angle which the plane form!

Fig. 28 Fig. 29

with the horizontal. Find how the velocity v of the disc depends on
the a~le cp between the veetor v and the z axis (Fig. 29) if at the
initial moment v = lI, and cp = nJ2. '

SoluUon. The acceleration of the disc along the plane is determined
by the pro~ection of the force of gravity on this plane F% = mf sin a,
and the friction force Ff , = lem.f cos t%. In our case Ie = tan a, and
'herefom

Fir == Fs == ml sin CZ~

Let us find the projections of the acceleration on the direction of the
tangent to the trajectory and on the z axis:

mWt=Fz cos cp-Ffr=mg sin a (coscp-.1),
mwx=Fx-FIr cos cp= mg sin a (i-cos cpl.

It is seen from this that U''I = -lOs, which means that the velocity v
and i t8 projection Vs differ only tiy a constant value C which does
not change with time, Le.

v = -vs + C,

where v% = v cos cp. The constant C is found Irom the initial con
dition 11= VI' whence C = v.. Finally we obtain

II =' vol(1 + cos <p).

In the course of time q> -+- 0 and v -+ vo/2.
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• 2.5. A thin uniform elastic cord of mass m and length '0 (in
a non...stretched state) has a coefficient of elasticity x, After having
the ends of the cord spliced, it was placed on a smooth horizontal
plane, shaped as a circle and set into rotation with the angular veloc
ity m about the vertica!! axis passing through the centre of the circle.
Find the tension of tlie cord in this state.

Solution. Let us single out a small element of the cord of DlU8
6m as shown in Fig. 30a. This element moves along the circle due

(a)

(6)

~
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Fig. 30 Fig. 31
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to a force which is a geometric sum of two~vectors each of which has
the magnitude of the tension sought T (Fig. 30b). Consequently.
in accordance with Newton's second law

~m emIr = T .6a,. (t)

Since 6m = (m/2n) l)a, and r = l/21t (where I is the length of the cord
in the state of rotation), Eq., (1) takes the form

mool.Z/1m1 = T. (2)

On the other hand, in accordance with Hooke's law
T = ,x (l - lo). (3)

Eliminating l from Eqs, (2) and (3), we obtain

T xlo
4n1x/mool - i ·

Note that in the caseof a non-stretchable cord (x = (0) T = rnCJ)llJImI•
• 2."6. Integration of motion equations. A particle of mass m moves

due to the action of the force F. The initial conditions, that is, ita
radius vector r (0) and velocity v (0) at the moment t = 0, areknown.
Find the position of the particle as a function of time if

(t) F= Fosin mt, r (0)=0, ,v (0)=0;

(2) F = -kv, r (0)=0, ,,(0) = Yo;
(3) F= -xr, r(O)=ro, V(O)=Vo, with voUro.

Here F. is a constant vector, and (I), k, x are positive constanta.

6-018e



Solutton: t. In accordance with the fundamental equation of
dynamics the acceleration is

dv/dt = (Frim) sin mt.

·We obtain the elementary increment of the velocity vector dv during
the time dt and then the increment of this vector during the time from
o to t:·

t

v (t) - v (0) = (Folm) Jsin rotdt.
o

Taking into account that v (0) = 0, we obtain after integration

v (t) = (Fo/mm) (1 --.:. cos rot).

Now let us find the elementary displacement dr, or the increment
of the radius vector r of the particle during the interval dt: dr =
= "V (t) dt, The increment of the radius vector during the time from 0
to t is equal to ,

r(t)-r(O)=(Folmro) J(1-cosrot)dt.
o .

Integrating this expression and taking into account that r (0) = 0,
~e get

r (t) = (Po/mcol ) (rot-sin rot).

Fig. 31 illustrates the plots Vx (t) and z (t), the time dependences
of projections of-the vectors v and r on the z axis chosen in the par
ticle motion direction, i.e. in the direction of the F0 vector.

2. In this ease the acceleration is
dv/dt ;: - (kim) v.

To integrate this equation we must pass to the scalar form, that is,
to the modulus of the vector v:

dvlv == - (kIm) dt.

Integration of this equation with allowance made for the initial
Conditions yields: In (vIvo) = - (kim) s. After taking antilogarithl&l8
we return to the vector form:

v= voe-Ittlm•

Integrating the last equation once more (and again taking into account
the initial conditions), we obtain

t

r= Jv dt = (mvolk)(1-e-IdLm).
o
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Fig. 32 shoWl the plots of the velocity IJ and the"path covered,
u fwictions of time I (in our ease • = r).

3. In this case the particle moves along the straight line coinciding
with the radius vector r. Choosing the z axis in this direction, wecan
immediately write the fundamental equation of dynamies in terma
of the projection on this axis:

-; +CIl1Z=0, (t)

where -; is the 88Cond derivative of t~ coordinate with 188~eet to
time, Le, the projection of the acceleration vector, ~ = x/me Eq. (I)
il referred &0 a8 the eqU4tfoll 0/ htJrmo~'c utbrat'°111.

o
Fig. 32

t

y

o
Fig. 33

It can be mown mathematically that the general solution of 'his
equation takes the form

~ (I) = A cos a>t + B sin ml, (2)

where A and B are arbitrary constants. The restrictions imp088d
on these constants are usually determined· from the initial conditions.
For instance, in our case at the moment t = 0

z .(0)= %0 and > Pz (0)= VOX, (3)

where zl and V. are the projections of the '0 and Vo vectors on the z
axis. A ter substituting Eq. (2) into Eq. (3) we get: A = Zo, B =
= voJa>. All the rest is obvious. .

• 2.7. A puticle of mass m moves in a certain plane due to the
force F whose magnitude is constant and whose direction rotates with·
the constant angular velocity Ct) in that plane. At the moment t = 0
the velocity of the particle is equal to zero. Find the magnitude of the
velocity of the particle as a function of time and the distance that the
particle covers between two consecutive stops.

Solutton, Let us fix the z, y coordinate system to the given plane
(Fig. 33), taking the z axis in the direction along which the force
vector was oriented at the moment t = o. Then the fundamental
equation of dynamics expressed via the projections on the z and 1/.

••
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(t)
On the other hand,

axes takea the form
m dvJdt = F cos wt, m dVII/dt = F sin wt.

Integrating these equations with respect to time -with allowance
made for the initial condition v (0) = O,we obtain

v~=(Flm~) sin et, vII = (F/m,m) (1 - cos wt).

The magnitude of the velocity vector is equal to

V=VV:+v:=(2F/mco) sin (mt/2).

It is seen from this that the velocity v turns into zero after the time
interval bot, which can be found from the relation CI) bot/2 = n. Conse
quently, the sought distance is

At

11= Jv dt=8F/mro2•

o

• 2.8. An automobile moves with the constant tangential acceler
ation W,; along the horizontal plane circumscribing a circle of radius R.
The coefficient of friction between the wheels of the automobile and
the surface is equal to k: What distance s- will be covered by the auto
mobile without slipping in the case of zero initial velocity?

. S olutton. As the velocity increases, so do both the normal and
the total acceleration of the automobile. There is no slip,ping as long
as the total acceleration required is provided by the friction force.
The maximum possible value of that force Fmax = kmg; where m
is the mass of the automobile. Therefore, in accordance with the
fundamental equation of dynamics, mw = F. the maximum value
of the total acceleration is .

ID~= kg.

lDmQ~~VrD~+(vt/R)t, (2)

where v is the velocity of the automobile at the moment its accelera
tion reaches the maximum value. This velocity and the sought dis
tance 8 are Interrelated by the -following· formula:

(3)

Eliminating v and Wma~ from Eqs. (1), (2) and (3), we obtain

s=(R/2) Y(kg/w·d l - 1.

I t is not difficult to see that the solution is meaningful only if the
radicand is positive, i.e, if W'f < kg.

• 2.9. Non-Inertial reference frames. A satellite moves in the
Earth'8 equatorial plane along a circular orbit of radius r in the west
east direction. Disregarding tlie acceleration due to the Earth's'motion
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around the Sun, find the acceleration 10' of the satellite in the ref
erence frame fixed to the Earth.

S olution; Suppose K is an inertial reference frame in which the
Earth's rotation axis is motionless, and K' is a non-inertial reference
frame fixed to the Earth and rotating with the angular velocity CI>
with respect to the - K frame.

To derive the acceleration w' of the satellite in the K ' frame we
must first of all depict all the forces acting on the satellite in that
reference frame: the gravity F, the
Coriolis force Fear and the centri- ~ wr
fugal force F01 (Fig. 34, the view \
from the Earth's North Pole). ~ tr'

Now let us make use of Eq.
(2.18), assuming Wo = 0 (in accor
dance with the conditions of the
problem). Since in the K' frame
the satellite travels along a circle,
Eq. (2.18) can be immediately writ
ten via' projections on the tra
jectory's eormal n:

mw' =' F - 2mv'ro - mw1r, (1)

where F~' ymMlrl, -and m and
M are the" masses of the satellite
and the Earth respectively. Now we have only to find the velocity v'
of the satellite in the K' frame. To do this, we shall make use of the
kinematic relation (1.24) in scalar form

v' == V - CJ>r, (2)

where v is the velocity of the satellite in the K frame (Fig. 34), and
of the equation of motion of the satellite in the K frame

m~/r = ymMlr~, (3)

from which u is found. Solving simultaneously Eqs. (1), (2) and (3),
we obtain

W' ==(f-oor y r/yM)2 yMlr2•

Specifically, w' = 0 when r = ~V,\,Mlro2 = 4.2.103 km, Such
a satellite is called stationary: it is motionless relative to the Earth's
surface.

• 2. to. A small sleeve of mass m slides freely along a smooth hori
zontal shaft which rotates with the constant angular velocity (I)

about a fixed vertical axis passing through one of the shaft's ends.
Find the horizontal component of the force which the shaft exerts
on the sleeve when it is at the distance r from the axis. At the initial
moment the sleeve was next to the axis and possessed a negligible
velocity.

Solution. Let us examine the motion of the sleeve in a rotating
reference frame fixed to the shaft. In this reference frame the sleeve
moves rectilinearly. This means that the sought force is balanced
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out by the Coriolls force (Fig. 35):

R= -Fcor=2m [mv'). (t)

Thus, the problem reduces to determining the velocity v' of the sleeve
relative to the shaft. In accordance with Eq. (2.19)

dv'ldt = Fejlm = mlr.

Taking Into account that dt = drlv', the last equation can be trans
formed to

rI drl = 6ll r dr.

Integrating this equation with allowance made for the initial condi
tions (v' = O. T = 0), we find v' = (Or, or in a vector form

v' = IDl. (2)

Fe!

mg,. 0

r~g. 36Fig. 35

Substituting Eq. (2) into Eq. (1), we get

R = 2m(O (mr).

• 2. t t. 'l:he stability of motion. A wire ring of radius r rotates
~th the constant angular velocity CI) about the vertical axis 00'

0'

passin, through i t8 diameter. A small sleeve A can slide along the
ring WIthout friction. Find the angle 9 (Fig. 36) corresponding to the
stable position of the sleeve.

Solutton. Let us examine the behaviour of the sleeve in a reference
frame fixed to the rotating ring. I t8 motion along "the ring is char
acterized by the resultant force projection F't on the unit vector -c
at the point A. It is seen from Fig. ~6 that

F~=Fefcos a-mg sin 6.
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The right-hand side of this equation contains the projections of the
centrifugal force and gravity. Taking: into account' that Fel ==
= mCl)tr sin 8, we rewrite the foregoing expression as follows:

F-r~ sin 8 (cos 0- g/ro2r ). (t)

From the equilibrium condition (For = 0) we can find the two values
of the angle 9. ensuring that equilibrium: sin 00 = 0 and cos 90 =
= glmlr. The first condition can be satisfied for any value of rot· while
the second one only if gl colr < 1. Thus, in the case of low ro values
there is only one equilibrium position, at the bottom point (00 = 0);
but in the case of large co values (ro > Vglr) another equilibrium
position, defined by the second condition, is possible.

A certain equilibrium position is stable provided the force For
appearing on withdrawal of the sleeve from that position (in any
direction) is directed back, to the equilibrium position, that is. the
sign of For must be opposite toJtthat of the deDection AO from the
equilibrium angle 00.

At low deflections dO from the 90 angle' the appearing force tJF'C

may be found as a differential of expression (I):

6F,;~ [cos 90 (cos 00-g/m1r)-sinIOo] dO.

At the bot~ equilibrium position (90 = 0)
tJF,; ~ (t-g/(j)tr) dO. (2)

This equilibrium positi~n is stable provided the expression put in
pare.ntheses is negative; i.e. when (a) < V,Ir.

At the other equilibrium position (cos 00 = glmlr)

tJFor ,.., - sinl 00 dO.

It is seen that this equilibrium position (if it exists) is always stable.
Thus, as long as there is only the bottom equilibrium position

(with co < V glr) , it is always stable. However, on the appearance
of the other equilibrium position (when co > Vglr) the bottom, posi
tion becomes unstable (see Eq. (2», and the sleeve immediately passes
from the lower to the upper position, which is always stable.



CHAPTER 3

ENERGY CONSERVATION LAW

§ 3.r, On Conservation Laws

Any body (or an assembly of bodies) represents, in fact,
a system of mass points, or particles. If a system changes in
the course of time, it is said that its state varies. The state
of a system' is defined by specifying the concurrent coordi
nates and velocities of all constituent particles.

Experience shows that if the laws of forces acting on a
system's particles and the state of the system at a certain
initial moment are known, the motion equations can help
predict the subsequent behaviour of the system, i.e. find its
state at any moment of time. That is how, for example, the
problem of planetary motion in the solar system has been
solved.

However, an analysis of a system '8 behaviour by the use of
the motion equation's requires so much effort (e.g. due to
the complexity of the system itself), that a comprehensive
solution seems to be practically impossible. Moreover, such
an approach is absolutely out of the question if the laws of
acting forces are not known. Besides, there are some prob
lems in which the accurate consideration of motion of indi
vidual particles is ..meaningless (e.g. gas).

Under these circumstances the following question natural
Iy comes up: are there any general principles following from
Newton's laws that would help avoid 'these difficulties by
opening up some new approaches to the solution of the
problem.

It appears that such principles exist. They are called
conservation laws.

As it was mentioned, the state of a system varies in the
course of time as that system moves. However, there are
some quantities, state functions, which possess the very
important and remarkable property of retaining their values
constant with time. Among these constant quantities,
energy, momentum and angular momentum play the most
significant role. These three quantities have the important
general property of additivity: their value for a system com
posed of parts whose interaction is negligible is equal to
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the sum of the corresponding values for the individual con
stituent parts (incidentally, in the case of momentum and
angular momentum additivity holds true even in the pres
ence of interaction)..It is additivity that makes these three
quantities extremely important.
- Later on it became known that the laws of conservation

of energy, momentum and angular momentum intrinsically
originate from the fundamental properties of time and space,
uniformity and isotropy. By way of explanation, the
energy conservation law is associated with uniformity of
time, while the laws of conservation of momentum and
angular momentum with uniformity and isotropy of space
respectively. This implies that the conservation laws listed
above can be derived from Newton's second law supplement
ed with' the corresponding properties of time and space sym
metry. We shall not, however, discuss this problem in
more detail.

The laws of conservation of energy, momentum and angu
lar momentum fall into the category of the most fundamental
principles of physics, whose significance cannot be overes
timated. These laws have become even more significant since
it was discovered that they go beyond the scope of mechanics
and represent universal laws of nature. In any case,DO
phenomena have been observed so far which do not obey
these laws. They "work" reliably in all quarters: in the field
of elementary particles, in outer space, in atomic physics
and in solid state physics. They are among the few most
general laws underlying contemporary physics.

Having made possible a new approach to treating various
mechanical phenomena, the conservation laws turned into
a powerful and efficient instrument of research used by
physicists. The importance of the conservation principles
as a research instrument is due to several reasons.

f. The conservation' laws do not depend on either the paths
of particles or the nature of acting forces. Consequently, they
allow us to draw some general and essential conclusions
about the properties of various mechanical processes without
resorting. to their detailed analysis by means of motion
equations. For example, as soon as it turns out that a cer
tain process is in conflict with the conservation laws, one
can be sure that such a process is impossible and it is no
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use trying to accomplish it.
2. Since .the conservation laws do not depend on acting

forces, they may be employed even when the forces are not
known. In these cases the conservation laws are the only
and indispensable instrument of research. This is the pres
ent trend in the physics of elementary particles.

3. Even when the forces are known precisely, the con
servation laws can help substantially to solve many problems
of motioo of particles. Although all these problems can be
solved with the use of motion equations (and the conserva
tion laws provide no additional information in this case), the
utilization of the conservation laws very often allows the
solution to be obtained in the most straightforward and
elegant fashion, obviating cumbersome and tedious calcula
tions. Therefore, whenever new problems are ventured, the
following order of priorities should be established: first,
ooe after another conservation laws are applied and only
having made sure that they are inadequate, the solution is
sought through the use of motion equations.

We shall begin examining the conservation laws with the
energy conservation law, having introduced the notion of
energy via the notion of work.

. § 3.2. Work and Power

Work. Let a particle travel along a path 1-2 (Fig. 37)
under the action of the force F. In the general case the

force F may vary during the
2 motion, both in magnitude and

direction. Let us consider the
elementary displacement dr, dur-.
ing which the force F can be
assumed constant.

The action of the force F
over the displacement dr is

Fig. 37 characterized by a quantity
equal to the scalar product Fdr

and called the elementaru work of the force F over the dis
placement dr. It can also be presented in another form:

Fdr = F cos ads = F,ds,
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where a is the angle between the vectors F and dr, ds =
= I dr I is the elementary path, and Fs is the projection of
the vector F on the vector dr (Fig. 37).

Thus, the elementary work of the force F over the dis-
placement dr is 0

6A = Fdr = Fsds. (3.1)

The quantity BA is algebraic: depending on the angle between
the vectors F and dr, or on the sign of the projection P8 of
the vector F on the vector dr, it can be either positive
or negative, Of, in particular, equal to zero (when F .l.. dr,
i.e. F. = 0).

Summing up (integrating) the expression (3.1.) over all
elementary sections of the path from point 1 to point 2, we
find the work of the force I F over the given path:

2 2

A= JFdr= JF,ds.
1 1

(3.2)

The expression (3.2) can be graphically illustrated. Let
us plot F, as a function of the particle position along the
path. Suppose, for example, that this plot has the shape
shown in Fig. 38. From this figure the elementary work:-6A
is seen to he numerically equal to the area of the shaded
strip, and the work A over the path from point 1 to point 2
is equal to the area of the figure enclosed by the curved line,
ordinates 1 and 02, and the s axis. Here the area of the figure
lying over the s axis is taken with the plus sign (it corre
sponds to positive work) while the area of the figure lying
under the s axis is taken with the minus sign (it corresponds
to negative work).

Let us consider a few examples involving calculations
of work.

The work of the elastic force F = -xr, where r is the radius
vector of the particle A relative to the point 0 (Fig. 39).
Let us displace the particle A experiencing the action of
that force along an arbitrary path from point 1 to point 2.
We shall first find the elementary work performed by the
force F over the elementary displacement dr: .

6A = Fdr = ~ xrdr.
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2
Ot----+-------~~----~

The scalar product r dr = r (dr)r, where (dr)r is the projec
tion of dr on the vector r. This projection is equal to dr, the
increment of the magnitude of the vector r. Therefore r dr =
= r dr and

BA = - xr dr = - d (xr2/~).

Now, to calculate the work performed by the given force over
the whole path, we should integrate the last expression be-
tween point 1 and point 2: .

2

A = - ) d (xr2/2) = xr~/2 - xr:/2. (3.3)
1

The work of a gravitational (or Coulomb's) force. Let
a stationary point mass (charge) be positioned at the .point 0

Ii

Fig. 38 Fig. 39

of the vector r (Fig. 39). We shall find' the work of the' gra
vitational (Coulomb's) force performed during the dis
placement of the particle A along an arbitrary path from
point 1 to point 2. The force acting on the particle A may be
represented as follows:

F = (aIr) r,

h . - {~Ymlm2, the gravitational interaction,
were a -. kqtQ2, the Coulomb interaction.

Let us first calculate the elementary work performed by
this force over the displacement dr:

~A = F dr = (aIr) r dr.
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As in the previous case, the scalar product r dr == r dr,
so that

6A· = adrlrJ = - d (aIr).

The total work performed by this force over the whole path
from point 1 to point 2 is. '

2

A= - Jd(a.lr)=a.1rt-a.1r'J.' (3.4)
1

2

I

z

k

(3.5)

The work of the uniform force .of gravity F = mg. Let
us write this force as F = - mgk, where k is the unit vector of
the vertical z axis whose positive direction is chosen upward
(Fig. 40). The elementary work of gravity over the dis
placement dr is

6A = Fdr = - mgkdr.

The scalareroduct k dr = (dr)k, where (dr)k is the projection
of dr on the unit vector k and is equal to dz, the z coordinate
increment. Therefore, k dr = tB
and

BA = - mg ds: = - d (mgz).

The total work of this force per
formed over the whole path from
point 1 to point 2 is .

2

A= - Jd(mgs)=mg(Zt-z'J.)~
t

The forces considered are Fig. 40
interesting in that the work
performed by them between points 1 land 2 does notdepend
on the shape of the path and is determined only by their ;
positions (see Eqs. (3.3)-(3.5». However, this very significant
peculiarity of the forces considered is by no means a prop
erty of all forces. For example, the friction force does not
possess this property: the work performed by this force
depends not only on the positions of the initial and inal
points but also on the shape of the path connecting them.



So far we have discussed the work performed by a single
force. But if during its motion a particle experiences several
forces whose resultant is F = F1 + F, + ..., it can be
easily shown that the work performed by the resultant force F
over a certain displacement is equal to the algebraic sum
of the works performed by all the forces over the same "dis
placement. In fact,

A= J(F1+F,+ ... )dr= JFtdr+ JF2dr+ ... =
=At +Az+ .. . . (3.6)

.Power. To characterize intensity of the work performed,
the quantity called power is introduced. Power is defined as
the work performed by a·, force per unit time. If the-force F
performs the work F dr during the time interval dt, the power
developed by that force at a given moment of time is equal
to N = F dr/dt; taking into account that dr/dt = v, we obtain

(3.7)'

Thus, the power developed by the force F is equal to the
scalar product of the force vector by the vector of velocity
with which the point moves under the action of the given
force. 1ust like work, power is an algebraic quantity.

Knowing the power of the force F, we can also find the
work which that forcR performs during the time interval t.
Indeed, expressing the integrand in formula (3.2) as F d~ =
= Fvdt . N dt, we get

t

A= JNdt.
o

As an example, see Problem 3.1.
Finally t one very essential circumstance should be pointed

out. When dealing with work (or power), in each specific ease
one should indicate precisely what force (or forces) performs
that work. Otherwise, misinterpretations are, as a rule,
inevitable.
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§ 8.3. Potential Field of Forces

A field of force is a region of space at whose each point
a particle experiences a force varying regularly from point
,to point, e.g, the Earth's gravitational field, or the field of
the resistance forces in a fluid stream. If the force at each
point of 8 field of forces does not vary in the course of time,
such a field is referred to es stationary. Obviously, a station
ary field of forces may turn into a non-stationary field on
transition from one reference frame to another. In a station
ary field of forces the force is determined only by the posi
tion of a particle.

Generally speaking, the work performed by the forces of
the field during the displacement of a particle from point
1 to point 2 depends on the path. However, there are some
stationaJlt fields of forces in which that work does notdepend
on the path between points 1 and 2. This class of fields pos
sesses a number of \he most important properties in physics.
Now we shall proeeed to these properties.

The definition: a stationary field of forces in which the work
performed by these forces between any two points does not
depend on the shape of the path 'but only on the positions of
these points, is referred to as potential, while the forces
themselves are called conservative.

If this 'condition is not satisfied, tile field of forces is not
potential and the forces of the field are called non-conserva
tive. Among them are, for example, friction forces (the work
performed by these forces depends on the path in the general
ease).

An example of two stationary fields of forces, one of which
is potential and the other is not, is examined in Problem 3.2.

Let 'us demonstrate that in a potential field the work per
formed by the field forces over any closed path is equal to zero.
In fact, any closed path (Fig. 41) may be arbitrarily subdi
vided into two parts; la2 and 2bl. Since the field is poten
tial, then by the..hypothesis A~~) = A~~). On the other hand,
it is obvious that Ai~) = - A~~). Therefore,

A(CI)+A(b) A(a) A(b) 0
t 2 21 = 12 - 12 = ,

which was to be proved.
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Fig. 41

Conversely, if the wQrk~pel'formedby the field forces over
any closed path is equal to zero, the work of the same forces
performed between arbitrary points 1 and 2 does not depend
on the path, i.e. the field is potential. To prove this, let-us
take two arbitrary paths: la2 and Ib2 (Fig. 41). W~can';;

connect them to make closed path 1a2bl. The work performed
over this closed path is equal to zero by the hypothesis,
I.e. A~~) +A~~) = O. Hence, A~~) = ~ A~~). But A~~) ='.
= -Al~) and therefore

A\4J = A\bi.
Thus, when the work of the field forces perfomDed over

any closed path is equal to zero, we obtain the necessary
and sufficient condition for the
work to be independent of the shape

2 of the path, a fact that can be
regarded as a distinctive attribute
of any potential field of forces.

The field of central Iorees, Any
field of forces is brought about by
the action of definite bodies. In
that field the particle A experi-

ences a force arising due to the interaction of this par
ticle with the given bodies. Forces depending only on
the distance between interacting particles and directed
along the. straight line connecting them are .referred- to as
central. An example of this" kind of forces is provided ·by
gravitational, Coulomb's and elastic forces.

The central foree which the particle B exerts on the par
ticle A can be presented in general form as follows:

F = f (r) e" (3.8)

where f (r) is a function depending for the given type of
interaction only on r, the distance between the particles;
and er is a unit vector defining the direction of the radius
vector of the particle A with respect to the particle B
(Fig. 42).

Let us demonstrate that any stationary field of central
forces is potential.

To do this, we shall first find.the work performed by the
central forces in the ease when the field of forces is brought
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about by one motionless particle B. The elementary' work
performed by tne force (3.8) over the displacement dr is
equal to 6A = F dr = f (r) e, dr. Since er dr is equal to dr t

the projection of the vector dr on the vector e,. or on the
corresponding radius vector r (Fig. 42), then 6A = f (r) dr,
The work performed by this force over an arbitrary path
from point 1 to point 2 is

This expression obviously depends only on the appearance
of the function f (r), i.e. on the type of interaction, and on
the values of Tl and T" the
initial and, final. distances be- er
tween the"particles A and B. It
does not..4fepend on ,the shape
of the path) in any Vfay. This
Eneans that the given field of
forces is potential. ~

Let us generalize the re
sult obtained to a stationary
field of forces induced .by a set
of motionless particles exert- I B
ing on the particle A the forces Fig. 42
F1t F2' ••• t each of which
is central. In this case the work performed by the resultant
force during the displacement of the particle A from one
point to another is equal to the algebraic sum 'of the works
performed by individual forces. But since the work per
formed by each of these forces does not depend on the shape
of the path, the work performed by the resultant force does
not depend on it either. .

Thus, any stationary field of central forces is indeed poten-
tial. .

Potential energy of a particle in a field. Due to the fact
that the work performed by potential field forces depends
only on the initial and final positions of a particle we can
introduce the extremely important concept of potential
energy.
8-053i
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Suppose we displace a particle from various points P,
of a potential field of forces to 8 fixed point O. Since the
work performed by the field forces does not depend on the
shape of the path, it is only the position of the point P
that determines this work, provided the point 0 is fixed.
This means that a given work is a certain function of the
radius vector r of the point P.

Designating this function as U (r), we write
o

Apo == I F dr == U (r). (3.9)
p

The function U (r) is referred to as the potential energy of
the particle in a given field.

Now let us find the work performed by the field forces
during the displacement of the particle from point 1 .to
point 2 (Fig. 43). The work being independent of the shape
of the path, we can choose one passing through the point O.
Then the work performed over the path 102 can be repre
sented in the form

.At 2 = AJO +A0 2 = Al o - A20

or, taking into account Eq. (3.9),

2

A12 = I Fdr=U1-UZ•

1

(3.10)

The expression on the right-hand side of this equation is
the diminution" of the potential energy, i.e. the difference

• The variation of some quantitl X can be characterized either
by its increment, or its diminution. The increment of the X .quantity
is the difference between its final (XI) and initial (Xl) values:

the increment l1X = XI - Xl-
The diminution of the quantity X is taken to be the difference bet*een
its initial (X1) and final (X.) values:

the diminution Xl - XI = -AX,
I.e. the diminution of the quantity X is equal to its increment in
magnitude but is opposite in sign,

The diminution and increment are aZgebralc quantities: if XI >
> Xl t then the Increment is positive while the diminution is negative,
and vice versa.
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2

(3.12)

(3.11)

o

between the values of the potential energy at the initial
and final points of the path.

Thus, the work of the field forces performed over the path .1-2
is equal to the decrease in the potential energy of the particle
in a given field, C .

Obviously, any potential energy value can be chosen in
advance and assigned to a particle positioned at the point 0
of the field. Therefore, measuring the work makes it possible
to determine only the difference of the potential energies at
two points. but not the absolute val- 1
ue of the'! potential energy. How
ever, as soon as the potential energy
at some point is specified, its values
are uniquely determined at all other
points of the field by means of Eq.
(3.10).

Eq. (3.10~ makes it possible to find
the expression U(r) for any potential Fig. 43
field of forces. It is splficient to cal-
culate the work performed by the field forces over any path
between two points and to represent it as the diminution of
a certain function which is the potential energy U (r).

This is exactly how the work was calculated in tile cases
of the fields of elastic and gravitational (Coulomb's) forces,
as .well as in the uniform field of gravity (see Eqs, (3.3)
(3.5». It. is immediately seen from these formulae that the
potential energy of a particle in such fields of forces takes
the following form:

(t) in the field of elastic forces

U (r) = )(,-2/2;

(2) i.n the field of a point mass (charge)

U (r) = alr,

h - {-l'm1m2, gravitational interaction,
were a - k C I h' · t t·qlqlt OU om S In erac Ion;

(3) in the uniform field of gravity

U (s) = mgs; (3.13)

I t should be pointed out once again that the potential
energy U is a function determined with an accuracy of a

8*
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certain arbitrary addendum. This vagueness, however, is
quite immaterial as all equations deal only with the differ
ence of the values of U at two positions of a particle. There
fore, the arbitrary addendum, being equal at all points of
the field, gets eliminated. Accordingly, it is usually omitted
as it is done in the three previous expressions.

There is another important point. Potential energy should
not be assigned to a particle but to a system consisting of
this particle interacting with the bodies generating a
field of force. For a given type of interaction the potential
energy of interaction of a particle with given bodies
depends only' on the position of the particle relative to
these bodies.

Potential energy and force of a field. The interaction of
a particle with surrounding bodies can be described in two
ways: by means of forces or through the use of the notion of
potential energy. In classical mechanics both ways are ex
tensively used. The first approach, however, is more general
because of its applicability to forces in the case of which
the potential energy is impossible to introduce (e.g. fric
tion forces). As to the second method, it can he utilized
only in the case of conservative forces.

Our objective is to establish the relationship between
potential energy and the force of the field, or putting it
more precisely, to define the field of forces F (r) from a given
potential energy U (r) as a function of a position of a par
ticle in the field.

We have learned by now that the work performed by field
forces during the displacement of a particle from one point
of l potential field to another may be described as the
diminution of the potential energy of the particle, that is,
A 12 = U1 - U 2 = -~U. The same can be said about the
elementary displacement dr as well: 6A = -dU, or

Fdr = -dUe (3.14)

Recalling (see Eq. (3.1» that F dr = F s ds, where ds =
= I dr I is the elementary path and F 8 is the projection of
the vector F on the displacement dr, we shall rewrite
Eq. (3.14) as

Fa ds = -dU,
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where -dU is the diminution of the potential energy in the
dr displacement direction. Hence,

F, = -o-Ulas, (3.15)

i.e. the projection of the field force, the vector F, at a given
point in the direction of the displacement dr equals the
derivative of the potential energy U with respect toa given
direction, taken with the opposite sign. The designation of
a partial derivative iJlasemphasizes the fact of deriving with
respect to a definite direction. .

The displacement dr can be accomplished along any direc
tion and, specifically, along the x, y, z coordinate axes. For
example, if the displacement dr is parallel to the x axis, it
may be described as dr = i dx, where i is the unit _vector of
the x axis and dx is the x coordinate increment. Then the
work perfo~ed by the force F over the displacement dr
parallel to the x axis is

F til = Fi dx = Fx dz;

where Fx is the projection of the vector F on the unit vector i
(but not on the dr displacement as in the case of Fs) . .

Substituting the last expression into Eq. (3.14), we get

F; = -aUlox,

where the partial derivative symbol implies that in the
process of differentiation U (x, y, s) should be considered as
a function of only one variable, x, while all other variables
are assumed constant. It is obvious that the equations for
the F y and F z projections are similar to that for F x.

So, having reversed the sign 'of the partial derivatives of
the function U with respect to x, y, Z, we 'obtain the projec
tions Fx' F y and F z of the vector F on the unit vectors i, i
and k. Hence, one can readily find the vector itself: F =
= }t'xi + F yj + Fz;k, or

F= - ( 8U i + au ·+ au k).ox fJy l {Jz

The quantity in parentheses is referred to as the scalar
gradient 0/ the function U and is denoted by grad U or V U.
We shall use the second, more convenient, designation where
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v (Unabla") signifies the symbolic vector or .operator

V • a +. lJ +k a= I ax J ay a; ·
Therefore V U may be formally regarded as the product of
a symbolic vector V by a scalar U.

Consequently, the relationship between the force of a
field and the potential energy, expressed as a function of
coordinates, can be written in the following compact form:

(3.16)

i.e .. the field force F is equal to the potential energy gradient,
taken with the minus sign, for a particle at a given point of
the field. Put simply, the field force F is equal to the anti
gradient of potential energy. The last equation permits the
field of forces F (r) to be derived from the function U (r).

Example. The potential energy of a particle in a certain field
has the following form:

(a) U (z, y) = -ruy, where a is a constant;
(b) U (r) = art where a is a constant vector and r is the radius

vector of a point of the field.
Let us find the field of force corresponding to each of these ,cases:

(a) F= - ( ~~ i+ :~ j)=a (yl+%»;

(b) first, let us transform the function U to the following ferm:
U = a:iZ + a,lY+ 4 zZ; then

F ( au .+ au ·+ au k)' (.+ ·+' k)== - ""'h I '8iI J -az = - axl 4 yJ . az· = -8.

The 'meaning of a gradient becomes more obvious and
descriptive as soon as we introduce the concept of an equipo
tential surface at all of whose points the potential energy U
lias the same. magnitude. I t is clear that each value of U
has a corresponding equipotential surface.

It follows from Eq. (3.15) that the projection of the vec
tor F on any direction tangential to the equipotential surface
at a given point is equal to zero. This means that the vector
F is normal to the equipotential surface at a given point.
Next, let us consider the displncemeut as in the direction
of decreasing [J values; then au < 0 and in accordance with
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Eq. (3.15) Fa > 0, i.e. the vector F is oriented in the direc
tion of decreasing U values. As F is directed oppositely to
the vector V U, we may 'conclude that the gradient of U is
a vector oriented along a normal to an equipotential surface
in the direction of increasing values of potential energy U.

Fig. 44 illustrating a two-dimensional case clarifies-- what
was said above. It shows a system of equipotentials (U t <.
< Uz < U,. < Vi), a gradient of the potential energy V 1]
and the corresponding vector of the force F at the point ~4

of the field. It pays to consider how '
these two vectors are directed, for ex- ~ 1& Of
ample, at the point B of the ~given

field.
In conclusion it should be pointed

out that a gradient can be calculated
not only from the function U but from
any othlr scalar function of coordi
nates. The. concept of a gradient perme-
ates various divisibns of physics. Fig. 44

Concept of 8 field. Experience shows
that in the ease of gravitational and
electrostatic interactions the force F that surrounding bodies
(the system B) exert on a particle A is proportional to the
mass (or the charge) of that particle. In other words, the
force F may be represented as the product of two quan-

·tities:

F=m~t (3.17)

where m is the mass (or the charge) of the particle A,·and G
is a certain vector depending both on the position of the
particle A and on the properties of surrounding bodies, that
is, the system B.

This opens up the possibility for another physical inter
pretation of interaction which is based on the concept of a
field. In this case the system B is assumed to induce a spatial
field characterized by the vector G (r), Expressed otherwise:
the system. B, the origin of a field, is assumed to provide
such conditions (the vector G) at all points of space that
a particle positioned at any point experiences the force
(3.t7). Moreover, the field (the vector G) is supposed to exist
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irrespective of whether the particle A is1 actually in the
field or not".

The vector G is referred to as the field strength.
One of the most important properties of a field is that

the field induced by several sources is equal to the sum of
the fields induced by all of them. Putting it more precisely,
the strength G of the resultant field at an arbitrary point

G = ~ G" (3.18)

(3.20)

where Gi is the field strength of the ith source at the same
point. This formula expresses the so-called principle of
superposition of fields.

Now let us direct our attention to the potential energy of
a particle. In accordance with Eq. (3.17) we can rewrite
Eq. (3.14) as mG dr = -dUe Dividing both sides by m
and denoting Ulm = q>, we get "

G dr = -d<p (3.19)
or

2!G dr=CPI-CPSo
t

The function <p (r) is called the field potential at the point
whose radius vector is equal to F.

Eq. (3.20) allows the potential of any gravitational or
electrostatic field to be found. To do this, it is sufficient to

calculate the integral JG dr over an arbitrary path between
points 1 and 2 and then to present the expression obtained
as a diminution of a certain function, the potential q> (r).
For instance, the potentials of the gravitational field of a
point mass m and of the Coulomb field of a point charge q
are determined, in accordance "with Eq. (3.12), as follows:

CPgr= -ymlr, q>coul=kqlr. (3.21)

• While we confine ourselves to statics, the concept of a field
may be treated as a mere formality simplifying the description of
phenomena. However, when we pass to variable fields, the concept
of a field acquires a profound physical meaning: a field is a physical
reaU'y.
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Note that the potential cp, as well as the potential energy,
can be determined only with an accuracy of some adden
dum., whose magnitude is of no importance. Accordingly,
it is usually omitted. .

Thus, a field can be described either in vector form G (r)
or in scalar form q> (r). Both methods are adequate. How
ever, for all practical purposes the second method of de
scrlblnga field (by means of the potential cp) turns out to be
far more convenient in most cases. Here is why this is so.

f. If q> (r) .is known, the potential energy U and the work
A performed by the field forces can be immediately obtained:

(3.22)

2. Instead of the three components of the vectorial fune
tion G (r) it is simpler to specify the scalar function q> (r).

3. When# field is produced by many sources, the potential
<p is more easily calculated than the vector G: potentials are
scalars, so that they .can be summed up disregarding the
force directions. In fact, in accordance with Eqs. (3.18)

and'(3.t9) Gdr~ ~ (G, dr) = - ~ dcp, =-d ~ <Pi = -dq>

i.e.

<p (r) = ~ q>, (r), (3.23)

where CI" is the potential produced by the ith particle at 8
given point of the field.

4. And finally, when the function q> (r) is known, one can
readily obtain the field G (r) as the antigradient of the
potential .q>:'

G = - V q>. (3.24)

This formula follows directly from Eq. (3.16).
In conclusion let us examine an example involving the

determination of the field potential of centrifugal forces
of inertia.

Example. Let us find the field strength G and the potential q> f
of centrifugal forces of inertia in a reference frame rotating wit'g
a constant angular velocity about a stationary axis.

The field strength G= Fellm = (a)lp, where p is"tbe radius vector
of a point of the field relative to the rotation axis.
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Now, utilizing Eq. (3.20), we integrate G over a path from point 1
to point 2:

2 2 2

JG dr=~1 Jpdr=~1 Jp dp=~t (PI-pf)/2·
1 1 t

It is evident that thil integral does not depend on the shape of the
.path between polnte 1 and 2 and is defined by the positions of the
given points. This means that the considered field of forces is poten
tial.

Comparing the result obtained with Eq. (3.20), we get

fPcl = - (i)1p1/2. (3.25)

Fig. 45 shows £PcJ vs the distance p to the rotation axis. For the sake
of companson also shown is the po-
tential 'PIt' (p) of the gravitational rp
field produced by a point mass Oto--==-------~
placed at the point p = o.

§ 3.4. Mechanical Energy
of a Particle in 8 Field

Kinetic energy. Suppose a par-
ticle of mass m moves under the Fig. 45
action of a eertain force F 1

which in the general case may
be a resultant of several forces. Let us determine the
elementary work performed by this force over an elementary
displacement dr. Taking into account that F =" m dv/dt
and ~ = v dt, we may write

6A = F dr = mv dv.

The scalar product v dv = v (dv)", where (dv.)v is the projec
tion of the vector dv on the direction of the vector v. This
projection is equal to dv, the increment of the velocity
vector magnitude. Consequently, v dv = v dv and the ele
mentary work

6A = mv dv = d (mv2/2).

It is seen from this that the work of the resultant force F
contributes to an increase in a certain quantity (enclosed
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in parentheses) referred to as kinetic energy:

9f

(3.26)

(3,.29)

Thus, the increment of the kinetic energy of a particle during
its elementary displacement is equal to·

dT = 6A, .(3.27)

and during the finite displaceme~t from point 1 to point 2

Ir'l.-r. =Au • . \ (3.28)

i ,e. the increment of the kinetic energy gained by a particle
over a certain displacement is equal to 'the algebraic sum of
the uiorks performed by all forces acting on the particle over
the same' displacement. If A 12 > 0, then T 2> Tit i.e. the
kinetic energy. of a particle grows; but if A 12 < 0, the
kinetic e~ergy deoreases.

Eq. (3.27) may be written in another form, having divided
its both sides by the corresponding time interval dt:

[ dr/dt = Fv =N.I
This means that the derivative of the kinetic energy of a
particle with respect to time is equal to the power N devel
oped by the resultant force F acting on the particle.

Eqs. (3.28) and (3.29) hold true both in inertial and in
non-inertial reference frames. II! the latter frames, apart
from the forces exerted on the considered particle by other
bodies (interaction forces), we must also take into account
inertial forces. That is why in these equations work (power)
should be conceived as an algebraic sum of the works (powers)
performed both by interaction forces and by inertial forces.

Total mechanical energy of 8 particle. In accordance
with Eq.. (3.27) the increment of the kinetic energy of a par
ticle is equal to the elementary work performed by the resul
tant F of all forces acting on the particle. What kind of
forces are they? If the particle is located in a potential field,
this field exerts a conservati ve force Fe on it. Besides, the
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particle may experience other forces of different origin.
We shall call them outside forces Fout.

Thus, the resultant F of all forces acting on the particle
may be presented in the form F = Fe + Fout. The work
performed by all these forces results in an increment of the
kinetic energy of the particle:

dT = 6Ae +6A out •

In accordance with Eq. (3.14) the work performed by the
field forces is equal to the decrease in the potential energy
of the particle, i.e. BA e = -dUe Substituting this expres
sion into the previous one and transposing the term dU
to the left-hand side, we obtain

dT+dU =d (T+U) =6A~ut.

I t is seen from this that the work performed by the outside
forces results in an increment of the quantity T + U. This
quantity, the sum of the kinetic and potential energies, is
referred to as the total mechanical energy 0/ a particle in
a field:

(3.30)

Note that the total mechanical energy E, just as the poten
tial energy, is defined with an accuracy up to an arbitrary
constant. .

So, the increment of the total mechanical energy acquired
by a particle over an elementary displacement is equal to

dE = 6A out (3.31)

and over the finite displacement from point 1 to point 2

(3.32)

i.e. the increment of the total mechanical energy acquired by
a particle over a certain path is equal to the algebraic sum of
works performed by all outside forces acting on the particle
over the same path. When A ou t > 0, the total mechanical
energy of a particle increases, and when A o u t < 0, it de
creases.
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Examrle. From a cliff rising to the height h over a lake surface
a stone 0 mass m is thrown with the velocity Vo" Find the work per
formed by air resistance forces if the stone falls on the lake surface
with the velocity v.

When the motion of the body is considered in the Earth's gravita
tional field, the air resistance forces should be treated as outside
ones, and in accordance with Eq. (3.32) the sought work Ares =
= E, - E1 = mVA/2 - (mvBl2 + mgn), or

Ares = m (v l - vl)/2 - mgh,

The obtained value may turn out to be not only negative but positive
as well (this depends, for example, on the character of wind during
the fall of the body).

Eq. (3.31) may be presented in another form if its both
sides are divided by the corresponding time interval dt.
Then

(3.33)I dEldt = Foutv: I
"I'

This implies that the derivative /of the total mechanical
energy of a- particles with respect to time is equal to the
power developed by the resultant of all outside forces acting
on the particle. .

We have thus established that the total mechanicalenergy
of a particle can change only due to outside forces. Hence,
the law of conservation of the total mechanical energy of 'a
particle in an external field follows directly:

when outside forces are absent or such that the algebraic sum
of powers developed by them during the time interval considered
is equal to zero, the total' mechanical energy 0/ a particle
remains constant during that interval. In other words,

E = T + U. = const,
or

Imv2/2 +U (r) = const. I (3.34)

Even when written in such a simple form this conservation
law permits some significant solutions to be obtained quite
easily without resorting to equations of motion associated
with cumbersome and tedious calculations. That is why
the conservation laws prove to be a very efficient instrument
of research.
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The following example illustrates the capabilities and
advantages provided by the application of the conservation
law (3.34). .

o z,x,

Example. Suppose a particle moves in the unidimensional poten
tial field U (z) shown in Fig. 46. In the absence of outside forces the
total mechanical energy of a particle in this field, i.e. E, does not
vary during the motion, and we can easily solve, for example, the
following problems,

1. To find v (z), the velocity of the particle as a function of its
coordinate, without solving the fundamental equation of dynamics.
. In accordance with Eq. (3.34), this
(i + can be done rrovided the specific

appearance 0 the potential 'curve__. uoo_.___ U (x) and the total energy value
E (the right-hand. side of that
equation) are precisely known.

2. To .establish the variation
range of the z coordinate of the par
ticle within which it can be locat
ed when the total energy value E

x is fixed. It is clear that the parti
cle cannot get in the region where

. U > E since the potential energy
~Flg. 46 U of the particle cannot exceed its

total energy ...\From this it imme
diately follows' .that whenE = E 1

(Fig. 46), the particle can move either in the region confined by the oXl

and Xi coordinates (oscillation) or to the right of the Za coordinate.
The particle cannot however pass from. the first region to the second
one (or vice versa) due to the potential barrier dividing these regions.
Note that the particle moving in a confined region of a field is referred
to as being locked in a potential well (in our case, between ZI and z.).

The particle behaves differently when E = E. (Fig. 46): the whole
region lying to the .right of Zo becomes accessible to it. If at an initial
moment the particle was located at the point %0' it travels to the
right. The reader is advised to find how the kinetic energy of the
particle varies depending on i ts coordinate e,

§ 3.5. The Energy Conservation Law
for 8 System

Until now we confined ourselves to treating the behaviour
of a single particle in terms of its energy. Now we shall pass
over to a system of particles. That may be any object, gas,
any device, the solar system, etc.

In the general case particles of a system interact botb witli
one another and with other .bodies which do not belong to
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that system. The system of particles experiencing negligible
(or no) action from external bodies is called closed (or isolat
ed). The concept of a closed system is the natural general
ization of the concept of an isolated mass point and plays
a significant part in physics.

Potential energy of 8 system. Let us consider a closed
system whose particles interact only through central forces,
i.e, the forces depending (for a given type of interaction)
only on a distance between the particles and directed along
the straight line that connects them.

We shall show that in any reference frame the work per
formed by all these forces during the transition of the system
of particles from one position to another may be represented
as a decrease of a certain function depending (for a given
type of interaction) only on the configuration of the system,
that is, on the relative positions of its particles. We shall
call this function an internal potential energy of the system
(in distinctilD to a potential energy characterizing the
interaction of a .given system with other bodies).

First we shall examine- a system consisting of two particles.
Let us calculate the elementary work performed by the force
of interaction betweet the particles. Suppose that in an
arbitrary reference frame the positions of the particles at
a certain moment of time are defined by the radius vectors
rl and r,. If during the time dt the particles shift through
drl and dr2 respectively, the work performed by the interac
tion forces FI' and F'21 is equal to

6At • 2 = Ft 2 drt +F21 dr2.

Taking into account that in accordance .» with Newton's third
)aw F 21 = -Fl i , tile previous expression may be rewritten
in the following form:

6A1• 2 = F12 (drt - drt)·
Let us introduce the vector r12 = rl - r, describing the
position of the first particle with respect to the second par
ticle. Then dr12 = drl - dr 2 , substituted into the expres
sion for the work, it yields

6At.2=Ft2drf2'·

F12 is a central force, and therefore the work performed
by this force is equal to the decrease in the potential energy
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of interaction of a giveri pair of particles, Le,

6At • 2 = -dUit.

Since the function U12 depends only on the distance r1t

between the particles, the work BA1,2 obviously is not affected
by the choice of a reference frame.

Now let us direct our attention to a system comprising
three particles (in this case the results obtained can readily
be generalized for a system consisting of an arbitrary number
of particles). The elementary work performed by all inter
action forces during elementary displacements of all partic
les may be presented as the sum of the elementary works
performed by all three pairs of interactions, i.e. 6A =
= 6A1t 2 + 6A 1,a + BAt,a. It was shown,however, that
for each pair of interactions 6A't1l = -dUi lu and there
fore

6A= -d(U12+Ula+Ut3)= -dU,

where the function U is the internal potential energy of the
given system of particles:

U =U12+U13+U2l....:
Since each term of this sum depends on the distance between

) the corresponding particles, the internal potential energy U
of J the given system obviously depends on the relative posi
tions of particles (at the same moment of time), or in other
words, on the configuration of the system.

Naturally, similar arguments hold true for a system
comprising any number of particles. Consequently, it can be
claimed that every configuration, of an arbitrary system of
particles is characterized by its internal potential energy U,
and the work. performed by all internal central forces, while
that configuration varies, is equal to the decrease of the internal
potential energy of the system, "i.e.

6A = -dU; (3.35)

during the finite displacement of all particles of the system

A = U I - U t , (3.36)

where Uland U, are the values of the potential energy of
the system in the initial and final states.
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The internal potential energy U of the system is a non
additive quantity, that is, in the general case it is not equal
to the sum ~f the internal potential energies of the con
stituent parts. The potential energy of interaction Via

between the individual parts of the system should be also
taken into account:

lJ=~Un+Ufat (3.37)

where Un is the internal potential energy of the nth part
of the system.

It should be also borne in mind that the internal potential
energy of a system, just as the potential energy of interac
tion for each pair of particles, is defined with an accuracy
up to an arbitrary constant which is quite insignificant,
though.

In conclusion, we shall quote some useful formulae for
calculation ,of the internal potential energy of a system.
First of al~ we shall demonstrate that that energy may be
represented I:ls

(3.38)

where Ui is the' potential energy of interaction of the' ith
particle with all remaining particles of the system. Here
the summation is performed over all particles of the system.

First, let us make sure that this formula is valid for a
system of. three particles. It was shown earlier that the
internal potential energy of the given system is U -:- U11 +
+ U13 + U23· This sum can be transformed as follows. Let
us depict each term U i l in a symmetrical form: U i A =
= (UUI + Uh i}/2, for it is obvious that Ui h .::= Uk i • Then

t .
U = 2 (U12 + U21 +U13 +U31 +U2S + U32) .

Grouping together the terms with identical first subindex,
we get

1
U =2" [(UI 2+U t3) + (U21 +U23) + (USt +U32) ] ·

Each sum in parentheses represents the potential energy Vi
of interaction of the ith particle with the remaining two.
7-0539
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Consequently, the last expression can be rewritten as

11
3

U =2(U. +U2+U3) =2' L u., ~
I-I

identically with Eq. (3.38).
The result obtained can be evidently applied to an arbi

trary system since these arguments by no means depend on
the number 'of particles constituting the system.

Making use of the concept of potential, Eq. (3.38) can be
transformed in the case of a system with the gravitational
or Coulomb interaction between particles. Replacing the
potential energy of the ith particle in Eq. (3.38) by U, =
= miCfJit where m, is the mass (charge) of the ith particle
and <Pi is the potential produced by all remaining particles
of the system at the site of the ith particle, we obtain

(3.39)

When the masses (charges) are continuously distributed
throughout the system, summation is reduced to integration:

(3.40)

where p is the volume density of the mass (charge), and dV is
the volume element. Here integration is performed over the
whole volume occupied by the masses "(charges).

The application of the last formula may be illustrated by
Problem ~.11 in which the internal potential energy of grav
itational "interaction of masses distributed over the surface
and volume of a sphere is calculated."

Kinetic energy of a system. Let us examine an arbitrary
system of particles in a certain reference frame. Suppose the
ith particle of the system has the kinetic energy Tt at a
given moment. In accordance with Eq. (3.26) the increment
of the kinetic energy of each particle .is equal to the work
performed by all forces acting on this particle: d/I', = 6A I •

Let us find the elementary work performed by all forces
acting on all particles of the system:



Energy Conservation LarD 99

where T === ~ T, is the total kinetic energy of the system.

Note that the kinetic energy of a system is an additive
quantity: it is equal to the sum of the kinetic energies of
individual parts of a system irrespective of whether they
interact with one another or not.

So, the increment of the kinetic energy of a system is equal
to the work performed by all the forces acting on all the par
ticles of that system. During an elementary displacement" of
all particles

dT = ~A,

and in the case of a finite displacement

(3.41)

(3.42)

Eq. (3.~) may be represented in another form, having
divided its both sides by the corresponding time interval dt.
Making allowance f~ 6A i = Fiv, dt, we obtain

.[ dT/dt= ~ F,Vh I (3.43)

i.e, the time derivative of the kinetic energy of a system is equal
to the cumulatiue power of all the forces acting on all the par
ticles of the system.

Eqs. (3.41)-(3.43) hold true both in inertial and in non
inertial reference frames. It should be recognized that in
non-inertial frames the work performed by interaction forces
is to be supplemented by that of inertial forces. .

Classification of forces. The" particles of the considered
system are known to be able to interact both with one another
and with bodies outside the given system. Accordingly, the
forces of interaction between the particles of the system are
referred to 8S internal while the forces caused by the action
of other bodies outside the given system are called external.
In a non-inertial reference frame the latter forces include
also inertial ones.

Furthermore, all forces are subdivided into potential
and non-potential ones. The forces are referred to as potential
if, for a given type of interaction, they depend only on

f*
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the configuration of a mechanical system; The work per
formed by these forces was shown to be equal to the decrease
of the potential energy of the system.

To non-potential forces we refer the so-called dissipative
forces, the friction and resistance forces. The significant
feature of these forces .is that the total work performed by
internal dissipative forces of the considered system is nega
tive in any reference frame. Let us demonstrate that.

Any dissipative force may be represented in the form

F = -k (v) v, (3.44)

where v is the velocity of a given body relative to another
body (or medium) with which it interacts and k (v) is the
positive coefficient depending' in the general case on the
velocity v. The force F is always directed oppositely to the
vector v. Depending on the choice of a reference frame the
work performed by that force can be either positive or nega
tive. However, the total work performed by all internal
dissipative forces is always a negative quantity.

To prove this, we should point out first of all that the
internal dissipative forces in a given system appear in
pairs. In accordance with Newton's third law the forces
of each pair are equal in magnitude and opposite in direc
tion. Let us find the elementary work performed by an arbit
rary pair of dissipative forces of interaction between bodies
1 and 2 in the reference -frame where the velocities of these
bodies at a given moment are equal to vt"and Vt:

6Adis = F12V 1 dt +F21Vt dt.

Making allowance for F 21 = -F12, VI - V2 = v (the veloc
ity of body, 1 relative to body 2) and F 12 = -k (v) v, we
may transform the expression for work as follows:

6Adi a= F12 (Vl-v2)dt = - k (v) vv dt = - k (v) v2 dt.

It is seen from this that the work performed by an arbitrary
pair of internal dissipative forces of interaction is always
negative, and hence the total work performed by all pairs
of internal dissipative forces is always negative. Consequently

I A~~: < o. I (3.45)
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Energy conservation law. It was shown above that the
increment of the kinetic energy of a system is equal to the
work performed by all forces acting on all particles of the
system. Classifying these forces into external and internal'
ones, and the internal forces, in their turn, into potential
and dissipative ones, we write the foregoing statement in
the following form:

dT = ~Aext +6A i n t = 6Aext + BAf~~ +6At~t.

Then we take into account that the work performed by
internal potential forces is equal to the decrease of the
internal potential energy of the system, i.e. 6Af:~ = -dUe
The foregoing expression then takes the form

dT + dU = 6Aext.+ 4At~;. (3.46)

Let us introduce the concept of the total mechanical energy
of a syste,f[, or, briefly, mechanical energy, as the sum of the
kinetic and potential energies of the 'system:

. ,.

I E=T+U·I (3.47)

Obviously, the energy E depends on the velocities of" the
particles of the. system, the type of interaction between them
and the configuration of the system. Besides, the energy E,
just as the potential energy U, is defined with an accuracy
up to an arbitrary constant, and is a non-additive quantity,
i.e. the energy E of a system is not equal in the general case
to the sum of energies of its individual parts. In accordance
with Eq. (3.37) ,

(3.48)

where En is the mechanical energy of the nth part of the
system and Uia is the potential energy of interactions of
its individual parts.

Let us return to Eq. (3.46). We shall rewrite' it with an
allowance made for Eq. (3.47) in the following form:

dE = ~Acxt -1- BA~~:. (3.49)

The last expression is valid for an infinitesimal variation
of the configuration of the system. In the case of a finite
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(3.50)IE2 - E1 = Ae:l:t +Af~~, I
i.e. the increment of the mechanical energy of a system is equal
to the algebraic sum of the works performed by all external
forces and all internal dissipative forces.

Eq. (3.49) 'may be presented in another form, having
divided both its sides by the corresponding time interval dt.
Then

dE/dt ~ Next + Nt~:, (3.51)

i.e. the time derivative of the mechanical energy of a system
is equal to the algebraic sum of powers developed by all external
forces and all internal dissipative forces.

Eqs. (3.49)-(3.51) are valid both in inertial and in non
inertial reference frames. It should be borne in mind .that in
a non-inertial reference frame one has also to take into
account the work (power) of inertial forces acting as external
forces, i.e. A ext has to be treated as an algebraic sum of the
works performed by the external interaction forces A~~t

and the work performed by the inertial forces A In. To
emphasize this fact, we rewrite Eq. (3.50) in the form

(3.52)

Thus, we have arrived at a significant conclusion: the
mechanical energy of a system may vary both due to external
forces and] due to internal dissipative forces (or, more pre
cisely, due to the algebraic sum of the works performed by all
these forces). From this another important conclusion follows
directly, the law of conservation of mechanical energy:

in an inertial reference frame the mechanical energy of a
closed system of particles, in which there are no dissipative
forces, remains constant in the process of motion, i.e.

IE=T+U =const·1 (3.53)
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Such a system is called conseruatioe", Note that during the
motion of a closed conservative system it is the total me
ehanical energy that remains constant while the kinetic
and potential energies vary in the general case. These
variations, however, always happen so that the increase of
one of them is exactly equal to the 'decrease in the other,
i.e. dT = -dUe It is obvious that this is valid only in
inertial reference frames.

Furthermore, it follows from Eq. (3.50) that when a closed
system is non-conservative, Le. when there are dissipative
forces in it, the mechanical energy of such a system decreases,
in accordance with Eq. (3.45):

E2 - E1 = A1~: < O. (3.54)

It may be stated that the decrease-of the mechanical energy
is caused by the work performed against the dissipative forces
acting in zhe system. Yet this explanation is formal since it
does not' reveal the physical nature of dissipative forces.

A more profound .examination of the problem- has led· to
the fundamental conclusion about the existence of the
universal law of energy conservation in nature:

energy is never generated or eliminated, it may only. pass
from one form into another or bl> exchanged between individual
parts of matter. The concept of energy had to be expanded
by introducing some new forms (in addition to mechanical):
energy of an electromagnetic field, chemical and nuclear
energies, etc.

The universal law of energy conservation thus encompas
ses even those phenomena for which Newton's laws are not
valid. Therefore, it cannot be derived from these laws, but
should be treated as an independent law, one of the most
extensive generalisations of experimental data.

Returning to Eq. (3.54), we can state the following: every
decrease in mechanical energy of a closed system always
implies the appearance of the equivalent amount of energy
of different kinds which are not associated with visible
motion. In this respect Eqs. (3.49)-(3.51) can be considered
as a more general formulation of the energy conservation

• The solar system can be regarded as a closed conserva ti ve system
with an adequate degree of accuracy.
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law in which the cause of the mechanical energy variation
for a non-closed system is indicated.

Specifically, the mechanical energy of a non-closed sys
tem may remain constant, but this happens only in those
cases when, in accordance with Eq. (3.50), the decrease
in the energy due to the work performed to overcome inter-

. nal dissipative forces is equalized by the inflow \If energy
at the expense of the work performed by external forces.

Finally, we should point out that most problems usually
require the energy conservation law to be applied together
with the momentum conservation law, or the angular mo
mentum conservation law; sometimes all three laws are
used simultaneously. The way this is done will be illustrated
in the next two chapters.

Problems to Chapter 3

• 3.1. A stone of mass m is thrown from the Earth's surface at the
angle a to the horizontal with the initial velocity Vo. Ignoring the
air drag, find the power developed by the gravity force t seconds after
the beginning of the motion, and also the work performed by that
force during the first t seconds of the motion.

Solution. The· velocity of the stone t seconds after the beginning
of the motion is v = Ve+ gt. The power developed by the gravity
force mg at that moment is

N = mgv==m (gvo+g2t ).

In our case gvo = gvo cos (1'(,/2 + a) = -guo sin a, therefore,

N = mg (gt - Vo sin a).

It is seen from this that if t < to == Vo sin alg, then N < 0 while if
t > to, then N > o.

The work performed by the gravity force during the £Irilt t .seconds
is

t

A= 1Ndt=mg(gt'/2-vosina·t).
o

The N (t) and \A (t) plots are shown in Fig. 47.
• 3.2. There are two stationary fields of force:
(t) F = ayi;
(2) F = axi + byj,

where i, j are the unit vectors of the x and y axes, and a and b are
constants. Are these fields of force 'potential?
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Solution. Let us find the work performed by the force of each field
over the path Irom a certain point 1 (Xl' Yt) to a certain point 2 (x2, Y2):

X,

(1) BA=Fdr=ayidr=aydx; A=a Jydx;

Xl

(2) 6A = F dr= (axi+ byj) dr= ax dx+ by dy;

XI II.

A=a Jxdx+b ~ y dy.

X J 'Yl

In the first case the integral depends on the type of the y (x) func
tion, that is, on the shape of the path. Ct.nsequently, the first field
of force is not potential. In the second clse both integrals do not

II P{X,y}

0

j
0

l .. MIx, OJ s:

Fig. 47 Fig. 48

depend on the shape of the rath: they are defined only by the coordi
nates of the initial and fina points of the path; therefore, the second
field of force is potential.

• 3.3. In a certain potential field a particle experiences the force

F = a (yi + .xj),

where a is a constant, and i and j are the unit vectors of the x and y
axes respectively. Find the potential energy U (x, y) of the particle
in this field. .

Solution. Let us calculate the work performed by the force F
over the distance from the point 0 (Fig. 48) to an arbitrary point
p (x, y). Taking advantage of this work being independent or the
shape of the path, we choose one passing through tile points OM P
and consisting of two rectilinear sections. Then

AI P

Al)p= JFdr+ JFdr.
o 1t'I

The first integral is equal to zero since at all points of the OM section
y == 0 and F .1 dr. Along the section MP z = const, F dr == F] dy =
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== FII dy = az dy and therefore,
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p

Aop=O+ax ~ dy=axy.
M

In accordance with Eq. (3.fO) this work must be equal to the decrease
in the potential energy, i.e. Aop = Uo - Up. Assuming Uo = 0,
we obtain Up = -A o», or

U (x, y) = -azy.

Another way of finding U (z, y) is to resort to the total differential
of that function:

dU = (IUliJz) dz + (iJUliJy) dYe

Taking into account that iJUlaz = -F~ = -au and aUlay = -FlJ =
= -az, we get

dU = -a (y dz + z dy) = d (-azy).

Whence U (x, y) = -axy.
• 3.4. A ball of mass m is suspended on a weightless elastic thread

whose stiffness factor is equal to x. Then the ball is lifted so that the
thread is not stretched, and let fall with the zero initial velocity.
Find the maximum stretch %m of the thread in the process of the ball's
motion.

Solution. Let us consider several solution methods based on the
energy conservation law.

1. According toEq. (3.28) the increment of the kinetic energy of
the ball is equal to the algebraic sum of the works performed by all
forces acting on it. In our case those are the gravity force mg and
the elastic force Fe l = xz of the thread (Fig. 49a). In the initial
and final positions of the ball its kinetic energy is equal to zero for
when the maximum stretch occurs the ball stops moving. Therefore,
in accordance with Eq. (3.28) the sum of the works A gr + A." = 0,
or

X m

mgxm + j (-xx) dx = mgxm - xx~/2= O.
\ 0

Whence ZnL = 2mg/x.
2. The ball may be considered in the Earth's gravity field. This

approach requires the total mechanical energy of the ball in the Earth's
gravity field to be analysed. In accordance with Eq. (3.32) the incre
ment of this energy is equal to the work performed by the external
forces. In this case it is the elastic force that should be treated as an
external force while the increment of the total mechanical energy of
the- ball is equal to that of only its potential energy in the Earth's
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gravity field. Therefore,

i07

Xm

O-mgzm= J (-xz) dz= -l(z~/2.
o

Whence we get the same result for Zm.
Note that we could proceed in the opposite way, examining the

ball in the field of the elastic force and treating the gra vi ty force
as an external one. It pays to make sure that the result obtained in
that approach is the same. -..

3. And finally, we can consider the ball in the field generated by
the joint action of both the .gravity force and the elastic force. Then
external forces are absent, and the total mechanical energy of the

~ U Uti /1 g
~ / I F

°1
/ I/

Fe, / I
."

", I
m 0 -"

tZ"Z
m

j

X. .....mg I

"
I.,

" I mg
I ,. «>: I

(a) tb) '-J
0

/ z

Fig. 49 Fig. 50

ball in such a field remains constant in the process of motion, i.e.
tiE = tiT + AU = O. During the transition of the ball from the
initial to the final (lower) position ~T = 0, and therefore b.U =
= !iUgr + b.Uel = 0, or .

- mgx,n+xx~/2= O.
Again we get the same result.

Fig. 49b shows the plots Ugr: (x) and Uel (x), whose origins are
assumed to be located at the point Z = 0 (which is Dot mandatory,
of course). The same figure illustrates the plot of the total potential
energy U (z) = U.6r + Uel - For a given choice of the potential energy
reference value Uie total mechanical energy of the ball E = o.

• 3.5. A body of mass m ascends from the Earth's surface with
zero initial velocity due to the action of the two forces (Fig. 50): the
force F varying with the height y as F = -2m.g (1.- oy). where a
is a positive constant, and the gravity 1ng. Find the work performed
by' the force F over the first half of-the ascent and the corresponding
increment of the potential energy of the body in the Earth's gravity
lield, which is assumed to he uniform,

Solution. First, let us find the total height of ascent. At the becin
ning and the end of the path the velocity of the body Is equal to zero,
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and therefore the increment of the kinetic energy of the body is also
equal to zero. On the other hand, in accordance with Eq. (3.28) ~T
is equal to the algebraic sum of the works A. 'performed by all the
Iorces, I.e, by the force F and gravity, over thisJpath. However, since

r
(b)
g l~

~
I , "i
I~I
I ,,"" Ir I

. I

Fig. 51

AT = 0, then A = o. Taking into account that the upward direction
is assumed to coincide with the positive direction of the y axis, we
can write

h h

A= J(F+mg)dr= J(Fy-mg)dy=

o 0
h

=mg J(t-2ay)dy=mgk(t-ah)=O.

o

Whence h = 1/a.
The work performed by the force F over the first half of the ascent is

h/2 h/2

AF= JF y dy = 2mg J(t-ay)dy=3mg/4a.

o 0

The corresponding increment of the potential energy is

flU = m.gh/2 = mg/2a.

• 3.6. A disc slides without friction up a hill of height h whose
profile depends only on the x coordinate (Fig. 51a). At the bottom
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the disc has the velocity VI whose direction Iorms the angle al with
the x axis (see Fig. 51b, top view), Find the motion ..direction of the
disc after it reaches the top, i.e. lind the. angle (1,2.

Solution. First of all Vie shall note that this problem cannot be
solved by the use of the fundamental equation of dynamics since the
force F acting on the disc in the region Xl < X < x 2 is not specified.
All we know about this force is that it is perpendicular to the y axis.

We shall make use of the energy conservation law: mv~ = mv~ ++ 2,ngh, whence
(1)

u'

Fig. 52

vl==vl-2gh.

This expression can be rewritten as follows:

vlx +v~y == vfx +Vly - 2gh.

Since the Iorce of the field is perpendicular to the y axis, it does not
affect the vy projection of the velocity; hence, v21/ = Vly. Therefore,
the previous expression may be reduced to v~x = vix - 2gh, or

VI cos a2 = Vvf cos' al - 2gh, (2)

where Vs is defined from Eq. (1). As a result
/l
. cos as = V (vf cos2 al - 2gh)/(vf - 2gh).

Note that this expression holds if the radicand in Eq. (2) is not
negative, Le.' when VI OOS al > V2gh. Otherwise the disc cannot
overcome the hill, that is, it is "reflected" from the potential barrier.

• 3.7. A plane spiral made of stiff smooth wire is rotated with
a constant angular velocity CI) in a horizontal plane about the fixed
vertical axis 0 (Fig. 52). A small sleeve
kl slides along that spiral without
friction. Find its velocity v' relative to
the spiral as a function of the distance
p from the rotation axis 0 if the initial
veloci ty of the sleeve is equal to vo.

Solution; It is advisable to solve this
problem in a reference frame fixed to the
spiral. We know that the increment of
the kinetic energy of the sleeve must be
equal to the algebraic sum of the works
performed by all the forces acting on it.
It can easily be reasoned that of all forces work is performed only
by the centrifugal force of [inertia. The remaining forces, gravity,
the force of reaction of the spiral, the Coriolis force, are perpendic
ular to the v' velocity of the sleeve and do not perform any work.

In accordance with Eq. (3.28),

m(v'2- vo2)/2= j mro2pdr,

where m is the mass of the sleeve and dr is its elementary displace
ment relative to the spiral. Since p dr = p (dr)p = pdp, the integral
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proves to be equal to mm1p2/ 2. Hence, the sought velocity

v'= V vOI+OOSpl•

• 3.8. Find the strength and the potential of the gravitational
field generated by a uniform sphere of mass M and radius R as a func
tion of the distance r from its centre.

Solution. First of all we 'shall demonstrate that the potential.
produced by a thin uniform spherical layer of substance outside the
layer is such as if the whole mass of the layer were concentrated at
its centre, while the potential within the layer is the same at all
its points. .

Suppose the thin spherical layer has the mass m and radius a.
Let us start with calculating the potential d<p at the point P (r > a)
forming the elementary band dS of the given layer (Fig. 53a). If the

Fig. 53

(3)

z ax = ar sin 9 dO. (2)

Using Eq. (2) we reduce Eq. (1) to the form d<p = - (ym/2ar) dz;
then we integrate this equation over the whole layer. Then

r+a

fl>oubide= -(ym/2ar) ~ rh= -ym/r.
r-Q

mass 01 this band is equal to dm and all its points are located at the
distance x from the point P, then dq>.= -yam/x. Allowing for am =
= (m/2) sin 6 dO, we obtain

dcp = - (ym/2z) sin 9 dO. ({t

Next, from the cosine theorem (for the triangle OA P) it follows that
zl = a2 + ,2 - 2ar cos e. Taking the differential of this expression,
we get

Thus, the potential at the foint P outside the thin uniform spherical
layer is indeed such as i the whole mass of that layer were concen
trated at its centre.

When the point P is located inside the layer (r < 4), the foregoing
calculatione remain valid till the integration. In this ease the integra-
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tion with respect to x is to be carried out from a - r to a + T. As
a result.

q>inside= -yIn/a, (4)

that is, the potential inside the layer does not depend on the yosition
of the point P, and consequently it will be the same at al points
inside the layer.

In accordance with Eq. (3.24) the field strength at the point P
is equal to

G = _" ocp ={ - ym/r" outside the layer.
r or 0 inside the layer.

The plots cp (r) and G (r) for a thin spherical layer are illustrated
in Fig. .53b.

Now let us generalize the results obtained to a uniform sphere of
mass M and radius R. If the point P lies outside the sphere (r > R),
then from Eq. (3) it immediately follows that

<{>OtLt side = - YMlr, (5)

But if the point P lies inside ~the sphere (r < R), the potential «P
at that point /pat be represented as a .sum:

<P = CPl + <PI'
where «PI is thepotential f)f a sphere having the radius r, and cp! is
the potential of the layer ~ radii rand R. In accordance with Eq. (5),

M (rIR)3 M
q>1= -Y r -Y/i3 r l

•

The potential CPI. produced by the layer is the same at all points inside
it. The potential CPs is easiest to calculate for the point positioned at
the layer's centre:

R

q>t== -1' f dM = _~ yM (Ri_rt),J r 2 R3
r

where dM = (3MIR'S) r2 dr is the mass of a thin layer" hotween the
radii rand r + dr, Thus,

q>in8ide = q>l + <J>S= -(yM/2R) (3-rt IRI ). (6)

The field strength at the point P follows from Eqs. (5) and (6):

G = _~={ -'1'MITt with r> R,
r or -yMr1R3 with r < R.

The plots <p (r) and G (r) for a uniform sphere of radius R are
shown in Fig. 54.

• 3.9. Demonstrate that the kinetic energy T I which a body re
quires to escape the Earth's gravitational pull is twice as high as the
energy T1 required to launch that body into a circular orbit around
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r

Fig. 54

Or---.........-_-o.~~

the Earth (close to its surface). The air drag and the Earth's rotation
are to be ignored.

Solution. Let us find the velocity VI of a body travelling along
a circular orbit. In accordance with the fundamental equation of dy
namics

mvfIR=mg,

where m is the mass of the b9dy, and R is the orbit radius equal approx
imately to the Earth's radius.

~ H~oo, _
R VI = YgR = 7.9 km/s.

This is the so-called first cosmic
velocity.

To overcome the Earth's gravi
tationalpull, the body has to reach
the second. cosmic veloctty v2• I ts
magnitude can be found from the
energy conservation law: the kinet
ic energy of the body close to the
Earth's surface must be eqU:al~o
the height of the potential barrier
that the body must overcome.

The height of the barrier is equal to the increment of the potential
energy of the body between the points r = Rand r = 00. Thus,

mvl/2==ymM/R,

where M is the Earth'9 mass. Hence,

,;. = Y2yMIR = Y21R = tt km/s.

Consequently, VI = yi VI and T" = 2TI •
• 3.tO. Three identical charged particles, each possessing the

mass m and charge +q, are placed at the carpers of an equilateral
"triangle with the side ro. Then the particles are simultaneously set
free and start flying apart symmetrically due to Coulomb's repulsion
forces. Find:

(t) the velocity of each particle as a function of the distance r
between them;

(2) the work .AI performed by Coulomb's forces acting on each
particle until the particles Oyfrom one another to a very large distance.

Solution. 1. Since the given system is closed, the increment of
its kinetic energy is equal to the decrease in the potential energy, i.e.

3mv'/2= 2kql /ro-3kql/r.
Hence,

V= Y2kql (r-ro)/mrro.

It is seen that as r -+ 00 the velocity of each particle approaches .the
limiting value vma:r = y 2kq1/mro.
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2. The work performed by the interaction forces during the varia
tion of the system's configuration is equal to the decrease in the poten
tial energy of the system:

A=UI-U2=3kq'J/ro,

where allowance is made for the fact that at the final position U1 =
= O. Hence, the ~ught work is

Al = A/3 = kq2/ro. (1)

Notp. Here attention should be drawn to a frequent mistake made
when solving this kind of problem. In particular, one may often
hear the following argument: at. the initial position the potential
energy of each particle is equal to 2kq2/ro while at the final position
to zero. Hence, the sought work Al = 2kq2/ro. This result is twice
as great as the one of Eq. (1). Why is this so?

. The mistake is made because the field in which each particle
travels is non-stationary and, consequently, non-potential (since
the two other particles also displace relative to each other), and there
fore the work in such a field cannot be represen ted as a decrease in
the potential energy of the particle.

• 3.11. laking use of the results obtained in solving Problem 3.8,
find the internal potential energy of gravitational interaction of
masses distributed unifolmly:

(t) over the surface of a sphere;
(2) throughout the volume of a sphere.

The mass of the sphere is equal to M and its radius to R.
Solution. 1. Since the potential at each point of a spherical surface

is q> = -yM/R, we obtain, in accordance with Eq. (3.40):

U = (q>/2) S dm = -yM'/2R.

2. In this case the potential inside the sphere depends only on r
(see Problem 3.8):

q> = .- (3yM/2R) (1 - rl /3R2).

Substituting this expression into Eq. (3.40) and integrating, we
get

B
1 r 3 yMS

U=T J q>dm= -5'--'
r-O

where dm is the mass of an elementary spherical layer confined between
the radii rand r + dr; dm = (3M/R3) r2 dr.

8-0539



CHAPTER 4

THE LAW OF CONSERVATION OF MOMENTUM

§ 4.1. Momentum. The Law of Its Co&~rv8tion

The momentum" of 8 particle. Practical tnowledge and
analysis of mechanical phenomena indicate that apart from
the kinetic energy· T = mv2/2 one needs. to introduce one
more quantity, momentum (p = mv), in order to describe
the mechanical motion of bodies. These quantities provide
the basic measures of mechanical motion of bodies, the
former being scalar and. the latter vectorial. Both of them
play a most significant part in the construction of me-
chanics. '

Let us proceed to a more detailed analysis of momentum.
First of all we shall write the fundamental equation of
Newtonian dynamics (2.6) in another form, by the use of
momentum:

IdP/dt=F·1 (4.1)

i.e. the time derivative of the momentum of a mass point is
equal to the force acting on that point. Specifically, if F == 0,
then p = const,

Note that in a non-inertial reference frame the force F
comprises not only the forces of interaction between a given
particle .and other bodies, but also inertial forces.

Eq. (4.1) allows the increment of the momentum of a.
particle to be found for any time interval provided the time
dependence of the force F is known. In fact, it follows from
Eq. (4.1) that the elementary momentum increment that
the particle acquires during the time interval dt is. equal
to dp = F dt. Integrating this expression with respect to
time, we find the momentum increment of a particle during
the finite time interval t:

(4.2)

• It is sometimes called the quantity 0/ motion.
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When the force F = const, the vector F can be removed from
the integrand and then P2 -- PI :.:= Ft. The quantity on the
right-hand side of this equation is referred to as the power
impulse. Thus, the momentum increment acquired by a
particle during any time interval is equal to the power im
pulse over the same time interval.

Example." A. particle which at the initial moment t = 0 possesses
the momentum ro is subjected to the force F = at (1 - tIT:) during
the time interva 't, 8 being a constant vector. Find the momentum p
of the particle at the moment when, the action of the force comes to
an end.

In accordance with Eq. (4.2) we get P = Po+ JF dt = Po+
o+ 8-r;2/6 (Fig. 55).

The momentum of 8 system.", Let us consider an arbitrary
system o~articles and introduce the concept of the momen
tum of a system as a vector sum of
the momenta of its (I"onstituent par
ticles: ..

P~ ~"Pi' (4.3)

where Pi is the momentum of the
ith particle. Note that the mo-
mentum of a system is an additive Fig. 55
quantity, that is, the momentum of
a system is equal to the sum of the momenta of its indi
vidual parts irrespective of whether or not they interact.

Let us find the physical quantity which defines the sys
tem '5' momentum change. For this purpose we shall differen
tiate Eq. (4.3) with respect to time:

dp/dt = ~ dpi1dt.

In accordance with Eq. (4.1)

dp,/dt = L~ Fill +Fh
It

where F'1t are the forces which the other particles of the
system exert on the ith particle, I.e. internal forces; F i is
the force which other bodies outside the system under con-

8*
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sideration exert on the same particle (external forces). Sub
stituting the last expression into the previous one, we "get

dp/dt = ~ ~ Fill + ~ Fi .
i If. i

The double summation 'symbol on the right-hand side
denotes the sum of all internal forces. In accordance with
Newton's third law the interaction forces between the sys
t-em's particles are pairwise identical in magnitude and
opposite in direction. Consequently, the resultant force of
each interacting pair is equal to zero, and therefore the
vector sum of all internal forces is also equal to zero. As a
result, the last equation takes the following form:

I dp/dt.= F.l (4.4)

where F'is the resultant of all external forces, F = ~ F i .

Eq. (4.4) implies that the time derivative of the momentum
of" a system is equal to the vector sum of all external forces
acting on the particles of the system.

As in the case of a single particle, it follows from Eq. (4.4)
that the increment of momentum which the system acquires
during the finite time interval t is equal to

(4.5)

i.e. the increment of momentum of the system is equal to
the momentum of the resultant of all external forces over
the corresponding time interval. Here F is the resultant of
all the external forces.

Eqs. (4.4) and (4.5) hold true both in inertial and in
non-inertial reference frames. It should be borne in mind,
however, that in non-inertial reference frames one needs
to take into account the' inertial forces, which act as external
forces, i.e, in these equations F should be regarded as the
sum F1a + Fin, where ·Fia is the resultant of all external
interaction forces, and Fin is the resultant of all inertial
forces.
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(4.6)

The law of momentum conservation. We have drawn an
important conclusion: in accordance with Eq. (4.4) the
momentum 0/ a system may vary only due to external forces.
Internal forces cannot change the momentum of a system.
Hence, another important conclusion immediately follows
from this, the law of momentum conservation: in an inertial
reference frame the momentum of a closed system of particles
remains constant, i.e. does not change in the course of time:

IP= ~ P, (t) =const·1
Here the momenta of individual particles or parts of a
closed system may change with time,. a fact emphasized in
the last expression. These changes, however, always happen
so that the momentum increment of one part of the system
is equal ~ the momentum decrease of another part of the
system. 'In other words, the individual parts of a closed
system can only ipterchange momenta. Having detected
a momentum increment in a certain system, we can state
that this increment originated at the expense of a momentum
decrease in surrounding bodies. .

In this regard Eqs, (4.4) and (4.5) should be treated as
a more general formulation of the momentum conservation
law. This formulation indicates that the momentum change
of a non-closed system is caused by the action of other bodies
(external forces). What was said is of course valid only in
reference to inertial reference frames.

The momentum of a non-closed system can remain constant
provided the resultant of all external forces is equal to zero.
This follows immediately from Eqs. (4.4) and (4.5). In these
cases the conservation of momentum is of practical interest,
for it permits the system to be studied in a sufficiently
simple fashion without going into a detailed analysis of
the process.

One more thing. Sometimes in a non-closed system it is
not the momentum P. itself that remains constant, but its
Px projection on a certain x direction. This happens when
the projection of the resultant F of the external forces on
the x direction is equal to zero, i.e. the vector F is per
pendicular to that direction. In fact, projecting Eq. (4.4),
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we get
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dPx/dt = Fx' (4.7)

whence it follows that if F:.t1E: 0, then Px = const, For
example, when a system moves in a uniform field of gravity,
the projection of its momentum on any horizontal direction
remains constant whatever happens inside the system.

Let us consider examples involving constant and varying
momenb. '

Example f , A cannon of mass m slides down a smooth inclined
plane forming the angle a with the horizontal. At the moment when

the velocity of the cannon reaches v, it
fires a shell in a horizontal direction
with the result that the cannon stops
and the shell "carries away" the momen
tum p. Suppose that the firing duration
is equal to t. What is the reaction force
R of the inclined plane averaged over
the time t?

Here the system "cannon-shell" is
non-closed. During the time interval t
this system acquires a momentum In-

Fig. 56 crement equal to p - mv : The change
of the system's momentum is caused

by two external forces: the reaction force R (which is perpendieu
lar to the inclined plane) and gravity mg. ~herefore, we can write:

p - mv = (R) t + mgt,

where (R) is the vector R averaged over the time t, It is helpful to
depict this relationship graphically (Fig. 56). It can be immediately
seen from the figure that the sought value (R) is defined by the Ior
mula (R) t = P sin ex. + mgt cos a.

Example 2. A man of mass ml..islocatcd on a narrow raft of mass mt
afloat on the surface of a lake. 'The man travels through the distance
dr' with respect to the raft and then stops. The resistance of the water
is negligible. We shall find the corresponding displacement ~r2 of
the raft relative to the shore.

In this case the resultant of all external forces acting on the "man
raft" system is equal to zero, and, therefore, the momentum of that
system does not change, remaining equal to zero in the process of
motion:

mlvl -1- m2v2 = 0,

where vJ. and V 2 are the velocities of the man and the raft with respect
to the shore. But the velocity of the man relative to the shore may be
represented in the form VI = V 2 + v', where v' is the velocity of the
man relative to the raft. Eliminating VI from these two equations,
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we obtain

fi9

Multiplying both sides by dt ; we find the relationship between the
elementary displacements of the raft dr2 and the man dr' relative
to the raft. Obviously, the same relationship also holds in the case
of finite displacements:

&r.= mt lirf •
mt+ m2

It is seen from this that the displacement Ar l of the raft does not
depend on the character of the man's motion, Le. on the law v' (t).

We emphasize once again that the momentum conserva
tion law holds only in inertial frames. This statement, how
ever, does not rule out the momentum of a system remaining
constant in non-inertial reference frames as well. This
happens when in Eq. (4.4), which is also valid in non-inertial
reference ."frames, the external force F (including inertial
forces) is equal to zero. Clearly this situation occurs only
under special conditions. Such special cases are fairly rare.

Let us now demonstrate that if the momentum of 8 system.
remains constant in one inertial reference frame K, it also
does so in any other inertial frame K'. Suppose in the K
frame

~ mivi = const,

If the K ' frame moves relative to the K frame with the
velocity V, the velocity of the ith particle in the K frame
may be written as Vi == vi + V, where vi is the velocity
of that particle in the K' frame. Then the expression for
the momentum of the system may be transformed as follows:

~ mlvi + ~ mlV = const. The second term here does not

depend on time. This implies that the first term, the momen
tum of the system in the K' reference frame, does not depend
on time either, i.e, .

~ mivi = const' .

The result obtained is in complete agreement with the Gali
lean relativity principle, according to which' the laws of
mechanics are identical in all inertial reference frames.
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The validity of Newton's laws underlies the reasoning
that led us to the momentum conservation law. Specifically,
the mass points .of a closed system were assumed to interact
in pairs and to obey Newton's third law. Now, what happens
in systems whicft..do not obey Newton's laws, e.g. in systems
involving electromagnetic radiation?

Experience shows convincingly enough that the momen
tum conservation law is valid for such systems as well.
However, in these cases one has to take into account in the
general equilibrium of momenta not only the momenta of
particles, but also the momentum which, as electrodynamics
confirms, the radiation field itself possesses.

Thus, experience shows that the momentum conservation
law, when appropriately correlated, constitutes a fundamental
law of nature which is valid without exceptions. But in this
broad sense, this law is no longer a consequence of Newton's
laws, and should be regarded as an independent general
principle inferred from experimental data.

,§ 4.2. Centre of Inertia.
The C Frame.

The centre of inertia. Any system of particles possesses
one remarkable point C, the centre of inertia, or the centre
of mass, displaying a number of interesting and signifi~ant
properties. It~ position relative to th~ orlgl~ 0 of ~ given

reference frame IS described by.the ra-
dius vector redefined by the following
formula:

where m, and ri are the mass and the
o radius vector of the ith particle, and

m is the mass of the whole system
Fig. 57 (Fig. 57).

It should be pointed out that the
centre of inertia of a system coincides

with its centre of gravity. However, this statement is
valid only when the gravitational field can be assumed
uniform within the limits of a given system.
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Let us find the velocity of the centre of inertia in a given
reference frame. Differentiating Eq. (4.8) with respect to
time, we get

(4.9)

If the velocity of the centre of inertia is equal to zero, the
system is said to be at rest as a whole. This provides a natu
ral generalization of the concept of a motionless particle.
Accordingly, the velocity Vc acquires the meaning of the
velocity of the system moving as a whole.

With allowance made for Eq. (4.3) we obtain from Eq. (4.9)

p = mVc- (4.10)

i.e, the momentum of a system is equal to the product of the
mass of the system by the velocttu of its centre of inertia.

The equation of motion for the centre of inertia. The
concept of.a centre of inertia allows Eq. (4.4) to be rewritten
in a more convenient form. To do this, we have to sub
stitute Eq. ~(4.10) into Eq. (4.4) and take into account that
the mass of a system per se has a constant value. Then we
obtain

Im d~c F, I (4.11)

where F is the resultant of all external forces acting on the
system. This is the equation of motion for the centre of inertia
of a system, one of the most important equations of mechan
ics. According to this equation, during the motion of any
system of particles its centre of inertia moves as if all the mass
of the system were concentrated at that point, and all external
forces acting on the system were applied to it. In this case
the acceleration of the centre of inertia is quite independent
of the points to which the external forces are applied.

Next, it follows from Eq. (4.11) that if F == 0, then
dV cldt 55 0, and therefore Vc == const. In particular, this
case is realized in a closed system (in an inertial reference
frame). Furthermore, if Vc == const, then in accordance
with Eq. (4.10) the momentum of the system p == const.

Thus, if the centre of inertia 0/'a ~<;ystem moves uniformly
and rectilinearly, the momentum of the system remains con-
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stant in the process of motion. Obviously, the reverse state
ment is also true.

Eq. (4.1 t) coincides in its form with the fundamental
equation of dynamics of a mass point and is its natural
generalization to a system of particles: the acceleration of
a system as a whole is proportional to the resultant of all
external forces and inversely proportional to the total
mass of the system. Recall that in non-inertial reference
frames the resultant of all external forces includes both
forces of interaction with surrounding bodies and inertial
forces. •

Let us consider three examples associated with motion
of a system's centre of inertia.

Example t. We shall show how the problem of a man on a raft
(see Example 2 on p. f 18) can be solved by resorting to the notion
of the centre of inertia.

Since the resistance of water is negligibly small, the resultant
of all external forces acting on the system "a man and a raft" is equal
to zero. This means that the position of the centre of inertia of the
given system does not change in the process of motion of the man
(and the raft), i.e.

mI'l + mar2 = const,

where rl and r l are the radius vectors describing the positions of the
centres of inertia of the man and the raft relative to a certain point
on the shore. From this equality we find tha relationship between
the increments of the vectors '1 and 's:

ml ~rl + mt ar2 = o.
Taking into account that the increments Arl and Art represent the
displacements of the man and the raft with respect to the shore and
that arl = Ala + Ar', we find the displacement of· the raft:

L\r.=- mt d~.m1+m.

Example 2.A man jumps down from a tower into water. In the
general case his motion is quito complicated. However, if the air
drag is negligib Ie, it can be immediately stated that the centre of
inertia of the jumper moves along a parabola, just as a mass point
experiencing the constant force mg, where m is the man's mass.

Example 3. A closed chain connected by a thread to a rotating
shaft revolves around a vertical axis with the uniform angular veloc
ity CI) (Fig. 58), the thread forming the angle 8 with tile vertical.
How does the centre of inertia of the chain -:love?

First of all, it is clear that it does not move in the vertical direc
tion during the uniform rotation of the chain. This means that the
vertical component of the tensile strength T of the thread counter-
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c

mg

Fig. 58

balances gravity (Fig. 58, right). As for the horizontal' component
of the tensile strength, it is constant in magnitude and permanently
directed toward the rotation axis. I t follows from this that the centre
of inertia of the chain, the point C, travels along the horizontal circle
whose radius p is easy to find via
Eq. (4.11), writing it as

mw'p = mg tan 9,

where m is the mass of the chain.
In this case the point C is perma
nently located between the rota
tion axis and the thread, as shown
in Fig. 58.

The C frame. In many cases
when we examine only the
relative motion of particles
within a system, hut not the
motion of this system as a'
whole, it j,; most advisable to
resort to the reference frame in which the centre of inertia
is at rest. Then we can significantly simplify both the analy
sis of phenomena and the calculations. '

The reference frame rigidly fixed to the centre of inertia
of a given system of particles and translating with respect
to inertial frames is referred to as the frame of the centre of
inertia, or, briefly, the C frame. The distinctive feature of
the C frame is that the total momentum of the system of,
particles is equal to zero; this immediately follows from
Eq. (4.10). In other words, any system of particles as a
whole is at rest in its C frame.

The C frame of a closed system of particles is inertial, while'
that of a non-closed system is non-inertial. in the general case.

Let an find the relationship' between the values of the
mechanical energy of a system in the K and C reference
frames. Let us begin with the kinetic energy T of the system.
The velocity of the ith particle in the K frame may be repre-
sented as Vi == V; + Vc' where Vi is the velocity of that
particle in the C frame and Vc is the velocity of the C
frame with respect to the K reference frame. Now we can
wrl te
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Since in the C frame }J mivi = 0, the previous expression
takes the form

(4.12)

where T = ~ mi~/2 is the total 'kinetic energy of the' par
ticles in the C frame, m is the mass of all the system, and p
is its total momentum in the K frame.

Thus, the kinetic energy of a system of particles comprises
the total kinetic energy T in the C frame and the kinetic energy
associated with the motion of the system of particles as a whole.
This important conclusion will be repeatedly utilized here
after (specifically, in studies of dynamics of a solid).

It follows from Eq. (4.12) that the kinetic energy of a
system of particles is minimal in the C frame, another dis
tinctive feature of that frame. Indeed, in the C frame V c =

= 0, and Eq. (~.12) yields T = T.
Now let us pass over to the total mechanical energy E.

Since the internal potential .energy U of a system depends
only on its configuration, the magnitude U is the same in
all reference. frames. Adding U to the left- and right-hand
sides of Eq. (4.12), we obtain the formula for transformation
of the total mechanical energy on transition from the K
to the C frame:

(4.13)

The energy E = f + U is referred to as the internal me
chanical energy of the system.

Example. Two small discs, each of mass m, lying on a smooth
horizontal plane, are interconnected by a weightless spring. One
of the discs is set in motion with the velocity Vo, as shown in Fig. 59.
What is the internal mechanical energy Eof this system in the process
of motion?

Since the surface is smooth, the system in the process of motion
behaves as a closed one. Therefore, its total mechanical energy E
and total momentum p remain constant and equal to the initial val
ues, i.e, E = mva/2 and p = mvo. Substituting these values into
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Eq. (4.t3), we' obtain

E= E -- p2/(2·2m) ==nlv~/4.

It is easy to realize that the internal energy E'is associated with the
rotation and oscillation of the given system, while at the initial
moment E was equal only to the rotational motion energy.

m
Fig. 59

m

If the processes associated with a change in the total
mechanical energy take place in a closed system of particles,
from Eq. (4.13) it follows that ~E = ~E, i.e. the increment
of the total mechanical energy relative
to an arbitrary inertial reference frame
is equal to the increment of the internal
mechanical energy. In this case the kinetic
energy resulting from the motion of the
system of particles as a whole does not
change beosuse in a closed system p =
= const.

Specifically, if a closed system is con
servative, its" total mechanical energy re
mains constant in all inertial reference
frames. This conclusion completely agrees with the Galilean
relativity principle. . I

A system of two particles: Suppose the masses of the par
ticles are equal to m, and m2 and their velocities in the K
reference frame to VI and V2, respectively. Let us find the
expressions defining their momenta and the total kinetic
energy in the C frame.

The momentum of the first particle in the C system is

Pt = m1Vt = m1 (Vl- Vc),
where V c is the velocity of the centre of inertia (of the C
system) in. the' K reference frame. 'Substituting in this for
mula expression (4.9) for V c- we obtain

where J1 is the so-called redUced mass of the system

1,...=m1m2/(m1+m2).! (4.14)
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Similarly, the momentum of the second particle in the
C frame is

P2==J1(V2- Vl).

Thus, the momenta of the two particles in the C frame
are equal in magnitude and opposite in direction; the modu
Ius of the momentum of each particle is

IP~=~rtl,:1 . (4.15)

where Vrel = I V1 - Vz J is the velocity of one particle
relative to another.

Finally, let us consider kinetic energy. The total kinetic
energy of the two. particles in the C frame is

T~ 1\+ T2 = p2/2m1 +p2/2m2•

Since in accordance with Eq. (4.14) 11m} + 11m2 = 1/~,
then

(4.1u)

If the particles interact, their total mechanical energy
in the C frame is

E=T+U, (4.17)
where U is the potential energy of interaction of the given
particles.

The formulae obtained play an im portant part in studies
of particle collisions.

§ 4.3.' Collisi'on of Two Particles

In this section we shall examine ,.arious cases of colli
sions of two particles, using only the momentum and energy
conservation laws as an investigatory tool. Here we shall
see that the conservation laws enable us to draw some general
and essential conclusiois concerning the properties of a
given process irrespective of aspecific law of particle inter
action.

At the same time we shall Illustrate the advantages of the
C frame, whose utilization considerably simplifies analysis
of a process and many calculations.
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Although we shall discuss collisions of particles, it should
be mentioned at once that all subsequent arguments and
conclusions relate ·to collisions of any bodies. One only has
to substitute the velocity of the centre of inertia of each
body for the velocity of a particle, and to replace the kinetic'
energy of a particle by that part of the kinetic energy of
each body that characterizes its motion as a whole.

In what follows we shall assume that
(1) the initial reference frame K is inertial,
(2) the system of two particles is closed,
(3) the momenta (and the velocities) of the particles be

fore and after a collision correspond to sufficiently large
distances between them; at the same time the" potential
energy of interaction can be neglected.

In addition, the quantities relating to the system after
a collision will be marked with a prime, while those in the
C frame with a tilde.

Now let' us pass to the-essence of "the problem. Particle
collisions are classified into three types: completely in
elastic, perfectly elastic, and inelastic (the intermediate
case).

Completely inelastic collision results in two particles
"sticking together", after which they move as a single unit.
Suppose two particles with masses ml and m2 move with
the velocities VI and V2 before collision (in the K frame).
After the collision a particle with mass m, + m2 is formed
because of additivity of mass in Newtonian mechanics. The
velocity v' of the formed particle can be immediately found
from the momentum conservation law:

(nl-t+~) v' = mt Vl +m2v2-

The velocity Vi is obviously equal to that of the system's
centre of inertia. .

In the C frame this process is the most simple: prior to
the collision both particles move toward each other carry-
ing equal momenta p, while after the collision the formed
particle turns out to be stationary. In this case the total
kinetic energy if of the particles completely turns into the
internal energy Qof the formed particle, I.e, T = Q. Whence,
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with allowance made for Eq. (4.16), we obtain

Q_ ~v~tl _ J.. nltma ( _ )2
- 2 - 2 L VI v2 •ml-' mt

Thus the value of Qfor a given pair of particles depends only
on their, relative velocity.

Perfectly elastic collision does not lead to any change'
in the internal energy of the particles, so that the kinetic
energy of the system does not change either. We shall con
sider two particular cases: central (head-on) and non-central
elastic collisions.

1. A head-on collision. Both particles move along the'
same straight line before and after collision. Suppose that
prior to collision the .: particles move with the velocities VI

p, ..'

• ,. pz Defore
• ... alterp; ,;

Fig. 60

and V2 in the K reference frame (the particles either move
toward each other or one particle overtakes another). What
are the velocities of these particles after the collision?

Let us first consider this process in the C frame, where
the particles before and after the collision possess momenta
equal in magnitude and opposite in direction (Fig. 60).
Moreover, since the total kinetic energy of the particles is
the same before and after the collision, as well as their
reduced mass, then in accordance with Eq. (4.16) the mo
mentum of each particle only reverses its direction as a
result of the collision, its magnitude remaining unchanged,
i.e. pi = -)1;, where i = 1,' 2. The same can he said about
the velocity of each particle in the C frame:

,.., -
Vt=-Vi·

Now let us find the velocity of each particle after the col
lision in the K reference frame. For this purpose we shall
make use of the velocity transformation formulae for the
transition from the C to the K frame and also the foregoing
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equality. Then

vi = Vc ~t-vi = Vc-v, == Vc-(v,- Vc) = 2VC-Vi'

where Vc is the velocity of the centre of inertia (of the C
frame) in the K frame; this velocity is determined by
Eq. (4.9). Hence, the velocity of the bih particle Inthe K
frame after the collision is

vi = 2VC -Vi' (4.18)

where i = 1, 2. In terms of the projections on an arbitrary
x axis the last equality takes the form

vix = 2Vc«- Vtx. (4.19)

Specifically, when the particle masses are identical, it is
easy to see that the. particles exchange their velocities as
a result ,~f the collision, i.e, v~ = v2 "and v;: == Vt.

2. A non-central collision. We shall limit ourselves to
the case when one "of the particles is motionless before the
colliaion. Suppose a particle possessing the mass mt and
momentum PI experiences in the K frame a non-central
"elastic collision with a motionless particle of mass. m2 •

What are the possible momenta of these particles after the
collision?

First, let us examine this process' in the C frame, Here,
as in the previous case, the particles possess momenta equal
in magnitude and opposite in direction at any moment of
time before "and after the collision. Besides, the momentum
of each particle does not change in magnitude following the

. collision, i.e.
~, --
p =p.

IIolYever, the particles t rebound direction is different in this
case. It forms a certain angle e with the initial motion
direction (Fig. 61), depending on the particle interaction law
and the mutual positions of the particles in the process of
collision.

Now let us calculate the momentum of each particle
after the collision in the K reference frame. Making use
of the velocity transformation formulae for the transition

I-OSSI



Cla,'eal Mechanics

from the C to the K frame, we obtain:

p; = mlv~ = m1(Vc-f- v~)=mlVc+ p~,

p; = Inzv; = m2 (V C + V';) = Tn,.Vc +p;, (4.20)

where Vc is the velocity of the C frame relative to the K
reference frame.

Summing up separately the left- and right-hand .sides of
these equalities and taking into account that p; = -:P;,
we get

p~ +p; = (ml +m2)V C = PI.

just as it should be in accordance with the momentum con
servation law.

Now let us draw the so-called vector diagram of momenta.
First we depict the vector PI as the section AB (Fig. 62),

Fig. 61

and then the vectors p~ and p~, each of which 'repr~sents,

according to Eq. (4.20), a sum of two vectors.
Note that this drawing is valid regardless of the angle 6.

The point C, therefore, can be located only on the circle of
radius phaving.its centre at the point 0, which divides the
section AB into two parts in the ratio AO : OB = mt : "t 2 •

Moreover, in the considered case (when the particle of mass
nil rests prior to the collision) this circle passes through the
point B, the end point of the vector PI, since the section
OB = i. Indeed,

OlD V mtVt
n=m2.C=m2 .+ .'ml m.



The LarD of Cora,erl1atlon of ilom,n'rJn1 tat

where VI is the velocity of the bombarding particle. But
inasmuch as in our case VI =-= VreZ,

OB = ....Vr·el = P
in accordance with Eqs. (4.14) and (4.15). Thus, in order
to draw a vector diagram of momenta corresponding to an

Fig. 62

elastic coftision of two particles (one of which rests initially)
it is neces~ary: ,
. (1) first to depict/the section AB equal to the momentum

PI of the bombarding particle; .
(2) then through. the point B, the end point of the vector

PI' to trace a circle of radius
,..." m
P = IW,..L = m +:m Pl'

1 I
whose centre (point 0) divides the section AB into two parts

.in the ratio AD : OB = ml : mi.
This circle is the locus of all possible locations of the

apex C of the momenta triangle ABC whose sides AC and
en represent the possible momenta of the particles after
the collision (in the K reference frame).

Depending on the particle mass ratio the point A, the
beginning of the vector PI' can be located inside the given
cirele,_on it, or outside it (Fig. 63). In all three cases the
angle e can assume all the values from 0 to n; The possible
values of the angle 81 of scattering of the bombarding particle
and the angle e of rebounding particles are as follows:

(8) mJ.<~ O<el~n 8>n/2
(b) ml=~ O<6t~nI2 8=n/2

(c) m1>m2 O<61~ Otmax 8<n/2

.*



Here 61m a x is the limiting angle. I,t is defined by the formula

sin 61 mcu: = ~/""tt (4.21)

which directly follows from Fig. 63c: sin 91mCl~ .= OC'IAO =
= OBIAO = m 2/ml •

In addition, here is another interesting fact. In the last
case (ml > m 2) the particle m1 can be scattered by the same

(4.•22)

Fig. 63

angle 81 whether it possesses the momentum AC or AD
(Fig. 63c), i.e. the solution is ambiguous. The same is true
for the particle. m2 •

And finally, from the same vector diagram of momenta
we can determine the relation between the angles 81 and e

a sinOtanUt= _ .
cos 6 +mt/ml

With this we have exhausted any information on the
given process which can be derived through the use of only
the momentum and energy conservation laws.

Thus, we see that the momentum and energy conservation
laws by themselves permit us to draw a number of significant
conclusiona about the properties of a given process. Most
essential here is the fact that these properties are universal
in their nature, that is; they do not depend on the type of
interaction between particles.

One fundamental fact, however, should be pointed out.
The vector diagram of momenta based on the momentum
and energy conservation laws provides us with a complete
pattern of all possible cases of rebounding particles; hut
this very significant result cannot indicate the concrete case
that is actually realized. To answer that question, we must
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analyse the collision process in more detail by means of the
motion equations. In the process it becomes clear that the
scattering angle 61 of a bombarding particle depends on the
type of the interaction of colliding particles and on the
so-called aiming parameter"; while the ambiguity of a
solution in the case m1 > m2 is due to the fact that the same
scattering angle 81 can occur with two different values of
the aiming parameter irrespective of the law of particle
interaction.

The circumstance discussed here represents an inherent,
fundamental property of all conservation laws in general.
The conservation laws can never provide an unambiguous
picture of who.t is actually going to happen. But iI, on the
basis of some other considerations, it becomes possible to
infer what exactly is going to happen, the conservation laws
can contribute information on how it must happen.

.Inelastw collision. After this kind of collision the inter
nal energy of rebounding particles (or one of them) changes,
and therefore the tojal kinetic energy of the system changes
as well .. It', is customary to denote the corresponding incre
ment of the kinetic' energy of the system by Q. Depending
on the sign of Qan inelastic collision is referred to as ezoergic
(Q > 0) or endoergic (Q< 0). In the former case the kinetic
energy of the system increases while in the latter it decreases.
In an elastic collision Q = 0, of course.

Our task is to determine possible momenta of particles
after a collision.

This problem is easiest when solved in terms of the C
frame. By the hypothesis, the increment of the total kinetic
energy of the system in the given process is equal to

T'-T=Q. (4.23)

Since in this case T' =1= T, this means, in accordance with
Eq. (4.16), that the momenta of particles change their
magnitude after the collision. The momentum of each par- /
ticle p' after the collision can be easily found if we replace

• The aiming parameter is the distance between the straigh t line
along which the momentum or a bombarding particle is directed, and
the particle exposed to a "collision".
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T' in Eq. (4.23) by its expression 'i' = P'2/2Jl:

p' = V2f.L(T+Q). (4.24)

Fig. 64

Now let us consider the same problem in the K reference
frame, where a particle of mass ml with the momentum Pl
collides with a stationaru particle of mass m2. To determine
the possible cases of .particle rebounding after the collision,
it is helpful to "resort to the vector diagram of momenta. It
is drawn similarly to the case of an elastic collision. The

momentum of a bombarding
particle PI = AB (Fig. 64)
is divided by the point 0 into
two parts proportional to the
masses of the particles

_...o.-~----""""""-""""'IJ (AO: OB = m, : ml). Then
from the point O..-a circle is
drawn with radius p' specified
byEq.(4.24). This circle is the

locus of all possible positions of the vertex C of the triangle
ABC whose sides AC and cn are equal to the moment.a of
the corresponding particles after the collision.

Note that in contrast to the case of an elastic collision
the point B, the end point of the vector PI' does not lie on
the circle any more; in fact, when Q>O, this point is locat
ed inside the circle, and when Q<. 0 outside it. Fig. 64
illustrates the latter case, an endoergic collision.

Threshold. There are many inelastic collisions in which
the internal energy of particles is capable of changing by
a quite definite value, depending on the properties of the
particles themselves (e.g. inelastic collisions of atoms and
molecules). Nevertheless, exoergic collisions (Q > 0) can
occur for an arbitrarily low kinetic energy of a bombarding
particle. In similar cases. endoergic processes (Q < 0)
possess a threshold. A threshold is the minimal kinetic energy
of a bombarding particle [nst sufficient to make a given
process possible in terms of energy.

So, suppose we need to carry out an endoergic colljslon
in which tho intornnl onergv of the particlos is capable of
acquiring an increment not less than ~ certain value I 0 I.



The Law of Conservation of Momentu,'m i35

Under what condition does such a process become
possible?

Again, the problem is easiest when solved in the C frame,
where it is obvious that the total kinetic e~ergy T of the
particles before the collision must in any case be not less
than I Q I, i.e. T~ I Q I. Whence it follows that there
exists the minimal value f min = I Q I, such that the kinetic
energy of the system entirely turns into an increment of the
internal energy of the particles, and so the particles come
to a standstill in the C frame.

Let us consider the same problem in the K reference frame,
where a particle of mass m, collides with a stationary par-
ticle of mass m 2• Since at Tmin the particles come to a stand
still after the collision in the C frame, this signifies that
in the K frame, provided the kinetic energy of the bombard
ing particle is equal to the requisite threshold value Tit hr»

both 'partrcles move after the collision as a single unit whose
total momentum i~ equal to the momentum PI of the bom
barding particle add the kinetic energy p~/2 (m1 + m2) .

Therefore
r, thr== IQI+ p~/2,(mt +~).

Taking into account that TIt hr = p~/2ml and eliminating p:
from these two equations, we obtain

(4.25)

This is the threshold kinetic energy of the bombarding par
ticle sufficient to make the given endoergic process possible
in terms of energy.

It" should be pointed out that Eq. (4.25) plays an impor
tant part in atomic and nuclear physics. It is used to deter
mine both the thresholds of various endoergic processes and
their corresponding energies I Q I.

In conclusion we shall consider an example which, in
essence, provides a model of an endoergic collision (see
also Problems 4.5 and 4.8).

Example. A small disc of mass m and a SD100th hillock of mass M
and height h are located on a smooth horizontal plane (Fig. 65). What
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minimal velocity should be imparted to the disctto make it capable
of overcoming the hillock? . .

It is clear that the velocity of the disc must be at least sufficient
for it to climb the-hillock and then to move together with it as a single
unit. In the precess, part of the system's kinetic energy turns into

.Fig. 65

an increment of potential energy AU = mgk. We shall regard this
process as endoergic in which I Q I = !1U. Then in accordance with
Eq. (4.25).

whence
mvlhrl2 == mgla (m+M)/M ,

vthr= Y2 (t+mIM) g·h.

§ 4.4. Motion of .8 Body with Variable Mass

There are many cases when the mass of a body varies in
the process of motion due to the continuous separation or

, addition of matter (a missile, a jet, a flatcar being loaded
in motion, etc.),

Our task is to derive the equation of motion of such a
body.

Let us consider the solution of this problem for a mass
point, calling it a body for the sake of brevity. Suppose
that at a certain moment of time t the mass of a moving body
A is equal to m and the mass being added (or separated) has
the velocity u relative .to the given body.

Let us introduce an auxiliary inertial reference frame K
whose velocity is equal to that of the body A at a given
moment t. This means that at the moment t the body A
is at rest in the K frame.

Now suppose that during the time interval from t to
t + dt the body A acquires the momentum m dv in the
K frame. The momentum is gathered due to (1) the addition
(separation) of tho mass bm bringing (carrying away) the
momentum ~m -u, and (2) surrounding bodies exerting the
force F., or the action of a field of force. Thus, it can be
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written that

i37

m dv = F dt ± cSm -u,

where the plus sign denotes the .addition of mass and the
minus sign denotes the separation. These cases Olin be com
bined, designating ±6m as the mass increment dm of the body
A (in fact, in the case of mass addition dm = -+6m, and in
the case of mass separation dm == -cSm). Then the fore
going equation takes the Iorm

m dv = F dt + dm -u,

Dividing this expression by dt, we obtain

I dv dm I
m/lt=F+/ltu, (426)

where u is the velocity of the added (separated) matter ith
respect t,ft the considered body.

This is the fundamental equation of dynamics of a ass
point with tiartable !'tass. It is referred to as the Meshchersky
equation. Obtained: in one Inertial reference frame, this
equation is also valid, due to the relativity principle, in
any other inertial ftame. It should be pointed out that in
a non-inertial reference frame the force F is interpreted as
the resultant of both inert.ial forces and the forces of inter
action of a given body with surrounding bodies.

The last term in Eq. (4.26) is referred to as the reactioe
force: R = (dm/dt) u. This force appears as a result of the
action that the added (separated) mass exerts on a given
body. If mass is added, then dmldt > 0 and the vector R
coincides in direction with the vector u: if mass is separated,
dm/dt < 0 and the vector R' is direct.ed oppositely to the
vector u.

The Meshchersky equation coincides in form with the
fundament.al equation of dynamics for a permanent mass
point: the left-hand side contains the product of the mass
of a body by acceleration, and the right-hand side contains "
the forces acting OIl it, including the reactive force. In
the case of variable mass, however, we cannot include the
mass m under the diflerenttnl sign and present the left
hand side of the equation as the time fieri vative of the
momentum, since m dvldt =1= d (mv)/dt.



t38 Clas,'cal itt6chanfc,

Let us discuss two special cases.
1. When u = 0, i.e, mass is added or separated with zero

velocity relative to the body, R = 0 and Eq. (4.26) takes
the form

(4.28)
or

dv
m (t)dt = F, (4.27)

where m (t) is the mass of the body at a given moment of
time. This equation describes, for example, the motion of
a flatcar with sand pouring out freely from it (see Prob-

.lem 4.10, Item 1).
2. If u = -v, i.e, the added mass is stationary in the

chosen reference frame, or the separated mass becomes sta
tionary in that frame, Eq. (4.26) takes another form,

m (dv/dt) + (dm/dt) v = F,

d (mv)/dt = F.

In other words, in this case (and onlyin this one) the action
of the force. F determines the change of momentum of a body
with variable mass. This is· realized, for example, during
the motion of a flatcar being loaded with sand from a sta
tionary hopper (see Problem 4.10, Item 2).

Let us consider an example in which the Meshchersky
equation is utilized.

EDmple. A rocket moves in the inertial reference frame K in the
absence of an external field of Iorce, the gaseous jet escaping with
the constant velocity u relative to the rocket. Find how the rocket
velocity depends on its mass m if at the moment of launching the mass
is equal to mo. '

In this case F = 0 and Eq. (4.26) yields
dv = u dlll/m.

Integrating this expression with allowance made for the initial con
ditiona, we' get

v = - u In (molm), (t)

where the' minus sign shows that the vector v (the rocket velocity)
• is directed oppositely to the vector u. It is seen that in this case (u =

= const) the rocket velocity does not depend on the fuel combustion
time: v is determined only hy tho rat.io of tho initial rocket mass mo
to the remaining mass m,

Note that if the whole fuel n18SS were momentarHy ejected with
the velocity u rela ti ve to the rocket, the rocket veloci ty would be
.different. III fact, it the rocket initially is at rest in the chosen inertial
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o= mY + (~o - m) (u + v),

reference frame and after the fuel ejection gathers the velocity v,
the momentum conservation law for the system "rocket-and-fuel"
yields

where- u + v is the velocity of the fuel relative to the given refereoce
frame. Hence

v =:-. - U (t - mlmo)- (2)

In this case the rocket velocity v turns out to be less than in the pre
vious ease (for equal values of the mJm ratio). This is easy to demon
strate, having compared the dependence of v on mJm in hoth cases.
In the first case (when matter separates continuously) the -rocket
velocity v grows infinitely with increasing mJm as Eq. (1) shows,
while in the Second case (when matter separates momentarily) the
velocity v tends to the limiting value - u (see Eq. (2».

Problems to Chapter 4

• 4. i". A particle moves with the momentum P (t) due to the force
F (fl, Let .4' and b be constant vectors, with a .1 b. Assuming that

(t) p (Il = a + t (t - at) h, where a is a positive constant, find
the vector F ~ at the moments of time when F 1. p;

(2) F (t) ~ a + 2t b'and p (0) = Po, where Po is a vector directed
oppositely to the vector a, find the vector p at the moment to when
it is turned through 900 with respect to the vector Po.

Solution. 1. The force F = dp/dt = (t - 2at) b, i .e. the vector F
is always perpendicular to the vector 8. Consequently, the vector F
is perpendicular to the vector p. at those moments when the coefficient
of b in the expression for p (t) turns into zero. Hence, 11= 0 and '2 =
= 1/a.; the respective values of the vector F are equal to

PI = b, F2 = - b.

2. The increment of the vector p during the time interval dt is
dp ==.; F dt. Integrating this equation with allowance made for the
initial conditions, we obtain

I

IP-Po= JFdt=at+btl ,

o

where by the hypothesis PQ is directed oppositely to the vector 8.
The vector p turns out to be perpendicular to the vector Po at the
moment to when ato = Po. At this moment p = {po/a)1 b.

• 4.2. A rope thrown over a pulley (Fig. 66) has a ladder with
a man A on one of its ends and n counterbalancing mass M on its
other end. The man, whoso mass is m, climbs upward by Ar' relative
to the ladder and then stops. Ignoring the masses of the pulley and
the rope, as well as the friction in the pulley axis, find the displace
mont of the centre of inertia of this SY8teJU~
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M
VC=V1 = (mj2M) v'.

And finally, the sought dtsplacement is
m

M-m Mc= 1Vc dt = (m/2M)1v'dt =(m/2M)M'.

Fig. 66 Another method of solution is based on a prop-
erty of the centre of inertia. In the reference

frame fixed to the pulley axis the location of the centre of inertia of
the given system is described by the radius vector

rc = [Mrl + (M - m) r 2 + mra]/2M ,

Solution. All the bodies of the system are initially at rest, and
therefore the increments of momenta of the bodies in their motion
are equal to the momenta themselves. The rope tension is the same
both on the left- and on the right-hand side, and consequently the
momenta of the counterbalancing mass (PI) and the ladder with the
man (PI) are equal at any moment of time, i.e, Pt = PI' or

MV1 = mv + (M - m) VI'

where Vh v, and VI are the velocities of the mass, the man, and the
ladder, respectively. Taking into account that V,2 = -VI and v =

= VI + V't where v' is the man's velocity relative
to the ladder, we obtain

v1="(m/2M) v' . (t)

On the other hand, the momentum of the whole
system

P = PI + P2 = 2Pl' or 2M Vc = 2Mvl'

where Vc is the velocity of the centre of inertia
of the system. With allowance made for Eq. (1)
we get

where fit r l , and 'a are the radius vectors of the centres of inertia
of the mass M, the ladder, and the man relative to some point 0
of the given reference frame. Hence, the displacement of the centre
of inertia ~rc is equal to

arc = [M arl + (M - m) ~r2 + m ~r3]/2Mt

where L\rl' L\r., and ar3 are the displacements of the mass M, the
ladder, and tlie man relative to the given reference frame. Since
~rl = -L\r2 and L\ra = t\r2 + ar/, we obtain

~rc = (m/2M) Sr' •

• 4.3. A system comprises two small spheres with masses ml and m2
interconnected by a weightless spring. The spheres are set in motion
at the velocities v}. and V 2, as shown in Fig. 67, whereupon the system
starts moving in the uniform gravitational field of the Earth. Ignoring
the air drag and assuming that the spring is non-deformed at the
initial moment of time, find: .
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(t) the velocity Vc (t) of the centre of inertia of this system as
a function of time;

(2) the internal mechanical energy of the system in the process of
m~~ •

Solution. 1. In accordance with Eq. (4.11) the velocity vector
increment of the centre of inertia is d Vc = g dt, I~tegrating this
equation, we get Vc (t) - VC (0) = gt, where Vc (0) is the initial
velocity ,of the centre of inertia. Hence

Vc (t) = (mxVI + mlvs>/(""J. + ml) +. gt.

2. The internal mechanical energy of a system is its energy E in
the C frame. In this case the C frame moves with the acceleration g,
so that each sphere experiences two external forces in. that frame:
gravity mig and the inertial force -mig. The total work performed

? Fig. 67 ~

rI-. .,m
-~---~m m s

Fig. 68

by the external Iorces is thus equal to zero (in the C frame), and there
fore the energy E does not change. To find the energy, it is suficient
to consider the initial moment of time, when the spring is not yet
deformed and the energy E is equal to the kinetic energy To in the C
frame .. Making use of ·Eq. (4.16), we get

~ ~ ~ mImi I I
.E=To= 2 (VI-V,>' 2(ml +m.) (Vl+VI.)·

• 4.4. A ball possessing the kinetic energy T collides head-on with
an initially stationary elastic dumbbell (Fig. 68) and rebounds in the
opposite direction with the kinetic energy T'. The masses of all three
balls are the same. Find the energy' of the dumbbell oscillations after
the collision.

Solution: Suppose p and p' are the momenta of the striking ball
before and after the collision, Pc and Tcare the momentum and the
kinetic energy of the dumbbell as a whole after the collision, and E
is the oscillation energy.' In accordance with the momentum and
energy conservation laws .

p=-p'+Pc' T=T'+Tc+E.

Taking into account that T = pI/2m, we obtain from these two equa
tions:

E=(T-3T' -2 yTT')/2.
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.4.5. In the K frame particle 1 of mass ml strlkes a stationary
particle 2 of 108SS llli. The charge or each particle is eq ual to +q.
Find the minimal distance separating the particles during a head-on
collision if the kinetic energy of particle 1 is equal to TI when it is
far removed .Irom particle 2. _

Solution.Let us consider this process,both in the K frame and in the C
frame.

t. In the K frame the particles move at the moment of the closest
approach as a single unit with the velocity v, which can be determined
from the momentum conservation law:

PI = (lilt + ml) v,

where PI is the momentum of the striking particle, PI = V 2m.:\.Tt •
On the other hand, it follows from the energy conservation law

that
r,=(ml +ml) v l /2+ aU,

where the increment of the system's potentialenergy AU = kq'-Irmfn.
Eliminating v from these two equations, we get

rmln = (kq~/Tl) (1+ In1/ ntl).

2. The solution' is simplest 'in the C frame: here the total kinetic
energy of the particles turns entirely into an increment of the poten
tial energy, of the system at the moment of the closest approach:

T=AU,
where in accordance with Eq. (4.16) f = f.1vf/2 = TtmJ(TnJ. + ml)•
A·U= kq2/rm•n .From this it is easy to find rm•n •

• 4.6. A particle of ma881nt and momentum PI collides elastically
with a stationary particle of mass mI. Find the momentum pi of the
first particle after its collision and scattering through the angle e
relative to the initial motion direction.

Solution. From the momentum conservation law we find (Fig. 69)

p;l=pf+pil - 2PIPl cos a, (1)

where PI is the momentum of the second particle after the collision.
On the other hand, from the energy conservation law it follows

that TI = Ti + Ti, where Ti and Tsare the kinetic energies of the
first and second panicles after the collision. Using the relation T =
= pi/2m, we can reduce Eq. (t) to the following for~:

Psl=(pl- pil) m.lml. (2)

Eliminating P2iJ from Eqs. (1) and (2), we obtain

, cose± Ycoss8+(ml/mf- 1)
PI = PI . 1+m'llml •

When ml < m2, only the plus sign (in front of the radical sign) has
physical meaning. This follows frOID the fact that under this condi-
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tion the radical is greater than cos 9 and that pi is the vector's modu
lus, which cannot be negative.

But when ml > mIt both signs have physical meaning; the solution
is ambiguous in this case: the momentum of the particle scattered
through the ~ngle 9 may have one of two values (depending on the
relative positioning of the particles at the moment of collision). The
latter case is illustrated by the vector diagram shown in Fig. 63c.

oP,
Fig. 69

~

Fig. 70

.4.7. What Iractionn of its kinetic energy does a particle of mass
mi lose when it scatters, after an elastic collision, through the
threshold .'ngle on a stationary particle of mass ml (mt > m,)?

Solution. Suppose T1 , PI' Ti, and pi are the values of the .kinetic
energy and lllomentu~ of the striking particle before and after the
scattering, respectively; then

1') = (T1 - Ti)/T1 = i-TilTt = i-(pi/PI)', (1)

Le. the problem reduces to the determination of pi/pl.
Let us make use of the vector diagram of momenta corresponding

to the threshold angle 6thr (Fig. 70). From the right triangle A·CO
it follows that

pil = (pt-p)l_pl= pf-2P!P,
whence

(2)

Substituting Eq. (2) into Eq. (~), we obtain

1') = 2mJ(mt + m.) .

• 4.8. An atom of mass m~ collides inelastically with a stationary
molecule of mass mi' After the collision the particles rebound at
the angle 8 between them with kinetic energies Ti and Ti respecti
vely. In the process the molecule is excited, that is, its internal energy
increases by the definite value Q. Find Q and the threshold ki netic
energy of the atom enabling the molecule to pass into the given excited
state.

Solution. From the energy and momentum conservation laws
in this process ·we can write

Tt=Ti+T;+Q,
pI = pit+p~1+2PIP;cos 8.



Classical AIechanlcs

where the primes mark the after-collision values. The second relation
follows immediately from the momenta triangle according to the
cosine theorem. Making use of the formula pi = 2mT, we eliminate T1
from these equations and get

Q=(m.lml-1) Ti+ 2 V(m.lml) TiTi cos 9
and

T1thr=1 Q I"(m1+mS)/ml•

.4.9.A particle with the momentum Po(in the Kframe) disintegrates
into 'two· particles with masses ml and mI. The disintegration
energy Qturns into kinetic energy. Draw the vector diagram of momenta
for this process to find all possible momenta PI and P2of the generated
particles.

Solution. This process appears to be the simplest in the C frame:
here the disintegrating particle is at rest while the generated particles

Fig. 71
move in opposite directions with momenta equal in magnitude PI =
= PI = p. Since the disintegration energy Q turns entirely into the
total kinetic energy T of the generated particles,

p= V 2JiT= V2~Q,

where f.I. is the reduced mass of the generated particles.
Now let us find the momenta of these particles in the K frame.

Making use of the velocity transformation formula for the transition
.from the C to the K frame, we can write:

PI =m1v1 =ml (Vc+Y;.) = m1VC +ilt

PI= m,vl= ms(Vc+~)=mIVc +Pt
with PI + PI = Po in accordance with the momentum conservation
law. .

Using these formulae, we can draw the vector diagram of momenta
(Fig. 71). First, we draw the segment AB equal to th.e momentum Po.
Then we draw a circle of radiusp from the point 0 to divide the seg
ment AB into two parts in the ratio ml : mi. This circle is the locus
of all possible positionsoftbevertex C of the momenta triangle ABC.
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dv = u dmlm,

• at.tO.A Oatcar starts rolling at the moment t = 0 due to the
permanent force F. Ignoring friction in the axes, find the· time de-
pendence of the veloci ty of the flatear ~f .

(t) it is loaded with sand which 'pours out through a hole in the
bottom at the constant rate f.L kg/s, and the initial mass of the flatcar
with sand at the moment t = 0 is equal to mo;

(2) the sand is loaded on it from a stationary hopper at the per
manent rate JA. kg/s, starting from the moment t = 0, when it had
the mass mo.

Solution. 1. In this case the reactive force is equal to zero and the
Meshchersky equation (4.26) takes the form (mo - Jlt) dv/dt = F,
whence

dv = F dtl(mo - Jlt).

Integrating this expression with allowance made for the initial condi
tions, we get

v = (PI,...) In [mol(mo - Jlt».

2. In this case the horizontal component of the reactive force
(wh-ich is th~! only one of interest here) is R = ~ (-v), where v is
the velocity of the flatcar. That is why the Meshchersky equation
should be taken in the f9rm (4.28), or

d (mv) = F dt,

Integrating this equation with allowance made for the initial condi
tions, we obtain

mv = Ft,

where m = mo + f.1t. Hence,

v = Ft/(mo + l!t).

Needless to say, the expressions obtained in both cases are vaiid
only in the process of unloading (or loading) a flatcar.

• 4. t t. A spaceship of mass mo moves with the constant ,,~1:"citv

Vo in the absence of a !field of force. To change the direction of motion,
a reactive engine is started whose jet moves with the constant veloc
ity u with respect to the spaceship and is directed perpendicular
to the spaceship's direction of motion. The engine stops when the
spaceship's mass is equal to m, Find how much the course of the space
ship changes during the operation of the engine.

Solution. Let us find the increment of the spaceship's velocity
vector during the time interval dt. Multiplying both sides of the
Meshchersky equation (4.26) by dt and taking into account that
F = 0, we get

to-0539
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Here dm < O. Since the vector U is always perpendicular to the vec
tor v (the spaceship's velocity), the modulus. of the vector v d()88 not
change and retains it~ original magnitude: 1 v 1 = °1 Vo 1 = "0·
It follows from this that the rotation angle da of the vector v that
occurs during the time interval dt is equal to

da, = I dv I/vo = (ulvo) 1dmlm I.

Integrating this equation, we obtain
« = (",Ivo) In (mo/m).



CHAPTER 5

THE LAW OF CONSERVATION OF ANGULAR MOMENTUM

§ 5. t. Angular Momentum of a Particle.
Moment of Force

The analysis of the behaviour of systems indicates that
apart from energy and momentum there is still another
mechanical quantity also associated with a conservation law,
the so-called angular momentum", What is this quantity
and what are its properties?

First, let us consider one particle. Suppose r is the radius
vector describing its position relative to some point 0 of
8 chosen reference frame and p is its momentum in that
frame. The angular momentum of the particle A relative
to the point 0 (Fig. 72) is the vector L equal to the vector
product oj the vectors r and p:

IL=[rp).\ (5.1) .

It follows from this definition that L is an axial vector,
Its direction is chosen so that the rotation about the point 0
toward the vector p and the vector L correspond to a right
handed screw. The modulus of the vector L 1s equal to

L = rp sin ~ = lp, (5.2)

where ex is the angle between rand p, and l = r sin a, is the
arm of the vector p relative to the point 0 (Fig. 72)~

The equation of moments. Let us determine what mechan
ical quantity is responsible for the variation of the vector
L in a given reference frame. For this purpose we differen-
tiate Eq. (5. I) with respect to time: .

dUdt = [dr/dt, p1 + [r, dp/dtl.

Since the point 0 is stationary, the vector dr/dt is equal to
the velocity v of the particle, i.e. coincides in its direction
with the vector p; therefore

[dr/dt,. p] = o.

• The following names are also used: moment of momentum, mo
ment of .quant.ttll 01 motton, rotat'onal moment, - or simply moment.
10·
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Next, in accordance with Newton's second law dp/dt = F,
where F is the resultant of all the forces applied 'to the
particle. Consequently,

dL/dt = [rFl.

The quantity on the right-hand side of this equation 'is
referred to as the moment' 0/ force, or torque, of F relative

Fig. 72

H

F

Fig. 73

to the point 0 (Fig. 73). Denoting it 'by the letter M, we
write

IM= [rF).! (5.3)

The vector M, like the vector L, is axial. Similarlyto (5.2)
the modulus of this vector is equal to' ,

M = iF, (5.4)

where l is the arm of the vector F relative to the po.int 0
(Fig. 73). " ·

Thus, the time derivative of theiangular momentum L
of the particle relative to some point 0 of the chosen reference
frame is equal to the moment M of the resultant force F
relative to the same point 0:

I dL/dt=M; I (5.5)

This equation is referred to as the equation of moments.
Note that in the case of a noninertial reference frame the
moment of the force M includes 'both the moment of the
interaction forces and the moment of inertial forces (relative
to the same point 0).

Among other things, from the equation of moments (5.5)
it follows that if M == 0, then L = const. In other words,
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if the moment of all the forces acting on a particle relative
to a certain point 0 of a chosen reference frame is equal. to
zero during the time interval of interest to us, the angular
momentum of the particle relative to this point remains
constant during that time.

. Example 1. A planet A moves in the gravitational field of the
Sun S (Fig. 74). Find the point in the heliocentric reference frame
relative to which the angular momentum of that planet does not
change in the course of time.

First of all, let us define what forces act on the planet A. In the
given case it is only the gravitational force F of the Sun. Since during
the motion of the planet the direction of this force passes through

,.
I

I

0 S

Fig. 74

p

Fig. 75

tho centre of the Sun, that point is the one relative to which the mo
ment of the force is equal to zeroa nd the angular. momentum of the
planet remains constant. The momentum' p of the planet changes
in the process.

Example 2. A disc A moving on a smooth horizontal plane rebounds
elastically from a smooth vertical wall (Fig. 75, top view). Find the
point relative to which the angular momentum of the disc remains
constant in this process.

The disc experiences gravity, the force of reaction of the horizontal
surface, and the force R of reaction of the wall at the moment of the
impact against it. The first two forces counterbalance each other,
leaving only the force R. Its moment relative to any point of the
line along which the vector R acts is equal to zero, and therefore
the angular .momentum of the disc relative to any of these points
does not change in the given process.

Example 3. On a horizontal smooth plane there arc a motionless
vertical cylinder and a disc A connected to the cylinder by a thread AB
(Fig. 76, top view). The disc is set in motion with the initial velocity v
as shown in the figure. Is there any point here relative to which the
angular momentum of the disc is invariable in the process of motion?
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Fig. 76
The equation of momenta

(5.5) makes it possible tosolve
the following two problems:

(1) find the force moment M relative to a certain point 0
at any moment of time t if the time dependence of the
angular momentum L (t) of a particle relative to the same
point is known;

(2) determine the increment of the angular momentum of
a particle relative to a point 0 at any moment of time if
the time dependence of the force moment M (t) acting on
this particle (relative to the same point) is known.

The solution of the first problem reduces to the calcula
tion of the time derivative of the angular momentum, that
is, dL/dt, which is equal, in accordance with Eq. (5.5),
to the sought force moment M.

The second problem is solved by integrating Eq. (5.5).
Multiplying both sides of this equation by dt, we obtain
the expression dL :;= M dt determining the increment of the
vector L. Integrating this expression with respect to time,
we get the increment of the vector L over the finite time
interval t:

The only uncompensated force acting on the disc A in this case
is the tension F of the thread. It is easy to see that there is no point
here relative to which the moment of the foree F is invariable in
the process of motion. Therefore, there is no point relative to which

the angular momentum of the

O
! disc would vary.

IfT This example illustrates that
• f sometimes a point relatlve to which

the angular momentum of a particle
r !' is constant cannot be found at all.

-....~~.- ......~------..·A
8

(5.6)

The quantity on the right-hand side of this equation is
referred to as the momentum of the force moment, or the
torque momentum. Thus, the increment of the angular mo..
mentum of a particle during any time interval is equal to
the momentum of the force moment during the same time.

Let us consider two examples,
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Example t. The angular momentum of a particle relative to a cer
tain point varies in the course of, time t as L (t) = a + btl, where
a and h are certain constant vectors, with 8 ..L b. Find the force mo
ment M acting on the particle when the angle between the vectors M
and L is equal to 45°.

In accordance with Eq. (5.5) M = eu« = 2bt, i.e. the vector M
coincides in its direction with the vector b. Let us depict the vectors M

a

It Z

lig. 77

M

Fig. 78

and L at some.moment t..(Fig. 77). It is seen from the figure that the
angle a = 45° at the moment to, when a = btl. Hence, to = V alb
and M = 2 y(ifbb.

Esample 2. A stone A of mass m is thrown at an angle to the
horizontal with the initial velocity Yo. Ignoring the air drag, find
the time dependence L (I) of the angular momentum of the stone rela
tive to the 'point 0 from which the stone was thrown (Fig. 78).

During the time interval dt the angular momentum of the stone
relative to the point 0 increases by elL = M dt = [r, mg) dt. Since
r = vo' + gtl/2 (see p. 17), dL = {Yo, mg} t dt. Integrating this
expression with allowance made for the initial condition (L (0) = 0
at t := 0), we get L "(t) = [Yo, mg) t1/2. It is seen from this that the
direction of the vector L remains constant in the process of motion
(the vector L is directed beyond the plane of Fig. 78).

The angular momentum and the force moment relative
to an axis. Let us choose an arbitrary motionless axis z
in a given reference frame. Suppose the angular momentum
of the particle A relative to a certain point 0 of the z axis
is equal to L and the force moment acting on the particle
is equal to M.

The angular momentum relative to the z axis is the pro
jection of the vector L, defined with respect to an arbitrary
point 0 of the given axis, on that axis (Fig. 79). The con
cept of a force moment relative' to an axis is introduced in
a similar fashion. They are denoted by L z and l~f % re-
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spectively. We shall see later that L z and M z do not depend
on the choice of the point 0 on the z axis. _

Let us examine the properties of these quantities. Pro
jecting Eq. (5.5) on the z axis, we obtain

dLz/dt=M z, (5.7)

i.e. the time derivative of the angular momentum of the
particle relative to the z axis is equal to the force moment

I

p

J

Fig. 7JJ

relative to the same axis. In particular, if M z == 0, then
L z = const. In other words, when the force moment relative
to a fixed axis z is equal \'0 zero, the angular momentum
of the particle relative to that axis remains constant. The
vector L can, however, vary in the process.

Example. A small body of mass m suspended on a thread moves
uniformly along a horizontal circle (Fig. 80) due to gravity mg and
the tension T of the thread. The angular momentum of the body
relative to the point 0, the vector L, is located in the same plane
as the z axis and the thread. During the motion of the body the vector
L rotates continuously under the action of the moment M of gravity,
Le, it varies. As for the projection Lz' it remains constant since the
vector M is perpendicular to the z axis and Mz = o.

Now let us find analytical expressions for L z and It! z

It is easy to see that this problem reduces to the determine
tion of the projections of the vector products [rp1 and [r F]
on the z axis.

We shall make use of the cylindrical coordinate system
p, q>, Z, fixing the unit -vectors ep , e<p' e z' oriented in the
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direction of increasing coordinates, to the particle A (Fig. 81).
In this coordinate system the radius vector r and momentum
p of the particle are written in the form

r = pep+ se, p = ppep + pCIJecp + pze z,

where PP' Pcp, P z are the projections of the vector p on the
corresponding unit vectors. It is known from vector algebra

l'

Fig. 80 Fig. 81

that the vector product [rp] can be represented via tile
following determinant:

ep eq> e, I
L'= [rp] = P 0 z

Pp P\P pz I
From this it iWmmediately seen that the angular momentum
of the particle relative to the z axis is .

L, = PPCP' (5.8)

where p is the distance of the particle from the z axis. Let
us reduce this expression to a form more suitable for prac
tical applications. Taking into account that p~ = mvtp =
== mp<u z, we get

(5.9)

where (t) z is the projection of the angular velocity (J) with
which the radius vector of the particle rotates.
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The force moment relative to the z axis is written similarly
to Eq. (5.8): .

M z = pFqu (5.fO)

where Fq, is the projection of the foree vector F on the unit
vector ecp.

Note that the projections L z and M z are indeed indepen
dent of the choice of the point 0 on the z axis, relative to
which the vectors Land M are defined. Besides, it is seen
that L% and M % are algebraic quantities, their signs corre
sponding to those of the projections pfSJ and F41».

§ 5.2. The Law of Conservation
of Angular Momentum

Let us choose an arbitrary system of particles and intro
duce the notion of the angular momentum of that system
as the vector sum of angular momenta of its individual
particles:

L = }J Lit (5.11)

where all vectors are determined relative to the same point 0
of a given reference frame. Note that the angular momentum
of the system is an additive quantity: the angular momentum
of a system is equal to the sum of the angular momenta of
its individual parts, irrespective of whether they interact
or not.

Let us clarify what quantity defines the change of the
angular momentum of the system. For this purpose we
differentiate Eq. (5.11) with respect to ¥me: dUdt =
= }J dL,/dt. In the prevtousseetton it was shown that the
derivative dLi/dt is equal to the moment of all forces acting
on the ith particle. We represent this moment as the sum of
the moments of internal and external forces, i.e. Mi + M,.
Then

dL/dt=}J Mi +~ Mi·

Here the first sum is the total moment of all internal forces
relative to the point 0 and the second sum is the total moment
of all external forces relative to the same point.
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Let us demonstrate that the total moment of all internal
forces relative to any point is equal to zero. Indeed, the
internal forces are the forces of interaction between the
particles of the given system, In accordance with Newton's
third law these forces are pairwise equal in magnitude, are
opposite in direction and lie on the same straight line, that
is, have the same arm. Consequently, the force moments of
each pair of interaction are equal in magnitude and opposite
in direction, i.e. they counterbalance each other, and hence
the total moment of all internal forces always equals zero.

As a result, the last equation takes the form

(5.12)

where M· is the total moment of all external forces, M =
= }J Mi. ~

Eq. (5.1~ thus asserts that the time derivative of the angular
momentum of.a system is equal to the total moment of all exter
nal forces. It is undefstood that both quantities, Land M,
are determined relati~e to the same point 0 of a given refer
ence frame.

As in the case of a single particle, from Eq. (5.12)' it
follows that the increment of 'the angular momentum of a
system during the finite time interval t is

(5.13)

i.e. the increment of the angular momentum of a system is
equal to the momentum of the total moment of all external
forces during the corresponding time interval. Of course,
the two quantities, Land M, are also determined here rela
tive to the same point 0 of a chosen reference frame.

Eqs. (5.12) and (5.13) are valid both in inertial and non
inertial reference frames. However, in a non-inertial refer
ence frame one has to take into account the inertial forces
acting as external forces, i.e. in these equations M should
be regarded as the sum Mia -t- Min, where Mia is the total
moment of all external forces of interaction and Min is the
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total moment of inertial forces (relative to the same point 0
of the reference frame).

Thus, -we have reached the following significant con
clusion: in accordance with Eq. (5.12) the angular momentum
of a system can change only due to the total moment of all
external forces. From this immediately follows another im
portant conclusion, the law of conservation of angular
momentum:

in an inertial reference frame the angular momentum of
a closed system of particles remains constant, i.e. does not
change with time. This statement is valid for an angular
momentum determined relative to any point of the inertial
·reference frame.

Thus, in an inertial reference frame the angular momen
tum of a closed system of particles is

IL=~ L, (t) =eonst·1 (5.14)

At the same time the angular momenta of individual parts
or particles of a closed system can vary with time, a fact
emphasized in the last expression. These variations, how
ever, occur in such a way that the increment of the angular
momentum in one part of the system is equal to the angular
momentum decrease in another part (of course, relative to
the same point of the reference frame).

In this respect Eqs, (5.12) and (5.13) c be regarded as
a more general formulation of the angular mentum con
servation law, a formulation specifying the ca e of varia
tion of the angular momentum of a system, which is the
influence of other bodies (via the moment of external forces
of interaction). All this, of course, is valid only in inertial
reference frames.

Once again we shall point out the following: the law of
conservation of angular momentum is valid only in inertial
reference frames. This, however, does not rule out cases
when the angular momentum of a system remains constant
in non-inertial reference frames as well. For this, it is
sufficient that, in accordance with Eq. (5.12), which holds
true also in non-inertial reference frames, the total moment
of all external forces (including inertial forces) be equal to
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zero. Such circumstances are realized very seldom, and the
corresponding cases are exceptional.

The law of conservation of angular momentum is just
as important as the energy and momentum conservation
laws. In many cases this law by itself enables us to draw
important inferences about the essential aspects of particular
processes without going into their detailed analysis. We shall
illustrate this by the following example.

Examjtle. Two identical spheres are mounted on a smooth horizon
tal bar along which they can slide (Fig. 82). Initially the spheres are
brought together and connected by a thread. Then the whole assembly

to Fig. 82

is set into rotation about a vertical axis. After a period of free rota
tion, the thread is burned up. Naturally, the spheres Oy apart toward
the ends of the bar. At the same time, the "angular velocity of the
assembly drops dr~stically. _

The observed phenomenon is a direct consequence of the law of
conservation of. angular momentum, for this assembly behaves as
a closed system" (the external forces counterbalance one another and
the friction forces in the axis are small). To assess quantitatively tho
angular velocity change, let us assume the mass of the whole assembly
to be concentrated in the spheres and their size to be negligible.
Then, from the equality of the angular momenta of the spheres relative
to the point C in the initial and final states of the system 2m [r1vJ] =
= 2m [r.v.) it. follows. that

rfrol=rl(l)l·

I t is seen that as the distance r from the spheres to the rotation axis
grows, the angular momentum of the assembly decreases (as 1/r2) .

And vice versa, if the distance between the spheres decreases (due
to some internal forces), the angular velocity of the assembly increases.
This general phenomenon is widely used" by, for example, figure
skaters and gymnasts.

Note that the final result is quite independent of the nature of
internal forces (here the friction forces between the spheres and the
bar).
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Fig. 83

Of special interest are cases in which the angular momen
tum L remains constant in non-closed systems in which the
momentum p is known to change with time. If the total
moment of external forces relative to a point 0 of the chosen
reference frame M == 0 during the time interval considered,
then in accordance with Eq. (5.12) the angular momentum
of the system relative tothe point 0 remains constant during
this time interval. Generally speaking, such a point may
not exist in non-closed systems, so that the fact of its exis
tence should be established in every concrete case.

Example f. The Earth-Moon system moving in the gravitational
field of the Sun is non-closed. Its momentum continuously varies
due to gravitational forces. However, there is one point here relative
to which the moment of the gravitational forces acting on this system
is always equal to zero. This point is the centre of the Sun. Therefore,

it can be immediately claimed
that the angular momentum of the
Earth-Moon system relative to the
Sun's centre remains constant.

Example 2. A rod OB lying on
a smooth horizontal plane can
.rotate freely about a stationary:ver

~A/ tical axis passing through the rod's
~ end 0 (Fig. 83). A disc A moving

along the plane hits the rod's end B=========:::J and ~ts stuck there, whereupon
the whole system starts rotating
as a single unit about the point o.

It is clear that the disc and the
rod compose a non-closed system:

lpart from the forces counterbalancing each other in the vertical
direction. a horizontal force exerted by the axis is generated during
the impact, while' during the rotation the axis exerts a force impelling
the centre of inertia of the system to move along the circle. But hoth
of these forces j)alS through the point 0, and ·therefore the moment
of these external forces is always equal to zero (relative to the point 0).
Hence, the following conclusion can be drawn: the anplar momentum
of this IJstem remains constant relative to the point o.

Infrequently in non-closed systems it is not the angular
momentum L itself that remains constant, but its projec
tion on a stationary axis J. This happens when the projec
tio.n of.the total ~mentM of. all e~ter~al forces on that
axrs J IS equal to o. In fact, projecting Eq. (5.12) on
the z axis, we obtain

dL,jdt = M z. (5.15)



The LaID 0/ Conservation of Angular Momentum f59

Here L % and 'M % are the angular momentum and the total
moment of external forces relative to the z axis:

"(5.16)

where Liz and M,% are the angular momentum and the mo
ment of external forces relative to the z axis for the ith
particle of the system.

It follows from Eq. (5.15) that if M% == 0 relative to some
stationary axis z in a given reference frame, the angular
momentum of the' system. relative to that axis does not
change:

(5.17)

At the saae time the vector L, defined relative to an arbit
rary point 0 on that axis, may vary. For example, when
a system moves in a uniform gravitational field, the total
moment of 'all gravitational forces relative to any stationary
point 0 is perpendicular to the vertical, and therefore
M % == 0 and L z = const relative to any vertical axis. Thts
cannot be said about the vector L itself.

The reasoning leading to the law of conservation of angu
lar momentum is based entirely on the validity of Newton's
laws. But what about systems that do not obey those laws,
e.g. the systems with electromagnetic radiation, atoms,
nuclei, etc.?

Because of the immense role that the law of conservation
of angular momentum plays in. mechanics',' the concept
of angular momentum is extended in physics to non-mechan
ical} systems (which do not obey Newton's law) and the law
of conservation of angular momentum is postulated for all
physical processes.

The law of conservation of angular momentum thus extended
is no longer a consequence of Newton's laws; it represents
an Independent generalprinciple generalized from experimental
facts. Together with the energy and momentum conserva
tion laws the law of conservation of angular momentum' is
one of the most important, fundamental laws of nature.



tOO Classical Meebanics

0'
Fig. 84

o

§ 5.3. Internal Angular Momentum

It was established in the foregoing section that the angular
momentum L of a system changes only due to the total
moment M of all external forces; it is the vector M that
defines the behaviour of the vector L. Now we shall examine
the most essential properties of these q.uantities together

with the significant conclusions 101
lowing from those properties.

The total moment of' external
forces. Just as the moment of an in
dividual force, the total moment of
forces depends, generally speaking,
on the choice of a point relative to
which the moment is determined.
Let M be the total moment of
forces relative to the point 0 and M'
relative to the point 0' whose ra-
dius vector is equal to r o (Fig. 84).

Let us find the relationship between M and M'.
The radius vectors fi and ri of the point at which the force

F, is applied are related as ri = ri + f o (Fig. 84). Conse
quently, M may be written in the following form:

or
M=M' +.[roF], (5.1~)

where F = 2J F, .is the resultant of all external forces.
Eq. (5.18) shows that when F = 0, the total moment of

external forces does not depend on the choice of the point
relative to which it is determined. In particular, such is
the case when a couple acts on a system.

In this respect the C frame possesses one interesting and
important characteristic (rec" 1 that this reference frame
is rigidly fixed to the centre of in tia of a system of particles
and translates with respect to i tial frames). Since in
the general case the C frame is non-in rtial, the resultant of
all external forces must include not only the external forces
of interaction Fi a but also the inertial forces Fin- On the
other hand, the system of particles as a whole is at rest in
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the C frame, and therefore in accordance with Eq. (4.14)
F == Fi a"+ Fin = O. Taking into account Eq. (5.18), we
reach the following significant conclusion: in the C frame
the total moment of all external forces, including inertial
forces, does not depend on the choice of the point O.

And here is another important conclusion: in the C frame
the total moment of inertial forces relative to the centre of
inertia is always equal to zero:

(5.19)

or

Indeed, the inertial force acting on each particle of the
system F, = -miWo, where wo is the acceleration of the
C frame. Consequently, the total moment of all these forces
relati ve to the centre .of inertia C is

M~-=~[rh -miwo]=-[(Lm,r,), wol.

In accordance with Eq. (4.8) ~ miri = mrc, and as in
our case rc, == 0, then Mbn

= o.
Internal angular momentum. Generally speaking, angu

lar momentum, just as the force moment" depends on the
choice of the point 0 relative to which it is determined.
When that point is transferred by the distance ro (Fig. 84),
the new radius vectors ri of the particles are related to the
old ones ri by means of the formula ri = ri + roe Con
sequently, the angular momentum of the system relative
to the point 0 can be written as follows:

L= ~ [r,p,] = ~ [rip,] +~ [rop,],

L = L' +lrop], (5.20)

where L' is the angular momentum of the system relative
to the point 0', and p = }} Pi is the total momentum of
the system.

From Eq. (5.20) it follows that if the total momentum of
the system p == 0, then its angular momentum does not
depend on the choice of the point O. This distinguishes the
C frame, in which the system of particles as a whole is at
rest. Hence, we reach the third important conclusion: in the
C frame the angular momentum of a system of particles i.~

11-0539
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independent of the choice of the point relative to which it is
determined. We shall refer to this quantity as the internal
angular momentum of a system and denote it. by L.

Relation between Land L. Suppose L is the angular' mo
mentum of a system of particles relative to the point 0
of the K reference frame. Since the internal angular momen-
tum L in the C frame does not depend on the choice of the
point, 0', this point may be taken coincident with the point
o of the K frame at a given moment of time. Then at that
moment the radius vectors of all the particles in both refer
ence frames are equal (ri = r.) and the .velocit.les are related
by the form ula

Vi == Vi + Vc- (5.21)
where Vc is the velocity of the C frame relative to the K
frame. Consequently, we may write

L=~mf[rivi]=~mi[rivi]+~mi[riVC]. (5.22)
The first sum on the right-hand side of this equality is the
internal angular momentum -L. The second sum may be
written in accordance with Eq. (4.8) as m (r'cVe], or [rcp],
where m is the mass of the whole system, rc is the radius
vector of its centre of inertia in the K frame and P is the
total momentum of the system. Finally, we obtain

(5.23)

i.e. the angular momentum L of a system of particles comprises
its internal angular momentum 1 and the momentum (reP],
associated with the motion of the systenl, of articles as a single
unit.

Let us consider, for example, a uniform here rolling
down an inclined plane. Its angular momentu relative to
some point of that plane is composed of the angular momen
tum associated with the motion of the centre of inertia of
the sphere and the internal angular momentum associated
with the rotation of the sphere about its axis.

Specifically, it follows from Eq, (5.23) that if the centre
of inertia of a system is at rest (the momentum of the system
p = 0), then its angular momentum L represents the inter-
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nal angular momentum. We arc already familiar with that
case.. In another extreme case, when L::..=.: 0, the angular
momentum of a system relative to some point is determined
only via the momentum associated with the motion of the
system as a single unit, i.e, by the second term of Eq. (5.23).
This is how, for example, the angular momentum of any
solid behaves during its translation.

Equation of moments ill the C frame. We pointed out
In the previous section that Eq. (5.12) holds true in any
reference 'Irame. Consequently, it is valid ill the C frame as
well, and we can immediately write: ilL/dt = M, where M
is the total moment of external forces in the C frame.

Since the C frame is non-inertial in the' general case, At
includes not only the moments of external forces of interac
tion, but also the moment of inertial forces. On the other
hand, at the beginning of this section (see I)." 161) the force
moment Ii in the C frame was shown to be independent of
the choice 9f the point relative to which it is determined.
Usually, the point C, the centre of inertia of the system, is
taken as such a point. The choice of this point is advantageous
because the total moment of inertial forces relative to it
is equal to zero, so that one must take into account 'only
the total moment M c of external forces of interaction.
Thus.

(5.24)

i.e. the time derivative of the internal angular momentum
of a system is equal to the total moment of all external forces
of interaction reJative to the centre of inertia of that system.

In particular, when Me == '0, then L = const, i.e. the
internal angular momentum of a system does not vary.

When written in projections on the z axis passiug through
the centre of inertia of .a system, Eq. (5.24) takes the form

d£a/dt = MCz (5.25)
where M cs is the total moment of external forces of inter
action relative to the z axis fixed in the C frame and passing
through the centre of inertia. Ilero again. if JIll c» == U,
then Lz = const,

11*
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§ 5.4. Dynamics of a Solid

In the general case the motion of a solid is defined by two
vector equations. One of them is the equation of motion of
the centre of inertia (4.11), and the othertheequation relat
ing momenta and moments in the C frame, Eq. (5.24):

ni dVc/dt =F; dL/dt = Me. (5.26)

If the laws of acting external forces, the points of their
application and the initial conditions are known, these
equations provide the velocity and the position of each
point of a solid at any moment of time, i.e, make it pos
sible to solve the problem of motion of a solid completely.
However, despite the apparent simple form of Eqs. (5.26),
their solution in the general case is far from easy. First of
all· this is because the relationship between the internal
angular momentum L and the velocities of individual points
of a solid in the C frame turns out to be complicated, except
for a few special cases. We shall not consider this problem
in the general case (it is solved in the general theory) and
shall limit ourselves hereafter to only several special cases.

But first we shall quote some considerations which follow
directly from the very appearance of Eqs. (5.26). Clearly,
translation of forces along the direction of their action does
not affect either the resultant F or the total moment Me.
Eqs. (5.26) do not vary either, and therefore the motion of
a solid remains the same. Consequently, the points of
application of external forces can be transferred along the
direction of their action, a technique used very extensively.

Equivalent force. In those cases when the total moment of
all external forces turns out to be perpendicula to the resul
tant force~,<l~·e. M ..L F, all external forces rna be reduced
to one force F acting along a certain straight ine. In fact,
if the total moment relative to some point 0 ..L F, then
we can always find a vector r o .L M (Fig. 85, such that
with the given M and F

M = [roFl.

Here the choice of r o is not unambiguous: adding any vector
r parallel to F, we do not violate the last equality. This
means that this equality defines not a point of "application"
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Fig. 85

of the force F, but a line along which it acts. Knowing the
moduli M and F of the corresponding vectors, we can find
the arm l of the force F (Fig. 85): l == M/F.

Thus, if M .L F, then the system of forces acting on various
points of a solid may be replaced by one equivalent force
which is equal to the resultant force F and produces a moment
equal to the total moment M
of all external forces. H

A uniform field of force, e.g.
the gravitational field, can
serve as an example. In such a
field each particle experiences
the force F i = mig~ In' this- 0
case the total moment of grav
itational forces relative to
any point 0 is equal to I

M==~ (r,~{migJ = [(2] miri) gJ.
In accordance with ~Eq. (4.8)
the sum in parentheses is equal .
to mrc, where m is "the mass of a body and fe is the radius
vector of its centre of inertia relative t.n the point O. There-
fore, '

M = [mrc, g] = [fe, mgl.

This implies that the equivalent force mg of the gravitational
forces passes through the centre of inertia of the body. It is
customary to say that the equivalent force of gravity is
"applied" to the centre of inertia of a body, or to its centre
of gravity. Clearly, the moment of this force relative to the
centre of inertia of a body is equal to zero.

Now we shall move on to an' examination of the four
specific cases of motion of a solid: (1) rotation about a sta
tionary axis, (2) plane (two-dimensional) motion, (3) rota
tion about free axes, (4) the special case of motion when a
body has only one motionless point (gyroscopes).

t. Rotation about a stationary axis. First let us find the
expression for the angular momentum of a solid body relative
to the rotation axis 00' (Fig. 86). Making use of Eq. (5.9),
we write
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where m , and Pi are the mass of the ith particle of a solid
and its distance from the rotation axis, and ro z is its angular
velocity. Denoting the quantity in parentheses by I, we get

(~.27)

Fig. 86

o

where dm -and dV are the mass
and the volume of an element of
the body located at the"distance
r from the z axis chosen, and p
is the density of the body at a
given point.

The 'moments of inertia of
some uniform solids relative

to the Zc axis passing through their centres of inertia are
listed in the following table (here m is the mass of the body):

where I Is the so-called moment of inertia of a solid relative
to the 00' axis:

1 = }J mfpl. (5.28)

It. is easy to see that tlre moment of inertia of a solid depends
on tho distribution of masses relative to the axis in question,

and i~ an additive quantity.
The ;moment of inertia of a

body is calculated by means of
the following formula:'

1 = ! r2 dm = I pr2 dV,

Solid body I Ze axis 1\ Moment of tnertta
\ Ie

A thin rod o[ Is perpendicular to \ i
length l the rod - 1Iti2

12
A uni Iorrn cy tinder Coincides with the axis 1

of radius R of the cy Iinder -mRS
2

A thin disc or Coincides with the 1
radius 'n d iametor of the disc -mRS

4
A sphere of radius R Passes through the 2

ren tre of the sphere - nlRt
5
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In terms of mathematics thecalculation of the moment of
inertia of a solid body of an arbitrary shape relative to oue
or another axis presents, generally speaking, a painstaking
task. In certain cases, however, the moment of inertia can
be calculated much more easily if one resorts to the Steiner
theorem: .the moment of inertia I relative to an arbitrary z
axis is equal to the moment of inertia I c relative to the Zc
axis which is parallel to the z axis and passes through the
centre of inertia C of the body, plus the product of the mass
m of the body by the square of the distance a between the
axes:

II=lc+ma2.1 (5.29)

The theorem is proved in Appendix 3 ..
Thus, when the moment of inertia I c is known, the

moment ofcnertia I is calculated with no effort. For example,
t he moment of inertia of a thin rod (of mass m and length l)
relative to an axis perpendicular to the rod and passing
through its end is equal to

I =1~ ml2 +m (+)2 = ~ ml 2
•

The fundamental equation of rotation dynamics of a solid
body (stationary axis of rotation). This equation can be
easily obtained as a consequence of Eq. (5.15) by differen
tiating Eq. (;).27) with respect to time. Then

(5.30)

where M z is the total moment of all external forces relative
to the rotation axis. Specifically, from this equation the
moment of inertia I is seen to determine the inertial IJl'OP
erties of a solid body during its rotation: the same moment
of forces M z induces B smaller angular accelerat.ion ~ %

in bodies possessing greater moments of inertia ..
Recall that force moments relative to an axis are algebraic

qnantities: their signs depend on both the choice of the
positive direction of the z axis (coinciding with the rotation
axis) and the "rot at.ion" direction of the corresponding force
moment, For example, choosing the positive direct-ion of the
z,.axis 8S shown in Fig .. 87, we thereby specify the positive
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Fig. 87

direction of reading the angle q> (both of these directions
are associated with the right-hand screw rule). Next, if a
certain moment Mi % "rotates" a body in the positive direc
tion of the angle <p, that moment is regarded as positive,
and vice versa: In its turn, the sign of the total moment M z
determines the sign of ~ %' the projection of the angular
acceleration lIJIector on the z axis.

By integrating "Eq. (5.30) with allowance made for the
initial conditions, the values 0)0% and <Po at the initial mo

ment of time, we can obtain a compre
hensive solution of the problem of a sol
id body rotating about a stationary
axis, i.e, obtain the time dependence of
the angular velocity ro % (t) and the rota
tion angle q> (t).

Note that Eq. (5.30) is valid in any
reference frame fixed rigidly to the rota
tion axis. However, if the reference frame

is non-inertial. it shouldlbe borne in mind that the force
moment M % consists not only of moments of forces of inter
action with other bodies, but also moments of inertial
forces.

Kinetic energy of 8 rotating solid body (stationary axis
of rotation). Since the velocity of the ith particle of a ro
tating solid body is Vi = PiOl, we may write

T = ~ m,v1/2 = (~m,p~) 002/2
or briefly,

(5.31)

where I is the moment of inertia of the body" relative to the
rotation axis and (i) is its angular velocity.

Example. Disc 1 (Fig. 88) rotates about a smooth vertical axis
with the angular velocity(l)l. Disc 2 rotating with the angular veloc
i ty (1)2 I falls on disc 1. Due to friction between them the discs soon
start rotating as a single unit. Find the increment of the rotational
kinetic energy of that system provided that the moments of inertia
of the discs relative to the rotation axis are equal to /1 and 12 respec-
tively, , /

First let us find the steady-state angular velocity of rotation.
From the law of conservation of the angular momentum of a system
relative to the J axis it follows that 11001%+ JaCJ)sz = (11 + 1.) CJ)Zt
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whence
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<l)Z=(ll<1)IZ+1~tz)/(11+It). (t)

Note that (a)1%' (a)t% and (1)% are algebraic quantities. If (I)% > 0, the
corresponding vector 0) coincides with the positive direction of the z
axis, and vice versa.

The increment of the kinetic energy of l
rotation for this system is

8T = (11"+ I I) (1):/2- (I lwt%/2+llw~:/2).

Replacing roz by its expression (1), we get

_ lIlt I
AT- - 2(1

1
+1

1
) (W1%-WI:). (2)

The minus sign shows that the kinetic ener- Fig. 88
gy of the system decreases.

Note that the results (1) and (2) are quite similar in form and
meaning to the case of absolutely inelastic collision (see p. 127).

~ .

The work performed by external forces during the rota
tion of a solid body phont a stationary axis. In accordance
with the law of variation of mechanical energy of a system
the elementary work: of all "external forces acting on a solid
body is equal only to the increment of kinetic energy of the
body, as its internal potential energy remains constant," Le.
~A = dT. Making use of Eq, (5.31), we may write .sA "::;:::
= d (100 2/2). Since the z axis coincides with the rotation
axis, 00

2 = 00: and
6A = I 00 % dw z-

But in accordance with Eq. (5.30), Ids» % = M z dt. Sub
stituting this expression into the last equation for BA
and taking into account that 00 % dt = dcp, we obtain

liA = M % dcp. (5.32)

The work 6A is an algebraic quantity: if M: and d<p have
identical signs, then BA > 0; if the signs are opposite, then
BA< O.

The work performed by external forces during the rotation
of a solid through an anglef1Icp is equal to /

A= Ju, dq>.// (5.33)
o
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When Atlz = const , the last expression takes a simple form:
A = M%cp.

Thus, the work performed by external forces during the
rotation of a solid around a stationary axis is determined by
the action of the moment III % of these forces relative to that
axis. If the forces are such that their moment M z 55 0,
then they perform no work.

2. Plane motion of a.solid body (see p. 26). During plane
motion 'the centre of inertia C of a solid body moves in a
certain plane stationary in a given reference frame K while
the angular velocity vector (J) of the body remains perma
nently perpendicular to that plane. This' signifies that the
body in the C frame performs 8 purely rotational .motion
about the stationary (in that frame) axis passing through
the centre of inertia of the body. At the same time, the
rotation of a solid is defined by Eq. (5.30), which was shown
to be valid in any reference frame.

Thus, we have the following two equations describing
plane motion of a solid body: ..

mwc=F; IcPz=MCz t (5.34)

where m is the mass of the body, F is the resultant of all
external forces, I c and M c z are the moment of inertia and
the total moment of all external forces, both moments being
determined relative to the axis passing through the centre
of inertia of the body.

It should be borne in mind that the moment M c« includes
only external forces of interaction In spite of the fact that
in the general case the C frame is non-inertial. This is because
the total moment of inertial forces is equal to zero both
relative to the centre of inertia and relative to any axis
passing through that point. Therefore it can be disregarded
altogether (see .p. 163).

Note also that the angular acceleration Pz, as well as (0 %

and <1', are equal in both reference frames since the C frame
translates relative to the inertial reference frame K.

Integrating Eqs, (fi.34) with allowance made for the ini
tial conditions, we can find the relationships r c (t) and
cp (t) defining the position of a solid body at any moment. t.

When finding the motion of a non-free solid body one has
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to use still another, additional condition specifying- the
restrictions that existing bonds impose on the motion. This
condit.ion provides a kinematicrelationshi.p bet.ween the
linear and angular accelerations,

Example. A uniform, cylinder of mass m and radius r rolls without
slipping down an inclined plane forming the angle a with the hori
zontal (Fig. 89). Find the motion
equation of the cylinder.

The standard approach to the
solu tion of problems of this type
consists in.""the following. First of Gf/
all, one should-identify the forces ~r
acting on a given body and the
points of their application (in this
case the actin~ forees include m~,
gravity, R~ the normal component
of the force of reaction of the in-
clined pla_ and F", the static frie mg .
tion Iorce)., Then it is necessary to
choose the positive dlrections of .
the % axis and of the rotation angle FIg. 89
q> (these directions should be consis- .
tent so that the accelerations WCX and Pz have the identical signs),
e.g. as shown in Fig. 89, right. And only after that can the equations
of motion (5.34) be written in terms of projections on the chosen posi
tive directions of % and q>:

mwcx=mgsina-Fjr, lcpz=rFjr.

In addition, the absence of slipping provides the kinematic relation
ship between the accelerations:

wcx=r~z·

The simultaneous solution of all three equations allows the accelera
tions We andwp,"as wellas the Ftr force: to' be found.

Klnetle energy in the plane motion of 8 solid body. Sup
pose a body performs a plane motion in a certain inertial
reference frame K. To find its kinetic energy T in this frame,
we shall resort to Eq. (4.12). The quantity T entering into·
this ~quation represents in this case the kinet.ic energy of
rotation of the body in the C frame about an axis passing
through t.he body's centre of ..inertia. In~ with
Eq, (5.31) T = I coot/2, therefore we may immediately
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write

IT
I erot· mV~ I

=-2-+-2-'

Classtco; JVechanics

(5.35)

Fig. 90

where I c is the moment of inertia of the body relative to
the rotation axis passing through its centre of inertia, (0

is the angular velocity of the body, m is its mass, and Vc
is the velocity of the body's centre of inertia in the K refer
ence frame.

Thus, the kinetic energy of a solid body in a plane motion
comprises the rotation energy in the C frame and the energy

associated with the motion of
the centre of inertia. '

3. Free.axes. Principal axes
of inertia. When a solid body
is set in rotation and then
left free, the direction of the
rotation axis changes in space,
generally speaking. To make
the body's arbitrary rotation
axis keep its direction con
stant, some forces need to be
applied to that axis.

Let us consider this problem
in detail using the following
example. Suppose the middle
point C of a uniform rod is
rigidly fixed to a rotation axis
so that the angle between

the axis and the rod is equal to e (Fig. 90). Let us find. the
moment M of the external forces which should be applied
to the rotation axis to keep its direction constant during
the rod '8 rotation with the angular velocity (0. In accordance
with Eq. (5.12) this momentM = dL/dt. Thus, to determine
M, one should first find the angular momentum L of the
rod and then its time derivative.

The angular momentum L can be determined most easily
relative to the point C. Let us isolate ment.ally the rod '8

element of mass 6m located at the distance r from the point
C. Its angular momentum relative to that point cSL=[r, 6mv),
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where v is the velocity of the element. It can be easily seen
from Fig. 90 that the vector 6L is perpendicular to the rod
and its direction is independent of the choice of the element
Sm, Consequently, the total angular momentum L of the
rod coincides with the vector 6L in direction.

Note that in this case the vector L docs not coincide ill
its direction with the vector m!

During the rotation of the rod the vector L also rotates
with the angular velocity ID. In the time interval dt the
vector L acquires the increment dL~ whose magnitude is
seen from Fig. 90 to be equal to

I dL I = L sin ('1/2 - 9) 0) dt,

or, in a vector form, dL =:r. [roL] dt. Dividing both sides of
the last expression by dt, we obtain

M = [mLl.

Thus, to maintain the rotation axis in a fixed direction, it
should be subjected to the moment M of some external forces
F (shown in Fig. 90). However, it is easy to see that when
e = n/2, the vector L coincides in its direction with the
vector ID, and in this case M == 0, i.e. the direction of the
rotation axis remains invariable in the absence of external
influence.

A rotation axis whose direction in space remains invariable
in the absence of any external forces is referred to as a free
axis of a body.

It is proved in the general theory that for any solid body
there are three mutually perpendicular axes which pass
through the centre of inertia of a body and can serve as free
axes. They are called the princtpal axes of inertia of a body.

The determination of the principal axes of inertia of a
body of an arbitrary form is a complex mathematical prob
lem. It is much simpler, however, for bod~g
some kind of symmetry, since the position of the centre of
inertia and the direction of the principal axes of inertia
possess in this case the same kind of symmetry.

For example, a uniform rectangular parallelepiped has
principal axes passing through the centres of opposite faces.
When a body possesses a symmetry axis (e.g. a uniform
cylinder), one of its principal axes of inertia may be repre..
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sonted by that symmetry axis while any two mutually
perpendicular axes lying ill the plane perpendicular to tho
symmetry axis and passing through the body's centre ol
inertia can be chosen as the other axes. Thus, in a body pos
sessing axial symmetry only one of tile principal axes of
inertia is fixed. In a body possessing central symmetry (e.g.
in a uniform sphere) any three mutually perpendicular axes
passing through the body's centre can be chosen as the prin
cipal axes of inertia, that is, not a single principal axis of
inertia is fixed with respect to the body.

~...e important characteristic property of the principal
axes of inertia of a body is the fact that during the rotation
of the body about any of them the angular momentum L of
the body coincides in its direction with the angular velocity
ro of the body and is determined by the formula

L = 16), (5.36)

where I is the moment of inertia of the body relative to the
given principal axis of inertia. Here L does not depend on
the choice of the point relative to which it is determined
(assuming' the rotation ·axis to be stationary).

The validity of Eq. (5.36) may be easily demonstrated for
the case of a uniform body possessing axial symmetry.
Indeed, in accordance with Eq. (5.27) the angular momen
tum of a solid body relative to the rotation axis L z = It» z
(recall that L z is the projection of the vector L determined
relative to any point on that axis). But when a body is
symmetric relative to the rotation axis, it immediatoly
follows from the condition of symmetry that the vector L
coincides in its direction with the vector (0, and therefore,
L = 1m.

Once again, it should be pointed out that in the general
case (when the rotation axis does .not coincide with any of
the principal axes of inertia though it passes through the
centre of inertia of a body) the direction of the vector L
does not coincide with that of the vector (0, and the relation
ship between these vectors is very complex. This fact ac
counts for the complicated behaviour of rotating solids.

4. Gyroscopes. A gyroscope is a massive symmetric body
rotating about its symmetry axis with a high angular veloc
ity. Let us examine the behaviour of a gyroscope using a
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Fig. 91

o

top as an example. It is ){IlOWn from experience that if the
axis of a spinning top is tilted from the vertical, the top does
not fall, but performs so-called precession, with its axis
circumscribing a cone about the vertical with a certain
angular velocity ro'. It turns out that with an increase in
the angular velocity (0 of spinning of the top, the angular
velocity 0)' of precessi on decreases,

Such behaviour of a gyroscope can be readily explained
using the equation of momenta (5.12), assuming ro ~ 00'.
This condition, by the way, elu-
cidates what is meant by the rap- fJJ'

id spinning of a gyroscope. In
fact, the angular momentum L
of a precessing gyrnscope rela-
tive to the supporting point 0
(Fig. 91) may be represented as
the sum of the angular momen-
tum LCf)....·~sociated with the gy
roscopej spinning about its axis
and some additional-angular mo-

Imentum L caused by the gy-
roscope precession about. the ver
tical axis, i.e.

L=Lw+L'.

Since the gyroscope 'axis coin
cides with one of the" principal
axes of inertia, then in accor
dance with Eq. (5.36) LCf) = I (I),

where I is the moment of iner
tia of 8 gyroscope with respect
to that axis. Moreover, it is clear that as the precession gets·
slower, the corresponding. angular momentum L~diminishes.

If ro ~ (I)', then in all practical cases LCiJ ~ L', a~ therefore
the resultant angular momentum L essentially ~incides
with ~ both in magnit.ude and direction. We c thus
assume that

L = l e:

Knowing the behaviour of the vector L, we can find the mo
t.ion characteristics of a ~yroscope axis,
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But the behaviour of the vector L is described by the
equation of moments (5.12). In accordance with that equa
tion the angular momentum L relative to the point 0
(Fig. 91) acquires during the time interval dt the increment

dL = Mdt, (5.37)

coinciding in direction with the vector M, the moment of
external forces relative to the same point 0 (in this case
that is the moment of the gravitational force mg). From
Fig. 91 it is seen that dL -.L L. As a result, the vector L
(and, consequently, the gyroscope axis) spins together with
the vector M about the vertical, circumscribing a circular
cone with the half-aperture angle 8. The gyroscope precesses
-about the vertical axis with some angular velocity ro'..

Let us find how the vectors M, L and (I)' are interrelated.
From the figure the modulus increment of the vector L during
the time interval dt is seen to be equal to I dL I =
= L sin 8 ro'dt, or in vector form dL = (ro'Ll dt, Substi
tuting this expression into Eq. (5.37), we obtain

[ro'Ll = M. (5.38)

It is seen from this equation that the moment of force M
defines the angular precession velocity ro' (but not accelera
tion!). Therefore, an instantaneous elimination of the mo
ment M entails an instantaneous disappearance of precession.
In this respect, one may say that precession possesses no
inertia. -

Note that the force moment M acting on;a gyroscope may
be very different in nature. Continuous precession, i.e, the
constant angular velocity m', is maintained provided the
vector M remains constant in magnitude and spins together
with the gyroscope axis.

Example. Find the angular velocity of precession of a tilted gyro ..
scope of mass m spinning with a high angular velocity (J) about its
symmetry axil! with respect to which the moment of inertia of the
gyroscope is equal to 1. The gyroscope's centre of inertia is located at
a distance l from the supporting point.

In accordance with Eq. (5.38) 6>'100 sin e = mg] sin a, where 9
is the angle between the vertical and the gyroscope axis (Fig. 91).
Hence,'

(a)' = mgl/]oo.
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It is interesting to note that the quantity 6)' is independent of the
inclination angle a of 'the gyroscope axi~ In addition, the result,
obtained shows that 00' is inversely proportional to CI), Le, the higher
the angular velocity of a gyroscope, the lower the angular ,velocity
of its precession. w

Gyroscopic couple. Now let us examine a phenomenon
appearing with the forced rotation of a gyroscope axis.
Suppose, for example, a gyroscope axis is mounted in a U
shaped support, which we rotate about the 00' axis as

Fig. 92 Fig. 93

shown in Fig. 92. If the" angular momentum L of the gyro
scope is directed to the right, then during the time interval
dt in the process of that rotation the vector L gets an incre
ment dL, a vector directed beyond the plane of the figure.
In accordance with Eq. (5.37) this implies that the gyroscope,
experiences the force moment M 'coinciding with the dL
vector in direction. The moment M Is due to the appearance
of the couple F that the support exerts on the gyroscope axis.
In accordance with Newton's third law, on the other hand,
the support itself experiences the forces F' developed by the
gyroscope axis (Fig. 92). These forces are referred to as
gyroscopic; they form the gyroscopic coupleM' = -M. Note
that in this case the gyroscope is not capable of resisting
the variation of its rotation axis direction.
12-0539
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The appearance of gyroscopic forces is referred to as
gyrostatic action, or gyroeffect. A gyroeffect associated with
the appearance of gyroscopic stresses in bearings is observed,
for example, in turbine rotors of ships at the time of turning,
rolling or pitching, in propeller-driven planes during turn
ing, etc.

Let us examine gyrostatic action in a gyroscope whose
axis together with a bearing frame (Fig. 93) can rotate freely
about the horizontal axis 00' of a V-shaped mount. When
the mount is set into 8. forced rotation about the vertical
axis as shown in the figure by the (I)' vector, the angular
momentum L of the gyroscope receives during the time
interval dt an increment dL1, a vector directed beyond the
pJane of the figure. That increment is induced by the moment
M 1 of a couple exerted on the gyroscope axis by the frame.
The corresponding gyroscopic forces exerted by the gyroscope
axis on the- frame make the frame turn about the horizontal
axis 00'. In the process the vector L acquires an additional
increment dL 2 which is in its turn caused by the moment M 2

.of the couple which the frame exerts on the gyroscope axis.
Consequently, the gyroscope axis turns so that the vector L .
tends to coincide in its direction with the vector m'.

Thus, during the time interval dt the angular momentum L
of the gyroscope acquires an increment dL = dL l + dLg =
= (M1 +M t) dt. As this takes place, the frame experiences
the gyroscopic couple

M' = -(M1+M2) .

The component of that couple M ~ = -Mt makes the frame
turn about the horizontal axis 00', while' the other compo
nent M; = -Mt opposes the turning of the whole system
about the vertical axis (in contrast to the previous case).

The gyroeffect underlies various applications of gyro
scopes: the gyrocompass, gyroscopic stabilizers, the gyro
sextant, etc.

Problems to Cbapte~ 5

• 5.t. Find the maximum and minimum distances of the planet
A from the Sun S if at a certain moment of time it was at the distance
ro and travelled with the velocity VO t with the angle between the
radius vector ro and the vector Vo being equal to cp (Fig. 94).

I -
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Solution. Let us make use of the laws of conservation of angular
momentum and energy. The centre of the Sun is the point relative
to which the angular momentum of the planet remains constant.
Therefore,

romvo sin q> = rmv,

where m is the mass of the j)lanet. The angular momentum of·the
planet at a given moment of time enters into the left-hand side of

I

Fig. 94
z

Fig. 95

that equalit~, while the right-hand side contains its angular momen
tum at the maximum (minimum) distance r when r 1- v.

From the energy censervation law it follows that

. mvl/~'VmM/ro=mvl/2-ymM/r,

where M is the mass of the Sun and y is the gravita tiona} constant.
Eliminating v from these two equations, we get

r= 2 r°
rl

(t ± vt-a(2-a)sinS <p),

where a = rov~/'VM. The plus sign in front of the radical sign corres
ponds to rmax and the minus sign to rml n-

• 5.2. Particle 1 located far from particle 2 and possessing the
kinetic energy To and mass ml strikes particle 2 of mass m2 through
the aiming parameter l, the arm of the momentum vector relative
to particle 2 (Fig. 95). Each particle carries a charge +.q. Find the
smallest distance between the particles when

lA't) m1 « ml;
(2) ml is comparable to m2•

Solution. 1. The condition m1 « m l means that in the process
of interaction particle. 2· is practically motionless. The vector of the
force acting on particle 1 passes continuously through the point at
which particle 2 is located. Consequently, the angular momentum
of particle 1 relative to motionless particle 2 is conserved. Hence,

lpO=rminP,
where the left-hand side represents the angular momentum of par
ticle 1 located far from particle 2 and the right-hand side is the angu
lar momentum of particle 1 at the moment of the closest approach,

12*
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when r ..L p (Fig. 95.) Next, from the energy conservation law it fol-
lows that -

To=T+kq'/rmin,

where T is the kinetic energy of particle 1 at the moment of the closest
approach. Having solved these two equations (and taking into account
the relationship between Po and To), we obtain

rmln""; ;;: (1+ y 1+<21To/kql)I) . (1)

2. In this ease one cannot assume that particle 2 is at rest in the
process of interaction. It is advisable to seek the solution here in the
C frame, in which the "collision" occurs the way it is shown in Fig. 96.
This system of two particles is assumed closed, and therefore its inter-

nal angular momentum is con
served:

1;;10 = rm'n~ , (2)
where account is taken of the
fact that fl s .l. ~ at the-mo
ment of the closest approach
(see Fig. 95). Moreover,- in ac
cordance ~th the energy con-

2 servation law

To=T+kq2/rmtn, (3)

where To and T are the total
. kinetic energies of the particles

FIg. 96 in the C frame, respectively, at
the moment when they are far

from each other and at the moment of their closest approach. From
Eqs. (2) and (3) we get expression (f), only with To substituted for·
To. What is more, in this case (particle 2 is originally at rest)

,...., m,
To= + TOt

ml ml

in accordance with Eq. (4.16). Note that if '!'-1 ~ ml' then To ~ To
and the expression for Tmin is completely identical to Eq. (1).

. 5 5.3. A small sphere is suspended at the point 0 by means of
a light non-stretchable thread of length I. Then the sphere is swung
through an angle a from the vertical and imparted an initial velocity
Va perpendicular to the vertical plane in which the thread is located.
At wliat velocity Vo is the maximum swinging angle equal to n./2?

S olution. The 8wingi.ng sphere experiences two forces: the gravi
tational force and the tension of the thread. It is not difficult to see
that the moment of these forces M z == 0 relative to the vertical axis z
passing through the point o. Consequently, the angular momentum
L, of the ~phel(l relative to the given axis is constant, or' .

I sin 9 -mvo =. l-mv, (t)
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m

A

m

where m. is the mass of the sphere, and v is its velocity in the position
when the thread forms the angle 1[/2 with the vertical.

The sphere moves in the Earth's ~ravitational field under the
influence of an external force, the tension of the thread. That force
is always perpendicular to the velocity vector of the sphere and there
fore does not perform any work. It follows that in accordance with
Eq. (3.32) the mechanical energy of the sphere in the Earth's gravi
tational field remains constant:

mvl/2=-: ~~vl/2+ mgl cos at (2)

where the right-hand side of the
equality corresponds to the hori
zontal position of the thread.

The simultaneous solution of
Eqs. (1) and (2) yields

Vo = y2gl/cos 6.

• '5.4. Two identical smallcou
plings are positioned on a rigid
wire ring df radius ro which can
freely rotate about the vertical axis
A B (Fig. 97)..-They are ,;joined to
gether by a thread and set in the
position m-m. Then the' whole as-
sembly isset into rotation with the Fig. 97
angular velocity CalOt whereupon the
thiead is humt at the point A.
Assuming the mass of the assembly to be concentrated mainly in the
couplings, find its angular velocity at the moment when the couplings
have slid dewn (without friction) to the extreme lower position m' -m' •

. Solution, Suppose that in the lower position the couplings are
located at the distance r from the rotation axis and the angular velo
city of the assembly is Cal. Then, from the laws of conservation of
energy and angular momentum relative to the rotation axis, it fol
lows that

rS(I)t - rBooB = 2g1l; rloo = rlooo t

where h is the difference in the height of the couplings in the upper
and lower positions. Besides, from Fig. 97 it is seen that

rB=rt +h2 •

These three equations, when solved simultaneously, yield

w= (t +Yt +(4glroOlB)' )roo/2•

• 5.5. A smooth rod rotates.freely in a horizontal plane with the
angular velocity Wo about a stationary vertical axis 0 (Fig. 98) rela
tive to which the rod's moment of inertia is equal to I. A small coupling
of mass m is located on the rod close to the rotation axis anti is tied
to it by a thread. When the thread is burned, the coupling starts
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sliding along the rod. Find the velocity v' of the coupling relative
to the rod as a function of its distance r from the rotation axis.

Solution. In the process of motion of the given system the kinetic
energy and the angular momentum relative to the rotation axis do
not vary. Hence, it follows that

Irod = /002+mv'; 10)0 =(I+mrS) 6),

where v2 = v'2 + ro2r 2 (Fig. 98). From these equations we obtain

Vi = CiJor/lt' 1+ mrs/I •

• 5.6. A bullet A fiying horizontally hits and remains in a vertical
uniform rod of mass m and length 10 hinged by its upper end at the

r m

Fig. 98

A

Fig. 99

c

point 0 (Fig. 99). The bullet has the momentum p and hits the rod
at a point lying at the distance l from the point O. Disregarding the
mass of the bullet, find

(1) the momentum increment of the bullet-rod system during the
time of motion of the bullet in the rod;

(2) the angular velocity acquired by the rod with regard to the
internal angular momentum of the bullet, which is equal to Land
coincides in direction with the vector p (the bullet spins about its
motion direction). .

Solution. 1. The bullet-rod system is non-closed: apart from the
counterbalancing forces a horizontal component of the reaction force
appears in the process of motion of the bullet at the point 0 of the
rod. That component brings about the momentum increment of the
system:

Ap = muc - p,

where Vc is the velocity of the centre of inertia of the rod after the
bullet has hi t.

/ Since\ all external forces in this process pass through the point 0,
the anguler momentum of the system remains constant relative to
any axis passing through that point as long as the bullet moves in the
rod. Choosing the axis that is at right angles to the figure plane, we
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write
lp = [0>,

tSS

where 1 is the moment of inertia of the rod relative to the axis thus
chosen, and Cal is the 'angular velocity of the rod immediately after
the bullet has stopped in it.

With allowance made for Vc = (J)T, where r is the distance from
the point 0 to the centre of inertia of the rod, these two equations
yield

b.p = (3l/210 - t) p.

It is seen that the sign of the increment ~p depends on the ratio 1110 ,

Specifically, when ll'o = 2/3, lip = 0, Le, the momentum of tile

t

Fig. too

x

Fig. 1.01

system does not, vary as long as the bullet keeps movinf in the rod.
This signifies that in this case the horizontal component 0 the reaction
force at the point 0 is absent.

2. In this case the angular momentum of the system with respect
to the point 0 also remains constant as long as the bullet moves in
the rod, and consequently in accordance with Eq. (5.23)

L+llp]=L.

Here the angular momentum of the bullet relative to the point 0
is written on the left-hand side and on the right-hand side we wrote
the angular momentum 'of- the rod (together with the bullet stuck
in it) immediately after the bullet stopped (see Fig. iOO where all
three vectors are located in the horizontal plane).

Let us calculate the vector L when the rod (with the bullet) acquires
the angular velocity ID. We shall consider a small element of the rod
of mass dm located at the distance r from the point O. Its angular
momentum relative t~ the point 0 is equal to

dL=[r, dmv]=dm.r2m= (mm/lo) r t dr ,
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Thus,

where v is the velocity of the given element. Integrating this expres
sion over all elements, we obtjlin

L=mlifiJ/3.

t+llp] =mllm/3.

Using this formula, we obtain in accordance with Fig. too

00=3 VLI+llpl/mlft.

From the same figure one can find also the direction of the vector (J)

(the angle (X). .
• 5.7. A uniform solid cylinder of mass mo and radius R can rotate

without friction about a stationary horizontal axis 0 (Fig. tot).
A thin non-stretchable cord, of length l and mass m is wound in one
layer over the cylinder. Find the angular acceleration of the cylinder
as,a function of the length z of the overhanging piece of cord. Slipping
is assumed absent and the centre of gravity of the wound portion of
cord is supposed to be located at the cylinder's axis.

Solution. Let us make use of the equation of moments (5.15) rela
ti ve to the 0 axis. For this purpose we find the angular momentum
of the system Lz relative to tlie "given axis and the corresponding force
moment Mz• The angular momentum is

Lz= [<Ilz + Rmv= (mo/2+ m) RI(J)z,

where allowance is made for the moment of inertia of the cylinder
I = moRI/2 and v = wzR (no cord slipping). The moment of the
external gravitational forces relative" to the.0 axis is

Mz = Rmgell,

Differentiating Lz with respect to time and substituting dLJdt
and Mz into the equation of moments, we obtain

Pz = 2mgz/IR (mo + 2m)•

• 5.8. A uniform disc of radius TOlies on a smooth horizontal plane~.
A similar disc spinning with the' angular velocity (00 is carefully
lowered onto the first disc. How soon do both discs spin with the
same angular velocity if the friction coefficient between them is equal
to k? .

S elution, First, let us find the~steadr-state rotation angular veloc
ity w. From the law of conservation 0 angular momentum it follows
that 1000 = 21m, where I is the moment of inertia of each disc relative
to the common rotation axis. Hence,

m='wJ2.
Now let us examine the behaviour of one of the discs, for example,
the lower one. Its angular velocity' varies due to the moment M
of the friction forees. To calculate M, we single out on the upper
surface plane of the disc an elementaryj ring with radii rand T + dr,
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The moment of the friction forces acting on the given ring is equal to

aM = rk (mglnrB) 2nr ar= (2kmglrl) rt dr ,

where m is the mass of each disc. Integrating this expression with
respect to r between 0 and ro, we get

M = (2/3) kmgro.

In accordance with Eq. (5.30)", the angular velocity of the lower disc
increases by dID over the time interval

dt = (11M) dm = (arol4 kg) dm.

Integrating this equation with "respect -to (I) between 0 and (1)0/2,
we find the sought time

t = Sromo/Skg•

• 5.9. A uniform cylinder is placed on a horizontal board (Fig. 102).
The coefficient of friction between them is equal to k, The board is

Fig. t02 Fig. t03

imparted a constant acceleration lD in a horizontal direction at right
angles to the cylinder's axis. Find

(f) the acceleratlon of the cylinder axis in the absence of slipping;
(2) the limiting value WUm for which there is no slipping.
Solutton, 1. Choosing the positive directions for % and q> as shown

in Fig. 102, we write the equation of motion of the cylinder axis and
the equation of moments in the C frame relative to that axis:

mwe=Fjr; I~=rFfr,

where m and I are the mass and the moment of inertia of the cylinder
relative to its axis. In addition, the condition for the absence of
slipping of the cylinder yields the kinematic relation of the accelera
tions:

W - We = pre
From these three equations we obtain We = w/3.

2. Let us find from the previous equations the magnitude of the
friction force F./r ensuring that the cylinder rolls without slipping:
FI ,. = mw/3. The maximum possible value of that force is equal
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to kmg. Hence,
W'lm=31cg •

• 5.tO. A uniform sphere of radius r starts rolling down without
slipping from the top of another sphere of radius R (Fig. f03). Find
the angular velocity of the sphere after it leaves the surface of the
other sphere.

Solutton, First of all note that the angular velocity of the sphere
-after it leaves does not change. Therefore the problem reduces to the
determination of its magnitude at the moment of breaking-off.

Let us write the equation of motion for the centre of the sphere at
the moment of breaking-off:

mVJ./(R + r) = mg cos 0, .
where v is the velocity of the centre of the sphere at that moment,
and 9 is the corresponding angle (Fig. f03). The velocity v can be

found from the energy conservation law:

mgh = m~/2 + 1001/2,
where 1 is the moment of inertia of the
sphere relative to the axis passing through
the sphere's centre. In addition,

v = oor; h = (R + r) (1 - cos 9).
From these four equations we obtain

00= V10g(R.+r)/17rl.

• 5.11. A thin uniform rod of mass
m and length t rotates with the constant
angular velocity (t) about the vertical axis
passing through the rod's suspension
point 0 (Fig. 104).'"ln so doing, the rod

mg describes a conical surface with a half
aperture angle 8. Find the angle 9 as

Fig. {04 well as the magnitude and direction of
the reaction force R at the point O•.

Solution. Let us consider the frame
rotating about the vertical axis togeth

er with the rod. In this reference frame the rod ezperlences
not only the gravity mg and the reaction force R hut also the centri
fugal force of inertia Fet . As the rod rests in the given reference frame,
that is, stays in the equilibrium position, the resultant moment
of all forces relative to any point and the resultant of all forees are
equal to zero. ~

It is only gravity and the centrifugal forces of inertia that produce
a moment relative to the point O. From the equality of the moments
of these forces it follows that

(mgl/2) sin 6= M ei- (1)

Let us calculate Met- Tho elementary moment of the force of inertia
that ac~ on the rod element dz located at the distance z from the
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point 01,.,is equal to

dl~cf = (Inw2/ l) sinO cos Ox' dx ,

Integrating this expression over the whole length of the rod, we get

M et = (mro'l2 /3) sin 0 cos e. (2)

It follows from Eqs, (1) and (2) that
cos e = 3g/20021. -(3)

Now let us determine the magnitude and direction of the vector R.
In the reference frame where the rod rotates with the an~ular vel?city
(i) its centre of inertia, the point C, moves along a h~rlzo~tal clrc~e.
Consequently, from the law of motion of a centre of Inertia, that IS,
Eq. (4.11), it immediately follows that
the vertical component of the vector R
is Rn = mg ; while the horizontal compo-
nent R.l is determined from the equation
mWn = R.l' where wn is the normal ac
celeration ~f the centre of inertia C.
Hence .

R .1.. = (mw 2l /2) sin O. (4J,.
The magnitude of· the vector R is

equal to' _F__-..-./f

R= V(mg)2+Ri = 0

= (m(J)2lj2) 1/"1+7gt/(4ro4IS) , Fig. 105

and its direction, specified by the angle
8' between the vector R and the ver-
tical, is determined from the formula cos 6' = mg/R. It is
interesting to note that 06' =1= a, i.e. the vector R does not coincide
with the rod in direction. One can easily make sure of this by expres
sing cos 6' via cos 6:

cos 0' =4 cos 8/1.19+7 cos' O.

It is seen from this that cos 0' > cos 0, i.e. S' < 0, as it is in fact
shown in Fig. 104.

Note that the equivalent of the forces of inertia Fe! passes not
through the point C but below it. Indeed, Fe! = R.1 and is determined
by Eq. (4), whereas the resultant moment Ate! is determined by Eq. (2).
It follows from these formulae that the arm of the vector Fe! relative
to the point 0 is equal to (21/3) cos e (Fig. 104).

• 5.t2. A spinning top of mass m whose axis forms an angle e
with the vertical precesses about the vertical axis passing through
the point of support O. The angular momentum of the top is equal
to L, and its centre of inertia is located at the distance l from the
point 0 o. Find the magnitude and direction of the vector F whichIS
the horizontal component of the reaction force at the point O.
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And finally t

Solution. In accordance with Eq. (5.38) the angular velocity of
precession is

00' = mgllL;

Since the centre of inertia of the top moves along the circle, the vec
tor F is oriented as illustrated in Fig. 105 (this vector precesses to
gether with the axis of the top).

From the motion equation for the centre of inertia we obtain
moo'll sin 9=F.

F = (m3gt PILt ) sin 8.

It should be pointed out that if the point of support of the top were
located on an ideally smooth plane, the top would precess with the
same angular velocity but about tne vertical axis passing through
the centre of the top, the point C in Fig. tOS.



PART TWO

RELATIVISTIC MECHANICS

CHAPTER 8

KINEMATICS IN THE SPECIAL THEORY
OF RELATIVITY

§ 6.1. Introduction

The special theory of relativity proposed by Einstein
in 1905 called for a review of all concepts of classical physics
and primFily the concepts of time and space. Therefore,
this theory, in accordance with its basic contents, can be
referred to as a physic£al study of time and space. The study
is called physical because the properties of space and time
are analysed in this theory in close connection with the
laws governing physical phenomena. The term "speeial"
implies that this theory considers phenomena only in iner
tial reference frames.

We shall begin this section with a brief review of pre
relativistic physics, dwelling in particular on the problems
that led to the appearance of the theory of relativity.

Basic notions of prerelativistic physics. First, we shall
recall those notions of space and time that are associated
with Newton's laws, i.e. that underlie classical mechanics.

1. Space, which has three dimensions, obeys Euclidean
geometry.

2. Together with three-dimensional space and indepen
dent of it, there I exists time. Time is independent in the
same sense that the three dimensions are independent of
each other. But for all that, time relates to space through
the laws of motion. Specifically, time is measured by a clock,
which is basically an instrument utilizing one or another
periodic process providing a time scale. Therefore, it is
Jmpossible to determine time irrespective of some periodic
process. i.e. irrespective of motion.
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(6.1)
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3. Dimensions of solid bodies "(scales) and time intervals
between given events are identical in different reference
frames. This corresponds to the Newtonian concept of abso
lute space and time, according to which their properties are
assumed to be independent of the reference frame, that is,
space and time are the same for all reference frames.

4. The Galileo-Newton law of inertia is assumed to be
valid, according to which a body experiencing no influence

from other bodies moves rec
tilinearly and uniformly.
This law maintains the ex
istence of inertial reference
frames in which' Newton's laws
hold true (as well as the Ga
lilean principle of relativity).

5. From the above notions
the Galilean transformation
follows, expressing the space
time relation of any event in
different .Inertlal reference

frames. If the reference frame K' moves relative to the K
frame. with the velocity V (Fig. 106) and the zero time
reading corresponds to the moment when the origins 0' and
o of the two frames coincide, then*

x' = x - Vt; y' = y; t' = t.

From this it follows' that the coordinates of any event are
relative, i.e, have different' values in different reference
frames; the moment of time at which an event occurs is
however the same in different frames. This testifies to the
fact that time flows identically in different reference frames.
That seemed to be so obvious that it was not even stated as
a special postulate.

From Eq. (6.1) the classical law of velocity transforma
tion (composition) follows immediately:

Vi = V - V, (6.2)

where v' and v are the velocities of a point (particle) in
the K' and K frames respectively.

• Hereafter we shall limit ourselves 1.0 only two spatial coordi
nates x and u. The z coordinate behaves as y in all respects.
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6. The Galilean principle of relativity holds: all inertial
reference frames are equivalent in terms of mechanics,
all laws of mechanics are identical in these reference
frames, or, in other words, are invariant relative to the Gali
lean transformation.

7. The principle of long-range action is valid: interactions
between bodies propagate instantaneously, i.e. with an
infinitely high velocity.

These notions of classical mechanics were in complete
accord with the totality of experimental data available at
that time (it should be noted, though, that those data relat
ed to the study of bodies moving with velocities much lower
than the velocity of, light). The validity of these notions
was eonfirmedby the very successful development of mechan
ics itself. Therefore, the notions of classical mechanics
about the properties of space and time were thought to be
so. fundamlntal.as not to raise any doubts-about their truth.

The first to be put to the test was the Galilean principle
of relativity, which is known to be applicable only in me
chanics, the only divtslon of physics advanced sufficiently
by that time. As other branches of physics, In particular,
optics and electrodynamics, were developing; the natural
question arose: does the principle of relativity cover other
phenomena as well? If not, then using these (non-mechani
cal) phenomena one can in principle distinguish inertial
reference frames and try to find a primary, or absolute,
reference frame.

One of such phenomena that was expected to occur differ
ently in different reference frames is' the propagation of
light. In accordance with the predominant wave theory of
that time waves of light must propagate with a certain veloc
ity relative to a certain hypothetical medium ("lunlinifer
ous ether") whose nature, however, was debated among
scientists. Still, whatever the nature of that medium, it

. surely cannot rest in all inertial reference frames at once.
Consequently,one can distinguish one inertial frame, the
absolute frame, which is stationary with respect to the
"luminiferous ether". It was supposed that in that (and
only in that) reference frame light propagates with the equal
velocity e!n all directions. If a certain inertial reference
frame moves with the velocity V relative to the ether, the
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velocity of light c' in that reference frame must obey the
conventional law of velocity composition (6.2), i.e. c' =
= e - V. This assumption was tested experimentally by
Michelson (together with Morley).

Michelson's experiment. The purpose of this experiment
was to detect the "true" motion of the Earth relative to
the ether. Michelson in his experiment took advantage of
'the motion of the Earth along its orbit with the velocity
30 km/s. The idea of the experiment was the following.

The light from the source S (Fig. 107) was emitted in
two mutually perpendicular directions, reflected from the

mirrors A and B [located at
the same distance l from the
source S and finally returned
to the point S. "In this experi
ment a comparison was made
between the time taken by
light to cover the path ·BAS
and the time taken to cover
the path SBS.

Let us suppose that at the
moment of the experiment the
set-up moves together with
the Earth so that its velocity
Vrelati ve to the ether is direct-
ed .along SA. If the velocity

of light obeys the conventional law of velocity composition
(6.2), light moves along the path SA with the velocity
c - V relative to the set-up (the Earth) and in the reverse
direction with the velocity c + V. Then the time spent by
light to traverse the path SAS is equal to

Along the path SBS the velocity of light relative to the
set-up is equal 'to c' = Vc2 - V2 (Fig. 107) and the time
taken to cover that path is equal to

t.l = 21 2l t
yel-vi C yt_(v/c)Se
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Comparing the expressions for til and tl.' we see that light
must take different time periods to cover these paths. By
measuring the time difference tn - tJ. the velocity of the
set-up (the Earth) relative to the ether can be determined.
• Despite the fact that the time difference was expected
to be extremely small, the set-up was capable of observing
that difference using a very sensitive interferometer tech
nique.

For all that, the result of the experiment proved to be
negative: a time difference was not detected. Surely, by
sheer accident, the Earth could happen to be motionless
relative to the ether at the time when the experiment was
conducted. But then in half a year, for example, the Earth's
velocity would have reached 60 km/s. The repetition" of the
experiment in half a year, however, did not bring the result.
expected.

More a~urate experiments of the same kind performed
later corroborated the original result.

The negative result of Michelson's experiment contra
dicted what "was expected from the Galilean transformation
(velocity composition). It also showed that motion .relative
to the ether cannot be detected and the velocity of light
is independent of the motion of a light source since its
motion with respect to the ether is different at different
seasons of" the year. rv

Some astronomical obs~rvlltions (e.g. of double stars)
also point to the fact that the velocity of light does not
depend on the velocity of a source. A number of special
experiments carried out later gave the same evidence.

By the beginning of the twentieth century theoretical
and experimental physics faced a serious challenge. On
the one hand, the theory predicted various effects permit
ting the principal (absolute) reference frame to be distin
guished from the great number of inertial frames. On
the other hand, persistent attempts to detect these effects
experimentally inevitably ·terminated in failure. The ex
periment perfectly confirmed the validity of the principle of
relativity for all phenomena, including those which were
thought incompatible with that principle.

A few attempts were ventured to explain the negative
outcome of the Michelson experiment and some other simi...

13-0539
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lar experiments in terms of classical mechanics. However.
all of them turned out to be unsatisfactory in the final
analysis. The cardinal solution of this problem was pro
vided only in Einstein's theory of relativity.

§ 6.2. Einstein's Postulates

A profound analysis of all experimental and theoretical
data accumulated by the beginning of the twentieth century
led Einstein to review the initial notions of classical physics
and primarily the concepts of space and time. As a result,
he created the special theory of relativity, which proved to

-be a logical completion of classical physics. .
, This theory adopts unaltered such concepts of classical

mechanics as Euclidean space and the Galileo-Newton law
of inertia. As to the statement concerning the constancy of
size 'of solid bodies' and of time intervals in different ref
erence frames, Einstein noticed that these representations
emerged from the observations of bodies moving with low
velocities, and therefore. their extrapolation to higher velo
cities is unwarranted and, for this reason, incorrect. Only
experiment can give evidence concerning the true proper
ties of space and time. The same can be said about the Gali
lean transformation and the principle of long-range action.

Einstein proposed two postulates, or principles as the
foundation of the special theory of relat ity, which were
backed up by experimental data (and primarily by the
Michelson' experiment):

(1) the. principle of relativity, .
(2.) independence of the velocity of light of the velocity

of a source.
The first postulate is a' generalization of the Galilean

principle of relativity to cover all physical processes: all
physical phenomena proceed identically in all inertial refer
ence frames; all laws of nature and the equations describing
them are invariant, i.e. keep their form on transition from one
inertial reference frame to another. In other words, all iner
tial reference frames are equivalent (indiscernible) in their
physical properties; basically, no experiment whatever
can "distinguish one oftha frames as preferable.
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The second postulate" states that the velocity of light
in vacuo is independent 0/ the motion of a light source and
is the same in all directions. This means that the velocity 0/
light in vacuo is the same in all inertial reference frames.
Thus, the velocity of light holds a most unique position.
In contrast to all other velocities, which change on transi
tion from one reference frame to another, the velocity of
light in vacuo is an invariant quantity. As we shall see
later, the existence of such a velocity essentially modi
fies the notions of space and time.

It also follows from Einstein's postulates that light prop
agates in vacuo at the ultimate velocity: no other signal,
no interaction between any two bodies can propagate with
a velocity exceeding that of light in vacuo. It is precisely
due to its limiting nature that the velocity of light is the
same in all reference frames. Indeed, in accordance with
the princirle of relativity the laws of nature must be iden
tical in al inertial reference frames. The fact that the veloc
ity of any signal c.8pnot exceed the ultimate value is also
a law of nature. Consequently, the ultimate velocity value,
the velocity of light'in vacuo, must be the same in all iner
tial reference frames.

Specifically, the existence of an ultimate velocity pre
supposes the limiting of velocities of moving particles by
the value c. If otherwise, particles could transmit signals
(or interactions between bodies) with a velocity exceeding
the ultimate one. Thus, in accordance with Einstein '8

postulates all possible velocities of moving bodies and of
interaction propagation are limited by the value c. Thus,
the principle of long-range action of classical "mechanics
does not hold any more.

The whole content of the special theory of relativity
follows from these two postulates. By the present time,
both Einstein's postulates, as well as all of their consequen
ces, have been convincingly confirmed by the totality of
experimental data accumulated so far. '

Clock synchronization. Prior to drawing any conclusions
from these postulates Einstein carefully analysed the meth
ods of measuring space and time. First of all, he noticed
that neither a point of space nor a time moment at which
8 certain event occurs possesses a physical. reality; it is

13·
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the event itself that does. To describe an event in a given
reference frame, one must indicate the point and the mo
ment of time at which it occurs.
. The location of the point at which the event occurs can
be determined in terms of Euclidean geometry by means of
rigid scales and expressed in Cartesian coordinates. In
this case classical mechanics resorted to quite workable
methods of comparing quantities being measured against
reference standards.

The corresponding moment of time can be determined by
means of a clock placed at the point of the reference frame
where the given event occurs. This method, however, is
not satisfactory any more when we have to compare events
occurring at different points, or, which is the same, to inter
compare the moments of time of events happening at points
removed from the clock.

Indeed, to compare the moments of time (time readings)
at different points of a reference frame one has to define
first what is the universal time for all points of the reference
frame. In other words, we have to ensure a synchronous
rate of all clocks of the given reference frame.

It is clear that the synchronization of clocks positioned
at different points of the reference frame can be accomp
lished only by means of some signals. The fastest signals sui
table for the purpose are light and radio signals propagating
with the known velocity c. The choice of these signals is also
stipulated by the fact that their velocity is independent of
the direction in space and is the same in all inertial refer
ence frames.

Next, we can do as follows. An observer located, for ex
ample, at the origin '0 of a given reference frame broadcasts
a timesignal at the moment to by his clock. At the moment
when-this signal reaches the clock located at the known
distance r from.~.the point 0 the clock is set so that it reg
isters t = to + ric, i.e, the signal delay is taken into ac
count. The repetition of signals after definite time intervals
permits all observers to synchronize the rate of their clocks
with that of the clock at the point O. This operation having
been performed, one can claim that all the clocks of the
given reference frame register the same time at each
moment.



Kinematte« In the Special Theory of Relativity f97

It is essential to point out that time defined that way
refers only to the reference frame relative to which the
synchronized clocks are motionless. .

Relationships between events. Let us investigate the spa
tial and temporal relationships between given events in
di Berent inertial reference frames.

Even in classical mechanics the spatial relationships
between different events depend on the reference frame to
which they belong. For example, two consecutive flashes
in a moving train occur at the same point of a reference
fra~e fixed to the train but at different points of a reference

A 0 8 V, ; .
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Fig. 108

frame fixed to the railroad bed. The statement that alter
native events occur at' the same point or at a certain distance
between them makes sense only if the reference frame to
which that statement refers is indicated.

By contrast, in classical mechanics temporal relation
ships between events are assumed independent of the refer
ence frame. This means that if two events occur simulta
neously in one reference frame they are simultaneous in all
other frames. Generally, the time interval between the
given events is assumed to be the same in all frames.

However, it is easy to see that this is not actually the
case: simultaneity (and therefore the rate of time flow) is
a relative notion that makes sense only when the reference
frame to which that notion relates is indicated. By means
of simple reasoning we shall illustrate how two events si
multaneous in one reference frame prove to occur at
different time moments in another reference frame.

Imagine a r od AB moving with a constant velocity V
relative to the reference frame K, A flashbulb is located
at the middle point 0 of the rod, and photodetectors at the
ends A and R (Fig. 108). Suppose that al a certain moment
the bulb 0 flashes. Since the velocity with which light pro
pagates in the reference frame fixed to the rod (as in any
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inertial reference frame) is equal to c in both directions,
the light pulses reach the equidistant photodetectors A
and B at the same moment of time (in the reference frame
"rod") and both photodetectors respond simultaneously ..

Things are different in the K frame. In that reference
frame the velocity of light pulses propagating in both
directions is also equal to c, whereas the paths traversed
by them are different. In fact, as the light signals propagate
toward the points A and B, the latter shift to the right,
and therefore the photodetector A responds earlier than the
photodetector B. "

Thus, events that are simultaneous in one reference frame
are not simultaneous in another one, Le. in contrast to
classical mechanics simultaneity here is a relative notion.
This, in turn, means that time flows differently in different
reference frames.

If we had at our disposal signals that propagate instan
taneously, events simultaneous in one reference frame would
also be simultaneous in any other reference frame. This
directly follows from the example just considered. In this
case the rate of time flow would be independent of the refer
ence frame, and we could talk about the existence of the
absolute time that appears in the Galilean transformation.
Thus, the Galilean transformation is, in fact, based on the
assumption that clock synchronization is accomplished by
means of signals propagating instantaneously. However,
such signals do not exist.

§ 6.3. Dilation of Time "and Contraction
of Length

In this section we shall examine three important conse
quences of Einstein's postulates: the equality of transverse
dimensions of bodies in different reference frames, the
dilation of the rate of moving clocks, and the contraction
of longitudinal dimensions of moving bodies. In § 6.4 we
shall generalize the results obtained in the form of tho perti
nent. formulae for transformalion of coordinates and time.

Prior to solving t.he~e problems we recall that a reference
frame is understood as a reference body to which n coordi
nate grid is fixed together with a number of identical syuchro-
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nized stationary clocks. Next, the' coordinate grids and
clocks are assumed to be calibrated in a like manner in all
inertial reference frames. Clearly, this can .be accomplished
only by means of length and time standards also similarly
realized in all reference frames.

For this purpose we can utilize some natural periodic
process providing a natural scale for both length and time
measurements, e.g. monochromatic waves emitted by in
dividual atoms restingIn a given reference frame. Then in
that reference frame the wavelength can serve as a length
standard and the corresponding period of oscillation as a
time standard. Using these st.andards we can construct a
standard representing one metre as a definite number of the
given wavelengths and a standard representing one second
as a definite number of periods of the given oscillations
(it should be pointed out that this method has been
realized). ~ .

A similar technique can be utilized in every inertial
reference frame, using the same monochromatic wave emit
ted by the' same atoms resting in each of these reference
frames. The method is justified, for in accordance with the
.principle of relativity physical properties of stationary atoms
are independent of the inertial reference frame in which
these atoms rest. .

Having effected length and time standards in each re
ference frame, we can move on to solving the fundamental
problem of comparing these standards in di £ferent refer
ence frames, or, in other words, the comparison of dimensions

. of bodies and rates of time flow in these frames.
Equality of transverse dimensions of bodies. l~et us begin

with the comparison of transverse dimensions of bodies
in different inertial reference frames. Imagine, t\\TO inertial
reference frames K and K' whose y and y' axes are parallel
to each other and perpendicular to the direction of motion
of one frame relative to the other (Fig. 109), with the ori
gin 0' of the K' frame moving along the straight line pass
ing through the origin () of the K frame. T.Jet. us position
the rorls OA and 0'A', which are 1he metre standards in
each of these frames, along the y and !I' axes. Ncxt,imag
ine that at. 1he moment when the y anti y' axes coincide the
npper end of the left rod makes a marki ng on the y axis of
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the K frame. Does that marking coincide with the point
A, the upper end of the right rod?

The principle of relativity makes it possible to answer
that question: yes, it does. Were it not so, one of the rods
would be, for example, shorter than the other from the
viewpoint of both reference frames, and therefore there
would appear an experimental opportunity to distinguish
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one inertial reference frame from another by shorter trans
verse dimensions. This, however, contradicts the principle
of relativity.

From this it follows that the transverse dimensions of
bodies are the same in all inertial referenee frames. This
also means that if the origins of the K and K' frames are
chosen as indicated, the y' and y coordinates of any point
or event coincide, i.e, ,

y = y. (6.3)
This relation represents one of the sought transformations

. of coordinates.
Dilation of time. Our next task is to compare the

rate of time flow in different inertial reference frames.
As we already mentioned, time is measured by a clock,
which may be any device in which ·one or another periodic
process is used. Accordingly, the theory of relativity custom
arily deals with the comparison of rates of identical clocks
in different inertial reference frames. .
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(6.4)

The task is easiest when solved by means of the following
thought (i.e. basically feasible) experiment. Let us make
use of a so-called light clock, a rod with mirrors at the ends
between which a short light pulse travels back and forth.
The period of such a clock is equal to the time interval
between two consecutive arrivals of a light pulse at a
given end of the rod.

Next, imagine two inertial reference frames K' and K
moving relative to each other with the velocity V. Let the
light clock AB be at rest in the K' frame and oriented
perpendicular to the direction of its motion with respect
to the K frame (Fig. 110). Let us see what the rate of the
clock is in each respective reference frame K' and K.

In the K' frame the clock is at rest, and its period is

dto = 2l/c,

where.l if the distance between the mirrors.
In the 'K frame, relative to which the clock moves, the

distance between tbe mirrors is also equal to I, for the
transverse "dimensions of bodies are the same in different
inertial reference frames. However, the path of the light
pulse in that reference frame is different (the zigzag of
Fig. 110): as the light pulse travels from the bottom mirror
toward the upper one, the latter shifts somewhat to the
right, etc. Consequently, to get back to the bottom mirror,
the light pulse has to cover a longer distance in the K
frame while travelling with the same velocity c. Therefore,
the light pulse takes a longer time to cover that distance as
compared to the case when the clock is motionless. Accord
ingly, the period of the moving clock is longer, i.e. in
terms of the K reference frame the clock's rate is slower.

Let US 'I designate the period of the moving clock in the
K frame by dt. It follows from the right triangle AB'A'
(Fig. 110) that l2 + (Vdt/2)2 = (cdt/2)2, whence

~t == (2l/d)/·~r 1- (V IC)2.

But since 2l/~ = dio' then

L\t = Ato
·yt-~I '
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where p == VIc and V is the velocity of the clock in the
K frame.

This formula shows that ~t > ~to, i.e. the same clock has
different rates in different inertial frames: the rate is slower
in a reference frame relative to which the clock moves, as
compared to the reference frame ilt which the clock is at
rest. In other words, a moving clock goes slower than a sta
tionary one. This phenomenon is referred to as the dila-
tion of time. .

The time measured by the clock moving together with
the body in which a certain process takes place is called the
proper time of that body. It
is denoted by ~to. As it fol
lows from Eq.. (6.4) the proper
time interval is the shortest.
The time duration At of the
same process in another ref
erence frame depends on the
velocity V of that frame with
respect to the body in which
the process takes place. This
dependence is quite apprecia
ble at velocities V comparable
to that of light (Fig. 111).

Thus, as distinct from clas
sical mechanics the rate of
time flow actually depends on
the state of motion. There is
no such thing as universal time, and the notion of the "time
interval between two given events" proves to be relative.
The statement that a certain number of seconds has passed
hetween two given events is meaningful only when the ref
erence frame, relative to which it is valid, is indicated.

The absolute time of classical mechanics is an approximate
notion in the theory of relativity holding only for low (com
pared to the velocity of light) relati ve velocities. of reference
frames, This follows directly from Eq. (6.1) and is seen
from Fig. 111: ~t = ~to at V ~ c.

So, we reach a fundamental conclusion: in a reference
frame moving together with a clock, time flows slower
(fro.m the standpoint of the observer with respect to whom
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the given clock moves). The same is true for all processes
proceeding in reference frames moving with respect to an
observer.

Naturally, one may ask whether an observer in the K'
frame, which moves relative to the K frame, realizes that
his clock goes slower compared to the clock of the K frame.
Obviously, he does not. This immediately follows from the
principle of relativity. If the K' observer also noticed the
dilation of time in his reference frame, that would
mean that for both. observers K' and K time flows more
slowly in one of the inertial reference frames. From that
fact the observers might have inferred that one of the iner
tial reference frames differed from "another, which is in
contradiction with the principle of relativity.

From this it follows that the dilation of time is re
ciprocal and symmetric relative to both inertial reference
frames K qtld K'. In other words, if in terms of the K frame
the clock of the K' frame goes slower, then in terms of the
K' frame it" is the clock of the K frame that goes slower
(and with the same deceleration factor). This circumstance
is evidence that the dilation of time is a purely kinemat
ic phenomenon. It is an obligatory consequence of the

/ velocity of light being invariant and cannot be attributed
to some variation of clock properties caused by motion.

Eq. (6.4) has been experimentally confirmed by explain
ing the seemingly mysterious behaviour of muons travers
ing the Earth's atmosphere. Muons are unstable elementary
particles whose average lifetime is 2 ·10-6 s, this time being
measured when the particles are at rest or moving with
low velocities. Muons are generated in the upper layers of
the atmosphere at a height of "20 to 30 km. Were the life
time of muons independent of velocity, they would travel,
even moving with the velocity of light, only about c~t =
~ 3 ·1OS ·2 .10-6 m = 600 m. Observations indicate, howc
VOl', that a substantial number of muons nevertheless reach
tho Earth's surface.

The explanation is that the interval 2 .10-6 s is the prop
er lifetime ~to of muons, time measured by a clock moving
together with them. Since the velocity of these particles
approaches that of light a t imo interval measured by a clock
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on Earth is much longer (see Eq. (6.4» and turns out to
be sufficient for muons to reach the Earth's surface.

I n conclusion a few words about the so-called "clock para
dox", or "twin paradox". Suppose there are two identical
clocks A and B, with clock A resting in some inertial refer
ence frame and clock B first moving away from clock A
and then returning to it. The clocks are assumed to show
the same time at the original moment, when they are locat
ed side by side.

In terms of clock A clock B moves, and therefore its
rate is slower and during its travel it will lag behind clock
A. But in terms of clock B it is clock A that moves and
therefore on its return it will turn out to be slow. This
evident incongruity constitutes the substance of the "para
dox".

Actually, we made a fundamental mistake when we ar
gued in terms of clock B since the reference frame fixed to
that clock is non-inertial (it first moves away with accelera
tion and then comes back), and we cannot in this case use
results related only to inertial reference frames. A detailed
calculation lying outside the special theory of relativity
indicates that the clock moving with acceleration (in our
case clock B) goes slower, and therefore it is this clock that
is behind when it returns to its initial point.

Lorentz contraction. Suppose rod AB moves relative to
the K reference frame with the constant velocity V (Fig. 112)
and the length of the rod in the reference frame K' fixed
to the rod is equal to 10 • Our task is to determine the length
1 of that rod in the K frame.

Fig. 112

8
M ..'

For this purpose let us conduct the following imaginary
experiment. Let us mark a point Jltf on the x axis of the
K frame and place a clock at that point. Using that clock
we can measure the time of flight ~tQ of the rod past the
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point M. Then we may state the sought length of the rod
in the K frame to be equal to

1 = V~to.

An observer fixed to the rod registers a different time
of flight. In fact, from his point of view the clock which
registered the time of flight L\to moves with the velocity

I: 2 3 4 5m V
I I I ~

! ,

0 2 Jm

Fig. 113

V and there~re registers "someone else's" time. In accordance
with Eq. (0:'4) the observer's "own" time of flight is longer:

lo = V~t.

From these two equations and Eq. (6.4) we get

lilo = ~to/~t = 'V 1- ~2
or

1291 Il=loVRi, I (6.5)

where ~ = Vic. The length lo measured in the reference
frame where the rod is at rest is referred to as the proper
length.

Thus, the longitudinal length of a moving rod turns out
to be shorter than its proper length, i.e. 'Z< Zo. This phenom
enon is called the Lorentz contraction. Note that this
contraction occurs only in longitudinal dimensions of bod
ies, that is, dimensions along the motion direction, where
as the transverse dimensions do not vary, as it was shown
above. As compared to the shape of a body in the reference
frame where it is at rest, its shape in the moving reference
frame may be characterized as oblate in the motion direc
tion.

The length contraction of a moving rod is illustrated
in Fig. 113, in which it is seen that in the reference frame
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fixed to the rod its length 10 = 5 m, whereas in the K
frame relati ve to which the rod moves with the velocity V =
=,4/5 c its length 1 = 3 m. .

It follows from Eq. (6.5) that the degree of contraction
depends on the velocity V. This dependence becomes espe
cially pronounced at velocities V comparable' with the
velocity of light (Fig. 114).

So, in different inertial reference frames the length of
the same rod turns out to be different. In other words,.
length is a relative notion which is meaningful only with
respect to one or another reference frame. A statement about

the length of a body being
equal to some number of me
tres has no sense unless the
reference frame relative to
which the length is measured
is indicated.

As it follows from Eq. (6.5)
and is seen in Fig. 114 1~
~ 10 at low velocities (V ~
c), so that the length of a
body acquires an almost abso
lute meaning.

It should be pointed ont
that the Lorentz contraction,
just as the dilation of time,
must be reciprocal. This

means that if we compare two rods moving relative to each
other and having equal proper lengths, in terms of each of
the rods the length of the other one is shorter in the same
proportion. Were it not so, there would have appeared an
experimental possibility to distinguish between the inertial
reference frames fixed to the rods, which, however, contra
dicts the principle of relativity.

This points to the fact that the Lorentz contractton f,.<:
also a purely kinematic phenomenon: no stresses causing
deformations appear in a body.

It should be emphasized that the Lorentz contraction
of 'bodies in the direction of their motion as well as the
dilation of time are real and objective facts by no means
associated with any illusions of an observer. All the values

I
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of dimensions of a given body and of time intervals ob
tained in different reference frames are equivalent, that is,
all of them are "true", These statements are difficult to
comprehend only because of our habit, based on routine
experience, to regard length and time intervals as absolute
notions while actually this is not so. The notions of length
and time interval are as relative as those of motion and rest.

§ 6.4. Lorentz Transformation

Now we have to solve the fundamental problem of trans
formation of coordinates and time. Here we mean the for
mulae relating the coordinates and time moments. of the
same event in different reference frames.

Could the Galilean transformation possibly serve the
purpose? Recall that this transformation is based on the
assumptiog that the length of bodies is invariable and time
flows at the same rate in different reference frames. In the
provious section, however, we found out that in 'fact this
is not so: the "rate ~f time flow and the length of bodies
depend on the reference frame. These are inevitable conse
quences of Einstein's, postulates. Therefore, we are com
pelled to reject the Galilean transformation, or, more precise
ly, to recognize it as a special case of some more general
iransformation. .
. Thus, we have to obtain the transformation formulae

which (i) take into account the dilation of time and
the Lorentz contraction (i .e .. are, in the final analysis,
consequences of Einstein's postulates), and (ii) reduce to
the Galilean transformation formulae in the limiting case
of low velocities. Let us proceed to the solution of this
problem. - "

We shall consider two inertial reference frames K and
K'. Suppose the K' frame moves with the velocity V rela
tive to the K frame. Let us orient the coordinate axes of
the two frames as shown in Fig. f15: the x and x' axes coin
cide and are directed in parallel with the vector V, and
the y and y' axes are parallel to eaeh other. Let us position
at various points of the two reference frames identical clocks
and synchronize them, separately the clocks of the K frame
and the clocks of the K' frame. And finally, let lis adopt
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Fig. 115

0' P a: ~o

the moment when the origins 0 and 0' coincide as the zero
time reading in both frames (t = t' = 0).

Suppose now that at the moment t at the point with the
coordinates x, y in the K frame a certain event A takes
place, e.g. a bulb flashes. OUf task is to determine the coor
dinates x', y' and the time moment t' of that event in the
K' frame.

The problem concerning the y' coordinate was solved at
the beginning of this section, where it was shown (see Eq.
(6.3» that y' = Y.• . Therefore, we immediately pass to
searching the x' coordinate of the event. The x' coordinate
describes the proper length of the segment 0'P resting in
the K'. frame (Fig. 115). The length of the same segment in

the K frame where the measure
ment is taken at the moment
t is -equal to x - Vt. The rela
tionship between these lengths
is specified by Eq. (6.5), from
which it follows that x-
- Vt = x'V 1 - ~2. Whence

x' =(x- Vt)/V 1-p2.
(6.6)

On the other hand, the x co-
ordinate describes the proper

length of the segment OP at rest In the K frame. The length
of the same segment in the K' frame where the measurement
is taken at the moment t' is equal to a' + Vt'. Taking into
account Eq. (6.5) once again, we obtain x' + Vt' =
= xV1 - ~2, whence

x=(x'+Vt')/Y1-p2. (6.6')

The obtained formulae make it possible to determine the
relationship between the time moments t and t' of the event
A in both reference frames. For this purpose it is sufficient
to eliminate x' or x from Eqs. (6.6) and (6.6'), whereupon
we get:

t'=(t-xV/c2)/ V 1- P2; t=(t'+x'Vlc2)/Y 1- pZ. (6.7)

Eqs. (6.3), (6.6), (6.6') and (6.7) are referred to as the
Lorentz trans/ormation. They play a key part in the theory
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of relativity. Using these formulae, the coordinates andtime
of any event can be transformed on transition from one iner
tial reference frame to another.

Thus, the Lorentz transformation on transition from the K
frame to the X' frame takes the form

X' = z-Vt '. '=. t' = t-xV/c
2

I
Y1-P2' y y, Y1-~1 ' (6.8)

and for the reverse transition from the K' frame to, the K
frame

I .x'+Vt'x- ·-- Y1-P~ ,

4':'

y=y'; (6.9)

where p ~ Vic and V~is the velocity of the K' frame relative
to the K frame. ~

It should be immediately emphasized that the symmetry
(a similar form) of Eqs. (6.8) and (6.9) is the consequence
of the complete equivalence of both reference frames (the
different sign of V. in these formulae is only due to the"oppo
site motion direction of the K and K' frames relative to
each other).

The Lorentz transformation differs drastically, from the
Galilean transformation (6.1), but the latter can ,be obtained
from Eqs. (6.8) and (6.9) if the formal substitution c = 00 is
made in them. What does -this mean?

At the end of the foregoing section it was mentioned
that the Galilean transformation is based' on the assump
tion of clocks synchronized by means of signals propagating
instantaneously. From this fact it follows that the quantity
c plays in the Lorentz transformation the part of the veloc
ity of the signals utilized for clock synchro.nization. When
this velocity is infinitely great, we get the Galilean trans
formation; when it is equal to the velocity of light, the
Lorentz transformation. Thus, the Lorentz transformation
is based on the assumption of clock synchronization by
means of light signals possessing ultimate velocity.

The remarkable feature of the Lorentz transformation
1~-053'9
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is the fact that at V ~ c it reduces* to the Galilean trans
formation" (6.1). Thus, in the limiting case V ~ c the trans
formation laws of the theory of relativity and classical
mechanics coincide. This means that the theory of relativ
ity does not reject the Galilean transformation as incorrect
but includes it into the true transformation laws as a spe
cial case that is valid' at V ~ c. In what follows we shall
see that this reflects the general relationship between. the
theory of relativity and classical mechanics: the laws and
relations of the theory of relativity turn into the laws of
classical mechanics jn the limiting case of low velocities.

Next, from the Lorentz transformation it is seen that
at V > c the radicands become negative and the formulae
lose physical meaning. This corresponds .to the fact that
bodies cannot move with a velocity exceeding that of light

..in vacuo. It is even impossible to use a reference frame mov
ing with the velocity V = c; in this case the radicands
turn into zero and the formulae lose physical meaning. This
means that no reference frame can in principle be fixed,
for example, to a photon moving with the velocity c. Ex
pressed otherwise, there is no reference frame in which a
photon is at rest.·

And finally, it should be noted that the time transforma
tion formulae contain a spatial ·coordinate. This significant
circumstance reveals the inseparable relationship between
space and time. In other words, we should not speak sepa
rately of space and time but of unified space-time in which
all physical phenomena take place, "

§ 6.5. Consequences of Lorentz
Transformation

Concept of simultanelty. Suppose two events At (xt , Yl'
t 1) and' A 2 (X 2, Y2' t2) occur in the reference frame K. Let
us find the time interval separating these events in the
K' frame moving with the velocity V along the x axis as

• Strictly speaking, it is also required that xlc ~ t, Le, the
times of propagation of light signals over the distances typical for
the problems considered (xlc) should be less than the time intervals
we discuss here. When this condition is satisfied, the signals may be
regarded as propagating instantaneously. "
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shown in Fig, 115. In accordance with the time transforma
tion formula (6.8) the sought time interval is equal to

t': -t' = (ll-tl)~(..r2-xl) Vlc1- (6.10)
2 t, Y1-~2 •

From this it follows that events which are simultaneous in
the K frame (t 2 = it) are not simultaneous in the K' frame
(t; - t; =1= 0). The only exception is the case when the two
events occur, in the K frame simultaneously at points with
the same values of the x coordinate (the y coordinate may
have any value).
. Simultaneity is thus a relative concept; events which
are simultaneous in one reference frame are not simulta
neous in the general case in another reference frame. When
discussing simultaneity of events, one has to specify the
reference frame relative to which simultaneity occurs.
Otherwise.' the concept of simultaneity loses its meaning.

It follows from relativity of simultaneity that clocks
positioned. along th~ x' axis in the K' frame and synchro
nized together in that reference frame show different time .
in the K frame. Indeed, for the sake of simplicity let us
consider the moment when the origins 0 and 0' of the two
reference .frames coincide and the clocks at those points
show the same time: t = t' = O. Then in the K frame the
clock at a point with the coordinate x shows at that moment
the time t = 0, while the clock of the K' frame at the same
point shows 3 different time, t'. Indeed, in accordance with
the time transformation formula (6.8)

t' = -xV/c2 V1-p2.
It is seen from this that at the moment t == 0 (in the K
frame) the clock of the K' frame shows a different time
depending on the x coordinate (the so-called local time).
This is shown in Fig. 116a. I n terms of the K' frame the
situation is reciprocal (Fig. 116b), as it in fact should be
due to the equivalence of both inertial reference frames.
." Next, it is seen from Eq. (6.10) that for events simulta
neous in the K frame the sign of the difference t: -- t~ is
defined by the sign of the expression -(x2 - Xl) V. Conse
quently, in different reference frames (with different values
of the velocity V) the difference t~ - t; is different not only

14*
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in magnitude but also in sign. This fact signifies that the
sequence of the events A I and A 2 may be either direct or
reverse.

This, however, does not apply to events obeying the
causality principle. The sequence of such events (cause-+
-+ effect) is the same throughout all reference frames. This
can' be easily demonstrated through the following reason
ing. Let us consider, for example, a firing, event Al (XI'
tt), and a hitting of a target with a bullet, event A 2 (X2 ,
assuming that both events occur on the x axis. In the K
frame t 2 > t I , the velocity of the bullet. is v, and assuming,

(a)

(oj

Fig. 116

for definiteness, X 2 > Xl' we may write X 2 - Xl == V (t2 

- t l ) . Substituting this equality into Eq. (6.10), we get

t~-t;= (t 2 - tt ) (1-vV/c2)/V 1-p2.

The quantity in the second parentheses of the numerator is
always positive as V < c (even at v = c when the cause
and-effect relationship ,is determined by signals or inter
actions propagating with the highest possible velocity).
It follows that if t2 > tI , then t; > t;, i.e, the sequence of
the cause-and-effect events is the same in all inertial ref
erence frames.

Lorentz contraction. Let us orient a rod resting in the
K' frame along the x' ·axis, i.e. along the motion direction
of t his reference frame relati ve to the K frame. Suppose
the length of the rod in the K' frame is equal to 10 = x~ 
- .1.~ (the proper length).
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In the K frame, relative to which the rod moves, its
length is defined as the distance 1 between the coordinates
X 2 and Xl of its ends taken 'at the same moment of time u, =
=- tt). Making use of the Lorentz transformation (6.8)
for the x' and x coordinates, we get

lo= x;-x; = (X2 -xt )rV1- ~,2.= II V1-~2,
whence

1= i, V1-~2. (6.11)

Thus, the length l of the moving rod proves to be less than
its proper length lo, and in each reference frame it has its
own value. This result is in a complete-agreement with the
result obtained in. Eq. (6.5).

I t follows from the definition of the length that the .rela
tivity of the length of the given rod is a consequence of the.
relativityeof simultaneity. The same pertains to the form
of any body: its dimensions in the motion direction are
also different in d4fferent inertial reference frames.

Duration of processes. Suppose that at the point with
the coordinate x' of the reference frame K' a certain process
takes place whose duration in that frame is equal to ~to =
= t~ -- t~ (the proper time of the process). Let us deter
mine the duration of the given process ~t = t 2 - tt in the
K frame relative to which the K' frame moves.

For this purpose we shall resort to the Lorentz transforma
tion of time. As the process takes place at the point with
the fixed coordinate z' of the K I frame, it is more conve
nient to usc Eq.. (6.9):

t2 - t} === (t~ - t;)/ t/ 1- p2
or

(H.12)

It is seen that' the duration of the same process is different
in different inertial reference frames. In the K frame its
duration is longer (~t > ~to), and therefore in that ref
erence frame it proceeds slower than in I he K' frame. This
fact is ill a complete agreement with the result. conceruiug
the rate of the same clock ill eliflereut inertial reference
frames! that. is, Eq. (6.4).
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Interval. The relativity of spatial and time intervals
by no' means implies that the theory of relativity denies
the existence of any absolute quantities. In fact, the oppo
site is true. The theory of relativity tackles the problem
of finding such quantities (and laws) which are indepen
dent. of the choice of the inertial reference frame.

The first of these quantities is the universal velocity with
which interactions propagate; it is equal to the velocity
of light in vacuo. The second invariant value, just as impor
tant, is the so-called interval $12 between events 1 and 2,
whose square is defined as

IS~2=C2t~2-l~2=inv.1 (6.13)

where t12 is the time interval between tile events and ll?

is the distance between the two points at which the given
events occur -(l~2 = X~2 + Y~2 + Z~2).

We can easily see that the interval is invariant, calculat-
ing it directly in. the reference frames K and K'. Making
use of the Lorentz transform-ation (6.8) and taking into
account that Y;2 = Y12 and Z;2 = Z12' we can write:

2t'S '2 2 (t1s-X1SVlcl)1 (%12- Vt 12)' 2t 2 2
C 12-:- X12 = C 1-~1 1_62'C 12-%12·

Thus, it is clear that the interval is really invariant. III
other words, the statement "two events are separated by a
certain interval s" has an absolute meaning for it is valid
in all inertial reference frames. The invariant interval
plays a fundamental .role in the theory of relativity. and
provides an efficient instrument of analysis and solution
of many problems (see, e.g., Problem 6.4).

Types of intervals. Depending on what component, spa
tial or temporal, preyails, an interval is referred to as either

space-like (11 2 > ctI 2) , or
time-like (ctl 2 > 112) . .

In addition to these two types of intervals there is another
type, light-like (Ct12 = 112) . . ,

If the interval between two events is space-like, n refer
ence frame K' can nlways be found in which thcs~ events
occur slmultnneously (t;2 ~ 0):

c2t:2 -l:2 = -l~~.
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If the interval is time-like, one can always find a reference
frame K' in which both events occur at the same point
(l~2 = 0):

In the case of space-like intervals l12 > .ct12, i.e. the
events cannot influence each other in any reference frame,
even if communication between the events is carried out
at the ultimate velocity c. This is not the case with time
like and light-like intervals, for which l12 ~ ctl 2• Conse
quently, events separated by such intervals may be in a
cause-and-effect relationship with each other.

Transformation of velocity. Suppose in the x, y plane
of the K frame a particle moves with the velocity v, whose
projections. are equal to V x and "»: Using the Lorentz trans
formation (6.8), we find the velocity projections v~ and

.V,~ of th~ particle in the K' frame moving with the velocity
V as shown in Fig. 115:

, di' dx' f lJx-V

Vx = til' == Cit dt' /dt = 1-v,xVIe" •

, dy' dy' 1 Vy Y1-~2.
VY===(lt'=(ft dt'ldt =: 1-v,xVc2 , (6.14)

where ~ =.VIc. Hence, the velocity of the particle in the
K' frame is

, 'V'2 +'2 II (vx- V)2+ v~ (1- ~2) . (n.15)
v = Vx vy = 1-v

x
V lc? .

These formulae yield the so-called relativistic law of trans
formation of velocity.· At low velocities (V ~ c and v <€:: c)
they reduce, as one can easily see, to the classical formulae
of transformation of velocity:

v~::~v:\.- V ~ ,-';/ = vy,

or in a vector form
V' = v-V.

Note that the last formula is valid only in the Newtonian
approximation: in the relativistic case it has. no meaning,
for' the simple law of velocity composition cannot be ap
plied here. This can easily be demonstrated by the follow
ing example. Suppose the velocity vector v of a particle
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9 K y'l K'
I V
~

Fig. 117

0'
~_._ .._. ------- --- --~

x X'o

in the K frame is perpendicular to the x axis, i.e. has the
projections V x = 0 and v.y = v. Then in accordance with
Eq. (6.14) the velocity projections of the same particle in
the K' frame are

v~= -V; v~=VyY1-p2. (6.16-)

This means that in the given case (v -L x axis) the v~ pro
jection diminishes on transition to the K' frame and clearly
Vi * v - V (Fig. 117).

Let us now examine the case when two particles move
toward each other with the same velocity v in the K refer

ence frame. What is the
velocity Vi of one particle
with respect to the other?
In the non-relativistic ap
proximation the obvious an
swer is 2v. In the case of
high velocities we have to
apply the first formula of
(6.14), assuming the parti
cles to move along the x
axis. Let us fix the K' ref
erence frame to one of the
particles, e.g. to the one
moving in the positive di-.
rection of the x axis. Then

the problem reduces to finding the velocity of the other par
ticle in that reference frame. Substituting V x = - v and
V = v into Eq. (6.14), we obtain

v~ = - 2v/[1 + (VIC)2].

The minus sign means that in the given case the second
particle mo-ves in the negati ve direction of the x' axis of
the K' reference frame. I t should be pointed out that even
when both particles move almost with the highest possible
velocity v ~ c, the velocity v' cannot exceed c (which is
immediately seen from the last formula).

And finally, let us check di rectly whether the relati vistic
formulae of velocity transformation correspond to Einstein's
second postulate concerning the constancy of the velocity
of light c in all inertial reference frames. Suppose vector
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Fig. 118

e has the projections ex and cy in the K frame, i.e. c2 =
= ci + c~. Now let us transform the radicand in Eq.
(6.15) as follows:

c~-2c~Y + V2+(C2_C~) (t - ~:) = (c- c:v r.
After this it is not difficult to get v' = c. Of course, in the
general case vector c' is oriented differently in the K' frame.

§ 6.6. Geometric Description
of Lorentz Transformation

Let us now consider the relativistic concepts of space
time using the geometric approach developed by Minkowski,
which helps to describe the substance of the Lorentz trans-
formation in a different
light. ,~

MinkowSki diagrams. Sup
pose there are two ineltial ref
erence frames K and K', the
latter moving relative to the
former with the velocity V.
First, let us draw the so-called
space-time diagram for the
K frame, confining ourselves
to the more simple and
graphic unidimensional case
(Fig. 118). In this diagram the
ordinate axis usually marks
not the time t itself but the
quantity 't = ct (where C is the .
velocity of light). We may thus calibrate both axes, Ox
and OT, in metres using the. same scale.

Each point of the diagram, referred to as a world point,
describes a certain event A (x, 1'). Each particle (even a
stationary one) has a corresponding world line in this dia
gram. For example, the Os: axis is the world line of a parti
cle resting at the point x = O. The Ox axis depicts the to
tality of events simultaneous with the event 0 irrespective
of the x coordinate.

The world line corresponding to light propagating from
the point 0 in the positive direction of the x axis is the
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bisector OC of the right angle (the dotted line in Fig. 1-18).
Let us plot the -r' and a' axes of the K' frame in this dia

gram. Assuming x' = 0 in the Lorentz transformation
(6.8), we obtain the"world line of the origin of the K' frame.
Theil x == Vt == ~'t, where p = VIc. This is the equation
of the straight line forming the angle e with the 't axis,
which can be determined from the formula tan 6 = ~.

The straight line obtained is the world line depicting the
totality of events occurring at the origin of the K' frame,

i.e. it is the r' axis.
The x' axis of the K '

frame is a straight line de
picting all the events which
are simultaneous with the'
event 0 in the K' frame.
Assuming t' = 0 in the
Lorentz transformation
(6.8), we get ct = ~V/c,

or -r = px. From this it Iol
lows that the x' axis forms
the same angle 8 (tan (} =
=~) with the z axis.

x=; .x Thus, the -r' and a' axes
FO t 19 of the K' frame are ar-

ig, ranged symmetrically with
. respect to the world line

OC of light, and the coordinate grid (c', x') of the .K' frame
proves to be oblique-angled. The higher the velocity V of
the K' frame, the more "oblate" its coordinate grid is. As
V ~ c it degenerates into the world line of light.

The last thing left to be done in the diagram is to scale
the 't, x, 't', x' axes of both reference frames. The easiest way
to do this is to utilize the \nvariance of the interval:

82 = 1"2- x2 = -r'2 - X'2.
\

Let. us mark on the 't axis of the K frame the point corre
sponding to a time unit in the K frame ('t = 1, Fig. 119)
and then draw through that point the hyperbola

't2 -Z2 = 1,
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Fig. 120
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whose points conform to the invariant interval s = 1
(since when x = 0, 't =1 and s = 1). Its asymptote is the
world line of light. The hyperbola crosses the 'I' axis at the
point corresponding to a time unit in the K' frame. Indeed,
-r'2 - X'2 = 1 and if x' = 0, then 'I' = 1.

The x and x' axes are calibrated in much the same way:
a hyperbola x 2 _.,(2 =.1 is drawn through. the point x =
== 1, 't = 0 of the K frame; then the point at which the
hyperbola crosses the x' axis, and where 't' = 0, marks a
unit. of length (x' -= 1) in the
K.' frame (since X'2 - "t'2 = 1
and if 't' = 0, then x' =1).

The Minkowski diagram thus
plotted illustrates the transition
from the K to K' frame and con
forms to the Lorentz transforma
tion (6.,8). In accordance with
the principle of relativity the
reverse transition ·lrom the K'
to }( frame is illustrated by a
diagram of a quite symmetric
form: the coordinate grid of the
K' frame is rectangular and the
K frame is oblique-angled., We suggest that the readers
themsel ves should demonstrate this.

Now we shall show how the Minkowski diagram assists
in interpreting simply and graphically such relativistic
effects as, for example, the relativity of simultaneity, the
.dilation of time, and the Lorentz contraction.

Relativity of simultaneity follows immediately from
Fig. 120. In fact, events A and B simultaneous in the K
frame turn out to oc-cur at different moments in the K'
fra~e. The event A occurs later than event !3 by the~
L\'t.

Dilation of time. Let us consider two clocks K and K'
which show the same time 't = 'I' = 0 at the moment when
t.hey are at. the same point. in space (x == x' = 0). The
clock K is assumed to he at. rest in the K Irnmo and t.he
clock K' in the K' Irarne.

Suppose that according to the clock K a time unit elapses
('t = 1); this corresponds to the event A in the diagram
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(Fig. 121). Let us draw a hyperbola 't2
- x2 = 1 through

the point A and also a straight line AB' describing all the
events which are simultaneous with the event A in the K
frame. The intersection of the .r' axis, i.e. the world line
of the clock K', with the hyperbola gives the point A' (r' =
= 1) and with the straight line OB' the point B' ('t' < 1).
This means that in the K' frame a time unit has not yet

Fig. 121

o 8. A(X=I)

Fig. 122

a:

elapsed according to the moving clock K' when the clock
K registers the passing of a time unit. This fact signifies
that the clock K' goes slower.

Let us utilize the diagram to make sure that the effect of
the dilation of time is reversible. Draw a straight line BA'
parallel to the x' axis which describes all the events which
are simultaneous with the event A' in the K' frame ('(' =
= 1). The point B at which this straight line intersects the
world line of the clock K, the T axis, shows that T < 1,
i.e. it is the clock K whose rate is now slower with respect
to the K' frame.

Lorentz contraction. Suppose a one-metre rod is at rest
in the K frame (the segment OA in Fig. 122). The straight
lines Ot and ·AD are the world lines of its enos. To measure
the length of that rod in the K' frame, we have to determine
the coordinates of its ends simultaneously in that frame.
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x'
xProblems to Chapter 6

But in the K' frame the event () (the determination of the
left end of the rod) is simultaneous with the event B' repre
sented by the point of intersection of the world line of the
right end of the rod with the simultaneity line Ox'. It
is seen from the diagram that in the K' frame OB' < OA',
i.e. the rod moving relative to the K' frame is shorter than
one metre.

It can be "demonstrated just as easily that the Lorentz
contraction is reversible as well. If a one-metre rod is at
rest in the K' frame (segment OA '), then, drawing the world
lines of its. ends in that frame (aT' and A'B), we see that
in the K frame OB < OA pro- I

vided the coordinates of the y' K y4 K
rod's ends are determined si- " V
multaneously, i.e. the K' rod 111

experiences the Lorentz con- I
traction .~ith respect to the I
K frame. I

IL _

o 0'
. (' 6.1. A stationary rod of Fig. 123

length l = i.OOm is oriented at the
angle e= 45° to the x axis of the K frame (Fig. 123). Find its length I'
and the corresponding angle S' in the K' frame moving relative to
the K frame with the velocity V = c/2 along the x axis.

Solution. The rod's length in the K' frame is

l' = V (~x')2+ (~y')2 =.J!(~x)S (1-~1)+ (~y)2.

Taking into account that" li.x ~ 1cos e and !:ly = l sin Ot we get

l'=lVf-~lcosle==O.94 m, -

The angle 9' in the K' frame is found from its tangent:

t 0' ~y' ~y. tan e. s' -_490.
an = L1x' ~x V1-~s V1-~I t

It should he pointed out that the results obtained are independent
of the direction of the velocity of the K' frame.~

• 6.2. A rod moves along a ruler with a certain constaDt-velocity.
When the positions of both ends of the rod are determined simulta
neously in the reference frame fixed to the ruler, the length of the
rod 11 == 4.0 m. However, when the positions of the ends of the rod
arc determined simultaneously in the reference frame fixed to the rod,
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the difference of readings made by the ruler is equal to 12 = 9.0 m.
Find:

(1) the proper length of the rod;
(2) tho velocity of the rod relati vo to the ruler,
Solution. The proper length of the rod ' 0 is related to ,. and ~2

via the following formulae:

11 = 10 V1- ~:a; 10 = l2 V1- ~I,

where p is the velocity of the rod expressed in units of the velocity
of light. From these formulae we obtain:

(1) 10 = VlJ;"=6m;(2)~= V1-l1/l2=5/3~O.750rv=0.75c .

• 6.3. Bod-and-tube "paradox". A tube AB of length 1.0 m is
at rest in the K frame. Let us take a rod A I Btl of length 2.0 m and
accelerate it to such a velocity that its length in the K frame becomes
equal to 1.0 m, Then at a certain moment the rod, flying through the

v
•

Fig. 124

tube, fits in it completely. However, "in terms or' the rod it is the
tube that becomes reduced by half, and consequently the rod (2.0 m)
does not fit in the tube (0.5 m). Is there a contradiction here?

Solution. "In terms of" the tube the ends of the Dying rod coincide
with the ends of the tube simultaneously. "In terms of" the rod the
ends do not coincide simultaneously: first, the ends Band B' coincide
(Fig. 124), and after the time interval tJ.t, the ends A and A'. The
time interval I1t may be calculated as follows:

~t=(Lo-l)IV=6.10-9 s,

where Lo = 2.0 m is the proper length of the rod, l = 0.5 m is the
length of the tube moving relative to the rod, and V is its velocity.
The latter is found Irom Eq. (6.11): V = c y3/2.

• 6.4. Find the distance which an unstable particle traverses
in the K frame from the moment of its generation till decay, provided
its lifetime in that reference frame is I1t = 3.0.10-8 s and its proper
lifetime is I1to = 2.2 ·10-8 s,

Solution. Using Eq. (6.12), we determine the velocity V of the
particle and then the distance sought:

l = ~t· V = St-c V1-(lltolL\ t)' =:0.6 km,

Another method of solution is based on the invariance of the
interval:
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where 011 the left-hand side we write thesquared interval in the f rarne
fixed to the particle and 011 the right-hand side the squared interval
in the K Irame, From this we ob-
tain the same value of l, ,

,. 6.5. Doppler effect. A station- K tx
ary detector P of light 'signals is. I
located in the K frame (Fig. ·125). S~----!
A source S of light signals approa- 1

chos the detector wi th the velocity L
V. In the reference frame fixed to O~-O=;:,::.:-:.::-=.:-==-==-~-======:=:a:-=-·

the source the signals are emitted
with the frequency "0. With what
frequency 'Y does the detector re- Fig. 125
cei ve these signals? -

Solution. The time interval between two consecutive signals
(pulses) in the K' frame fixed to the source is equal to To = 1/'Yo' As this
frame moves with the velocity V, thelcorresponding time interval

in the K frame is, in accordance
with Eq. (6.12), longer:

T~Tol-V1-~2, f}=V/c

The distance between two consecu
tive "pulses in the K frame is equal
to ~

A:=cT-VT=(c-V) T=

= (c-- V) • r To •
y 1-~2

Therefore, the frequency re
ceived by the detector is equal to

v==~=::c V~ "o}/ 1+~
A. To (c- V) 1- ~

-1.0 -Q8-fJ.5-0., -0.2 0 a2 0*0..5 f3=V/c 0 r
RecetlilJj Approach liR3i

"="0 1-~ ·

When the source approaches
(as in our case), then v > "0' but

when it moves away, v < "0 (in this case the sign of hanges to the
opposite, Fig. 126). The formula obtained for t frequency" ex
presses the so-called radial Doppler -eO!!ci.

Note that in classical physics T == 'To since time is absolute.
Therefore, the classical formula for the Doppler effect does not contai n
the factor li 1 - ~2, which is replaced by unity:

v = vol(1 - ~) ~ "0 (1 + VIc).

At the same time let us consider a more general case: in the K
frame the velocity V of the source Iorms the angle a with the Iine of
ohservation (Fig. 127). In this case it is sufficient to replace V in
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Eq. (1) by V cos cz. Then

V~
'\1='\10 1-P cos a ·

In particular, at a ~ rr/2 the so-called. transverse Doppler effect is
observed:

p

\'=\'0 Vt-~2,

in which the observed frequency always proves to be lower than the
proper one Vo. Incidentally, the last expression is just a conseque!lce

. y

s&vcos«

Fig. 127

of the dilation of time in a moving reference frame; it may also
be obtained directly from Eq. (6.12): .

1 1
v=-= \'0 V1-~2.

T ToIV 1- P'

• 6.6. Relationships between events. Fig. 128illustrates a space
time diagram. Each point of that diagram (a world point) describes

., --- z----"'i'
O~----------4I~

K K'~
I
I
I
I
I
I
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o
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6

5

4

:I

2

Fig. 128 Fig. 129

a certain event, that is, a coordinate and a time moment at which
that event happens. Let us examine three events corresponding to the
world points A, B, and C. Prove that the following relationships exist
between these events:' .
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Pair or Proper ttme Proper Possible cause-
events rrypt: of interval c-6to. m distance and-effect rela-

&xo. m tion

AB Time-like 4 - A~B

AC Space-like1 - 4 None
Be Light-like! 0 0 C-+B

--------~
.x a:'

v..
I,
I
I,
I
L_

0'

K"
I
1

o

K

l1i~Vv;~+v;~ =

=V"f.+ vl - (VIVa/C)z.,.
Note that in accordance with the
classical law of vector composition

cJ~= Vvf+vl·

H tnt: use invariance of the interval.
W 6.7. Two particles move in the K frame at right angles to each

other: the first one with the velocity Vt and the second one with vS.
Find the veloei ty of one particle with respect to the other.

Solution. Let us choose the coordinate axes of the K frame as
illustrated in Fig. 129. When the K' frame is fixed to particle 1,
the velocity of particle 2 in that reference frame is the value sought.
Introducing V = VI and Vx = 0
in Eq. (6.15), we get

.. Ii 6.8. Velocity direction trans- Fig. 130
formation. Aj)artiele moves in the K
frame with the velocity v at the angle 0 to the z axis. Find the corre
sponding angle 0' in the K' frame, which moves with the velocity V
as illustrated in Fig. 130.

Solution. Suppose the projections of the vector v in the K frame
are equal to Vx and vII. Then the following relation is true:

tan a'~ vlJlv~.

Taking into account Eqs. (6.14) we obtain in the K' frame

tanO'==viJ/v~~Vy V1-~I/(vx-V).

AIter the su bsti tu Lion v~ = v cos a and vlJ = )t.sitfO we find
~.-

, sina·V1-~1
tan a = a I ·cos -v v

As the last equation shows, the angle transformation law for velocity
differs from that for segments (see Problem 6.1).

II 6.9. A rod oriented parallel to the % axis 01 the K reference frame
moves in that frame with the velocity v in the positive direction oi
the y axis. Find the angle 9' between the rod and the x' axis of the
K' frame travelling with the velocity V relative to the K frame ill

15-0£.39
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the positive direction of its x axis. The x and x' axes coincide, the II
and y' axes are parallel to each other.

Solution. Suppose that at a certain moment the ends of the rod
coincide with the x axis in the K frame. These two events, which
are simultaneous in the K frame, are not so in the K' frame; in accor
dance wi~h Eq. (6.10) they are separated by the time interval

L1t'= L\xVIc2 y 1-~2,

where fi,x is the proper length of the rod. In that time the right end
of the rod shifts "higher" than the left one by Ay' == v~ St", where
v~ = v V1 - ~2 (see Eq. (6.16). Thus, in the K' frame the rod is
turned counterclockwise through the angle a', which may be deter
mined using the formula

tan S' = /!,.y' /L\z' ='~vlc V1- ~2,

where ~x' == AxV1 - ~2 is the projection of the rod on the x' axis
of the K' frame, and ~ = vic. .

• 6.10. Relativistic translormation of acceleration. A particle
moves with the velocity v and the acceleration w in the K frame.
Find the acceleration of that particle in the K' frame, which shifts
with the velocity V in the positive direction of the x axis of the K
frame. Examine the cases when the particle moves along the following
axes of the K frame: (1) x, (2) y.

Solution. 1. Let us write each projection .of the acceleration of
the particle in the s" frame as Iollows:

dv~ dv~ 1
w~= dt' =(it · dt'ldt ·

Making use of the first of formulae (6.14) and the last one of (6.8),
we get after differentiation:

, (1- ~2)3/2 •
W:c = (1- pvxlc)S W,;, wi, = O,

2. Similar calculations yield the following results:

w~=O; w;=(1-~I)wy •

In these formulae P= vic.



CHAPTER 1

RELATIVISTIC DYNAMICS

§ 7.1. Relativistic Momentum

Let us first recall two basic assumptions of Newtonian
mechanics concerning momentum:·

(1) the momentum of a particle is defined as p = mv ;
and the mass m of the particle is supposed to be indepen
dent of its velocity;

(2) the momentum of a closed system of particles does
not vary with time in any inertial reference frame.

Now we shall turn to relativistic dynamics. It is found
here that the conservation law for Newtonian momentum
is not valid in the case of a closed system of relativistic
particles. eWe shall illustrate this later by a simple exam
ple.] Thus~we face the following choice: either to reject the
Newtonian definition of momentum, or to discard the law
of conservation of that quantity.

Considering the immense significance of the conservation
laws, in the theory of relativity the momentum conserva
tion law is regarded as fundamental and the momentum
itself is expressed accordingly".

First of all we shall demonstrate that the requirement
for the momentum conservation law to hold in any inertial
reference frame together with the relativistic transforma
tion of velocities on transition from one inertial reference
frame to another leads to the conclusion that the particle's
mass must depend on the velocity of the particle (in contrast

• The following question arises: how can the momentum conser
vation law be of any value if momentum is defined so as to keep it
constant? To answe,r the question,'let us imagine a particle colliding
with other, particles in the process of its motion. Having considered
the first collision, we define momentum so that· it obeys the conserva
tion law in that collision. In th llowing collisions, however, the
situation is different: we know the mo a of the particles involved
in those collisions, and the momentum con vation law (if it really
exists) is valid not according to definition but due to underlying
laws of nature.

. Experience shows that momentum thus defined really obeys the
conservation law. At least, not a single phenomenon has been ob
served up to now in which that law fails.

15*
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to Newtonian mechanics). For this purpose let us examine
a completely inelastic collision of two particles, where the

~ system is assumed closed.
Suppose two identical particles 1 and 2 move toward

each other in an' inertial reference frame K with the same
velocity Vo at an angle ex to the x axis (Fig. t3ta). In that
reference frame the total momentum of both particles ap
parently remains constant: it equals zero both before and after
the collision (and the formed particle turns out to be mo
tionless, as follows from symmetry considerations).

Now let us see what happens in another inertial reference
frame. First, we choose two reference frames: the K 1 frame

((1)

y
in K frame

Fig.!.131

moving to the right with the velocity Vl x and the K 2 frame
moving to the left with the velocity V 2 X (Fig. 131a). Clearly,
particle 1 in the K1 frame and particle 2 in the K2 frame
move only along the y axis with velocities whose equal
moduli we denote by u.

Let us consider the collision in the K 1 frame (Fig. f3tb)
in which particle 1 has the velocity u, We find the y compo
nent of the velocity of particle 2 in that reference frame,
denoting it by u'. As we mentioned, that particle moves
with the velocity u along the y axis in the K 2 frame and at
the same time translates together with the K! frame to the
left with the velocity V relative to the K 1 frame. Therefore,
in accordance with Eq. (6.16), the y component of the ve
locity of particle 2 in the K 1 frame is equal to

u' ~u·V 1-(Vlc)2. (7.1)
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Now the y components of momenta of both particles may
be written in the K1 frame as m1u and m2u'. In accordance
with Eq. (7.1) u' < u, and therefore it is easy to see that
the momentum conservation law does not hold true in its
conventional (Newtonian) statement. Indeed, in our case
ml = m2 (the particles being identical) and therefore the
y component of the total momentum of the particles before
the collision differs from zero while after the collision it is
equal to zero, since the par
ticle formed moves only m
along the x axis.

The momentum conserva
tion law becomes valid in
the K 1 frame if we assume
mlu = msu' . Then from
Eq. (7.1) we get

m t = ml'~V1-(V IC)2.

When a -+ 0 (Ftg.; t§1),
u~ 0 and jn, is tha mass
of the motionless particle;
it is denoted by mo and is
referred to as the rest
mass. In that case the velocity V proves to be equal
to v, the velocity of particle 2 with respect to particle
1. Consequently, the last formula can be rewritten as

m = mo/l!l - (VlcJ2, (7.2)

where m is the mass of the moving particle (recall that the
two particles are identical). The mass m is referred to as
relativistic. As it is seen from Eq. (7.2), the latter is greater
than the rest mass and depends on the particle's velocity
(Fig. 132). ~ .

Thus, we have reached an important conclusion: the
relativistic mass of a particle depends on its velocity. In other
words, the mass of the same particle is different in different
inertial reference frames.

In contrast to the relativistic mass the particle's rest mass
mo is an invariant quantity, i.e. is the same in all reference
frames. For this reason we can claim that rest mass is a char
aeteristic property of a particle. But later on we shall
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frequently use the relativistic mass m to simplify some
conclusions, reasonings, and calculations.

Now we shall take the last step. Using Eq. (7.2) we write
the momentum of a relativistic particle in the following
form:

I mov Ip = mv = ---;-=::::::===-
Yf-(v/c)1 •

(7.3)

Fig. 133

t

o

2

This. is the so-called relativistic momentum of a particle.
Experience confirms that the momentum thus defined does

obey the conservation law
regardless of the inertial
reference frame chosen.

Note that if v -e cEq.
(7.3) yields the Newtonian
definition of momentum:
p = mov, where mo is in
dependent of the velocity
v. The velocity dependences
of the relativistic and
the Newtonian momentum
of a particle are compared
in Fig. 133. The difference
between the momenta is

seen to grow substantially as the velocity of a particle
approaches that of light.'

Let us consider two examples illustrating how Eqs. (7.2)
and (7.3) re applied.

Exampie 1. modern giant accelerators protons can be accele-
rated up to a· veloc !differing from that of light by 0.01 per cent.
How many times does the relativistic mass of such protons exceed
their restlmass?

In accordance with Eq. (7.2) mlmo = 1/y f - ~t, where ~ = ole,
Since ~ slightly differs from unity t the radicand should be trans
formed as follows:

f - pi = (1 + p> (1 - ~) ~ 2 (f - ~).
Then

mlmo ~ ily2 (1 - P) ~ 70.

Example 2. At what velocity does a particle's Newtonian momen
tum differ from its relativistic one by one per cent? by ten per cent?
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Whence

(7.5)

From' the condition 11 = (p - Pcl)lp = t - Y1 - (v/c)2 we get

vIc = V1] (2 - TJ).

...!..={ 0.14 at 1]=0.01,
c 0.45 at 1')= 0.10.

Thus, the classical formula for momentum provides an accuracy better
than one per cent at vic ~ O.14·and better than ten per cent, at vlc ~
<0.45.

§ 7.2. Fundamental Equation of Relativistic
Dynamics .

According to Einstein's principle of relativity all laws
of nature must be invariant with respect to inertial refer
ence frames. In other words, the mathematical formulations
of laws must be identical in all these reference frames.
In partitular, this is true for the laws of dynamics.

However, detailed analysis shows that the fundamental
equation of dynamics of Newton mw = F does not satisfy
Einstein's principle of relativity. The Lorentz transforma
tion totally changes the form of the equation on transition
to another inertial frame.

To satisfy therequirements of the principle of relativity,
the fundamental equation of dynamics must have another
form and only in the case of v <t:: c turn into the Newtonian
equation. It is shown in the theory of relativity that these
requirements are met by the equation

dp/dt = F, (7.4)

where F is the force acting on the particle. 'This equation
completely coincides in form'with the fundamental equation
of Newtonian dynamics (4.1). But the physical meaning is
different here: the left-hand side of the equation contains
the time derivative of a relativistic momentum defined by
formula (7.3). Substituting Eq. (7.3) into Eq. (7.4), we
obtain

If (11 1~~V/C)' ) = F ·1
This is the fundamental equation of relativistic dynamics.
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It can be easily seen that the equation written in this
form ensures the invariance of momentum for a free particle
and turns into the fundamental equation of Newtonian
dynamics (mw = F) at low velocities (v ~ c). .

Moreover, the fundamental equation of dynamics, when
written in this form, proves to be invariant relative to the
Lorentz transformation and, consequently, satisfies Ein
stein's principle of relativity. We shall not prove this here,

but shall only note that on tran
sition from one inertial reference
frame to another the force F is
transformed in accordance with
definite rules. In other words, the
force F is not an invariant" in the

dm -u theory of relativity and it.s "mag-
at nitude and direction vary",

A surprising conclusion follows
Fig. 134 from the fundamental equation of

relativistic dynamics: the accelera
tion vector w of a particle does not coincide in the gen
eral ease with the direction of the force vector F. To demon
strate this, we write Eq. (7.5) in the following form:

~ d (mv)/dt = P,

where m is the rel~tic mass of the particle. Differen
tiating with respect to time, we obtain

(dmldt) v + m (dv/dt) = F. (7.6)

This expression is graphically illustrated in Fig. 134. Thus,.
the acceleration vector w is indeed not collinear with the
force vector F in the general ease.

The acceleration w coincides in direction with 'the vector
F only in two cases:

(1) ·F.Lv (transverse force); in this case the magnitude of
the vector v does not vary, i.e. v = const, and Eq. (7.5)

• As distinct from Newtonian mechanics where forces are absolute.
in the theory of relativity the force projections perpendicular to the
direction of the relative velocity vector of the reference frames are
different in these frames. The projections have' maximum values
in the reference frame' where the particle is at rest at 8 given moment:

F;=Fx, Fj,=F!lVt-(vlc)".
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takes the form

233

mow/V1- (VIC)2 = F,

whence the acceleration

w = (Flmo)'V 1-(vlc)2;

(2) F II v (longitudinal force). In this case Eq. (7.5) may
be written in scalar form; performing differentiation with
respect to time on the left-hand side of the equation, we
obtain

(
mo + mov'lc' ) ~ _ F

Y f -(vIc)' [f-(vlc)I]SfI dt - ,

whence the acceleration written in vector form is

w = (Flmo) (1- (vlc)2]3/2.

It is not «J(fficult to see that if the force F and the velocity
v have the same values in both cases, the transverse force
imparts to the particle a greater acceleration than the longi
tudinal force.

The fundamental equation of relativistic dynamics makes
it possible to find the law relating to the force F acting
on a particle provided the time dependence of the rela
tivistic momentum p(t) is known, and on the other hand, to
find the equation of motion of the particle r (t) if the acting
force and the initial conditions, the velocity Vo and the
position ro at the initial moment of time, are known.

The application of Eq. (7.5) is illustrated by problems
7.1-7.3.

§ 7.3. Mass-Energy Relation

Kinetic energy of a relativistic particle. We shall de
fine this quantity in the same fashion as we did in classical
mechanics, i.e. as a quantity whose increment is equal to
the work performed by the force acting on a particle. First
we find the increment of the particle's kinetic energy dT
due to the force F acting over the elementary path dr =
= vdt:

dT = Fvdt.
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In accordance with the fundamental equation of relativistic
dynamics (7.4) Fdt = d (mv) = dm-v + mdv, where m is
the relativistic' mass. Therefore,

dT = v (dm·v + mdv) = v2dm + mvdv,

where 'the relation vdv = vdv is taken into account (see
p. 90). This expression can be simplified by allowing for
the dependence of mass on velocity (Eq. (7.2». Squaring
the equation, we get .

m 2c 2 = m 2v2 + m~c2 •

Let us find the differential of this expression, bearing in
mind that m o and c are constants:

2mc2dm = 2mv2dm + 2m2vdv.

The right-hand side of this equality, when divided by 2m,
coincides with the expression for dT. Hence, it follows that

dT = c2dm. (7.7)

Thus, the increment of the kinetic energy of a particle
is proportional to the increment of its relativistic mass.
The kinetic energy of a motionless particle is equal to zero
and its mass is equal to the rest mass mo. Consequently,
integrating Eq. (7.7), we obtain

T = (m-mo)c2, (7.8)
or

(7.9)

where ~ = vic. This is the expression for the relativistic
kinetic energy of a particle. It can be seen how conspicuously
it' differs from the classical m ov

2/2. Let us make sure, how
ever, that at low velocities (~ ~ 1) expression (7.9) turns
into the classical one. For this purpose we employ the bino
mial theorem, according to which

1 =(1_~2)~t/2=1+_2i p2+ 3
8
p~+ ...

-V1-~2 .
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At P~ 1 we can confine ourselves to the first two terms of
the series, and then

T = moc2p2/2 = mov2/2.

Thus, at high velocities the kinetic energy of a particle
is given by the relativistic formula (7.9), which is different
from mov2/2. It should be poin
ted out here that expression
(7.9) cannot be represented
as mv2/2, where m is the rela
tivistic mass.

The relativistic Tre; and
classical Tel kinetic energies
plotted as functions of ~ are
compared in Fig. 135. Their
difference becomes very pro
nounced .""velocities compara
ble to that of light.

Example-!. A partic~ of mass mo
moves with the velocity at which 
its relativistic kinetic energy T ex
ceeds by n times the kinetic energy
calculated by means of the classical formula. Find T.

For the sake of simplicity we Introduce the designation 't = Tlm~c2.
Then the given condition T = n· mov'J /2 may be written as

'i = npt/2,

where ~ = ole. From Eq. (7.9) ~ can be expressed as

pi = i - i/(i + 1:)1.

Eliminating ~2 from these two equations, we get

21:1 + (4 - n) 1: - 2 (n - t) = o.
The root of this equation is

't = [n - 4 + Vn (n + 8»)/4.

The minus sign in front of the radicand has no physical meaning
(1: cannot be negative) and thus can be omitted.

Here are the' four values of T calculated from the last formula for
the following n:

n= T/Tcl : t .01 1.1 1.5 2.0

't= T/mocl : 0.0067 0.065 0.32 0.62
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It is seen that, for example, at Tlmo~ ~ 0.0067 the application of the
cla cal formula permits the kinetic energy to be determined with
an ecuraey better than one per cent.

Example 2. What amount of work must be performed to increase
the velocIty of a particle of rest mass m. from 0.6 c to 0.8 c? Compare
the result obtained with that calculated from the classical formula.

In accordance with Eq. (7.9) the "work sought is equal to

A=Tt-Tl=~t (1 V 1 )=O.42mocl.
V i-PI i-PI

The classical formule yields the following value:

A=mo (111-vf)/2= O.f4moc1•

The difference between the two results is "seen to be substantial.

Relation between mass BDd energy. It follows from Eq.(7.7)
that the increment of kinetic energy of a particle is accompa
nied by a proportional increment of its relativistic mass.
It is known, however, that various processes taking place
in nature are connected with the transformation of one kind
of energy into another. For example, the kinetic energy of
colliding particles can be transformed into the internal
energy of a new: particle formed after the collision. Therefore,
it is natural to expect that the mass of a body grows not
only due to additional kinetic energy but also due to any
increase in the total energy stored in the body, irrespective
of what specific kind of energy is responsible for that in
crease.

Owing to this Einstein reached the following fundamen
tal conclusion: the total energy of a body (or a system of
bodies), whatever kinds of energy it comprises (kinetic,
electric, chemical, etc.), is related to the mass of that body
by the equation

(7.10)

This formula expresses one of the most fundamental laws
of nature, the relationship (proportionality) of the mass m
and the total energy E of a body. To avoid misunderstand
ing, we should point ont that the total energy E does not
include the potential energy of 8 body in an external field,
provided such a field acts on the body.



Relativistic Dynamic, 231

Relation (7.10) may be written in another form if Eq.
/ (7.8) is taken into account. Then the total energy of a body
is

E=moc2+T,

where mo is the rest mass of a body and T is its kinetic ener
gy. From this it follows directly that a motionless body
(T = 0) also possesses the. energy

Eo = m"e2. (7.1t)

This energy is referred to as the rest energy or the proper
energy.

We see that the mass of a body which in non-relativistic
mechanics manifested itself as a measure of inertness (in
Newton's second law), or as a measure of gravitational
action (in the law of universal gravitation), emerges now
as a meassre of the energy content of a body. In accordance

, with the theory of relativity even a body at rest has a cer
.tain amount of stored-up energy, the rest energy.

A change in the t9t81 energy of a body (a system) is ac
companied by an equivalent change in its mass Am =
= AElc2 and vice versa. In conventional macroscopic pro
cesses the change of mass of bodies turns out to be extreme
ly small, so that its experimental detection is impossible.
This can be demonstrated by the following examples.

Examples. A. A satellite of{mass m = 100 kg tis launched into
the Eartlj's orbit by accelerating it to the velocity 11 = 8 km/s. This
means that its energy increases by 6.E = mv2/2 (allowing for v « c).
The corresponding increase in the satellite's mass is equal to

6.m=fj,E/cl=mvl /2ct=3.5·iO-8 kg.

B. Heating one litre of~ water from 0 to 100 °C requires the energy
AE = mcp At. where cp =(4.2 J/(g.K) is the specific heat of water
and 6.t is the temperature difference. The corresponding increase
in the mass of the water is

Am=AE/ct=O.47·fo-10 kg.

C. A spring of stiffness factor x = f03 N/cm is compressed by
Al = t em. In the process the spring acquires the energy dE =
= x (Al)I/2. The equivalent increment in its mass is equal to

L1m=AE/cs = O.5··10- 16 kg.

It is easy to see that in all three cases the mass changes
lie far outside the capabilities of experimental technique.
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In astronomical phenomena, however, associated, for
example, with exploration of stars mass can change by an
appreciable amount. One may ascertain this by the example
of solar radiation.

Example. According to astronomical observations the amount
of energy carried by solar radiation each second to an area of 1 rn2

of the Earth's surface oriented at right angles to the solar rays comes
to about 1.4.103 J/(s ·m2) . This makes it possible to calculate the
total energy radiated by the SUD per second:

~E = 1.4.103 ·4nRs = 4.1028 u«;

where R is the distance between the Earth and the Sun. Consequently
every second the Sun loses the mass

Am = sst» = 4.4.109 kg/sf

This value is stupendous on the Earth's scale, but when compared
to the mass of the SUD this loss is negligible: Smlm = 2.10-21 8-1•

Things are quite different in nuclear physics. Here it
became possible for the first time to experimentally check
and confirm the law relating mass and energy.. This is be
cause nuclear processes and transformations of elementary
particles are associated with very large changes of energy
comparable with the rest energy of the particles themselves.
We shall return to this problem in § 7.5.

§ 7.4. Relation Between Energy and Mo~entum

of 8 Particle

I t is clear that both the energy E and the momentum p
of a particle have different values in different reference
frames. There is, however, a quantity, a certain combination
of E and p, that is invariant, i.e, has the same value in
different reference 'frames. Such a quantity is E2 - p2C2.

Let us make sure that this is so.
Making use of the formulae E =. me" and p = mv, we

may write

E2- p2C2 = m2c' - 'm2v2c2

or after cancelling

(7.12)
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The cancellation of the velocity v on the right-hand side
means that the value of E2 - p2C2 is independent of the
velocity of the particle, and consequently, of. the reference
frame. In other words, the quantity. E2 - p2e2 is indeed
an i n variant with the value m:c4 in all inertial reference
frames: .

(7.13)

This conclusion is of great importance since it allows,
as it will be shown later, the analysis and solution of vari
ous 'problems to be drasticallv simplified in many cases.

Here are two more relations which are very often useful.
The first one is

Ip=mv=Evlc21 (7.14)

and the se~nd one relates the momentum and the kinetic
energy T oJ a particle; it can be easily obtained by substi
tuting E = moc2 + T,: into Eq. (7.12):

Ipc'= V T (T + 2moc2)·1 (7.15)

At T < moc
2 the last relation· turns into the classical one,

p = V2moT, and when T > moc? t it takes the form p =
= Tic.

Exampie. Assuming the rest energy of an electron to be equal
to 0.51 MeV, calculate:· ·

(t) the momentum" of an electron possessing a kinetic energy
equal to i ts rest energy;

(2) the kinetic energy of an electron possessing the momentum
0.51. MeVle, where c is the velocity of light..

I. If T = moci , we obtain from Eq. (7.15) P = 1/ 3'moe =
= 0.9 MeV/c.

2. This problem may also he solved by resorting to Eq. (7.15).
A simpler way, though, is to utilize Eq. (7.12):

T=E-moc l = y p' cl + mBc' - moe
'

= O.21· MeV.

• Note that now momenta of relativistic particles are expressed
in the units "'energy/e", where c is the velocity of light. E.g., if energy
is expressed in MeV units (1 MeV = 1.6.10-0 erg), then momentum
is in MeV/c. The introduction of such a unit for momentum simplifies
many kinds of calculations quite noticeably.
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In 'passing, let us examine the interesting possibility of
the existence of particles with zero rest mass (mo = 0).
From the equations

E=~cZ/Y1-(vlc)2 and p=m.,v/V1-(vlc)2

it follows that a particle whose rest mass mo = 0 may pos
sess energy and momentum only when it moves with the
velocity of light c. Then the last two formulae turn into the
indeterminate ratio 0/0. This fact does not signify, how-
.ever , the indeterminacy of energy and momentum of such
a particle. The point is that both these quantities prove. to
be independent of velocity. Moreover, the relationship
between the momentum p arid the energy E is specified
by Eq. (7.14), where v = c, Le,

p = Elc. (7.16)

Thus, in accordance with the theory of relativity: the
existence of particles with zero rest mass is possible, provid
ed they move with the velocity c. This motion is not 8

result of preceding acceleration but this is the only state
in which such particles can ever exist. The stoppage of such
a particle is equivalent to its absorption (disappearance).
At the present time there are two such particles known:
the photon and the neutrino.

The Lorentz traosformatioD of momentum and energy. Let a par
ticle move with the velocity u = dUdt in the K reference frame. From
Eq. (6.13) it follows that the elementary interval is

tU= Vel (tlt)I-(dl)'=cdt Vi-(ule)'.

Bearing that expl"8S8ion in mind, we present the projections of the
momentum and the energy of the particle in the following form:

m. dz dz fly
p - -r-= m.c""'.1':'"' ; Py = mOc!.I~_ ;
x- Vi-(vlc)' ut· ~ IW"

mee' dt dt cl dt
E= vt-(v/c)' di'=mocl tiS=moc rs::

From the invariance of the interval dI it immediately follows that
on transition to another inertial referenee frame Px and PJI are trans
formed 8S dz and dy, i.e. as z and y, whereas the energy E is trans
formed as cI dl t I.e, as the time t, Thus, the following correlations
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(7.20)

(7.21)

may be pointed out:

p~ .- e, P,l _. JI, E/c" -- t.

Replacing the indicated quantities in the Lorentz transformation (6.8),
we immediately obtain the transformation of momentum and energy
lOught:

, p~-EV/Cl E-p V
P,,= Y • P~ =PfI. E' = :Ie. (7.t7)

1-(Vlc)" y 1-(Vlc)1

where V is the velocity of the K' frame ~lative to...the-.K frame.
These formulae express the transformation law for the momentum

and energy projections of a particle on transition from the K to K'
frame.

More compact notation. At present all formulae of rela
tivistic mechanics are customarily written in a more com
pact form- using the following abbreviations:

(1) the v-antities me'}, and pc are denoted simply by m and
p and expressed accordingly in energy units (e.g., in MeV
units);

(2) all velocities are expressed in units of the velocity
of light and denoted by f}:

~ == vIc; (7.18)
(3) the frequently occurring factor 1/V1 - p~ is denoted

by 1, the so-called Lorent~ jactor:.. __...

V=1/V 1-~2. (7.19)

These designations dramatically simplify not.onlY the appear
ance of the formulae but all transformations and calcu
lations as well. 'The basic formulae of relativistic dynamics
in the new notation are given below: .

relativistic momentum (7.3)

_ mil
p- y t- ~I 'Vmel,

kinetic (7.9) and total (7.10) energies

T=mo( 1 -1)=mo(1'- 1),y t-~I •.

E = m = m. + T = yrno;

18-0~31
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relations between energy and momentum (7.12)-(7.15):

E2_p2=m~=inv, (7.23)

p = Ep. (7.24)

p==VT(T+2mo); (7.25)

the Lorentz transformation of momentum and energy
(7.17):

(7.26)

§ 7.5. System of Relativistic Particles

About the energy and momentum of 8 system. Up to now
we restricted ourselves to consideration of the behaviour
of a single particle. In contrast to the dynamics of a single
particle, the development of the dynamics of a. system of
particles proves to be a much more complicated task in
the theory of relativity. Nevertheless, a number of impor
tant general laws can be established in this case as well.

If we wish to examine the motion of a system as a whole,
then, neglecting the internal processes in the system and
ignoring its spatial dimensions, that system can be regard
ed as a mass point (a particle). Accordingly, a system of
relativistic particles can be described by the total .energy
E, momentum p, and rest mass M o, and the relations de
rived earlier can be considered valid for the system of parti
cles as a whole.
'We have to establish now: how to .interpret the total

energy E, the momentum p, and the rest mass M o of a sys
tem as a whole. In the general case, if the system consists
of interacting relativistic particles, its total energy is

E= l~ m,c2 +W, (7.27)

where mic2 is the total energy of the ith particle (recall
that this quantity does not include the energy of interaction
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with other particles), and W is the total energy of interac
tion of all particles of the system.

In classical mechanics W is the potential energy of inter
action of a system's particles, a quantity depending only
on the configuration of the system (for a given character
of interaction). It turns out that in relativistic dynamics
there is no such concept as the potential energy of interac
tion of particles. This is due to the fact that the very con
cept of potential energy is closely connected with the con
cept of long-range action (instantaneous interaction trans
mission). Being a function of the system's configuration,
potential energy is defined at every moment of time by the
relative disposition of the system's particles. A change in
the configuration of a system must immediately induce a
change in potential energy. Since there is no such thing in
reality (int~actions are transmitted with a finite velocity),
the concept of potential energy of interaction cannot be
introduced for a system of relativistic particles.

An expression for the interaction energy W, and therefore
the total energy E, of a system of interacting relativistic
particles cannot be written in the general case. The same
can be said about the system's momentum since in relati
vistic dynamics momentum is" not a quantity independent
of the energy E. Things are as complicated in the case of
the rest mass M o of the system. In the general case it is
known to be the mass in a reference frame where the given
mechanical system is stationary as a whole (i.e. in the
C frame).

OWing to the complications mentioned above the devel
opment of the dynamics of a system of relativistic particles
is restricted to a few simple cases, two of which will be
examined here: a system of non-interacting relativistic
particles and the case of two colliding particles, which is
important from a practical point of view.

System of non-interacting particles. In this case the total
energy E and momentum p possess additive properties
which can be given as

E= ~ mic2, p= ~ Pi' (7.28)

where m, and Pi are the relativistic mass and the momentum
16*
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of the ilh particle of the. system. Since there is no interac
tion in this case, the velocities of all particles arc constant
and consequently the total energy and the momentum
of the whole system do not change with time.

Let us introduce the rest energy Eo for a system of par
ticles as its total energy in the C frame, where the total
momentum is p~ )J Pi = 0 and the system as a whole is
at rest. Thus,

(7.29)

where Ei is the total energy of the ith particle in the C
frame. This means that the rest energy includes not only the
rest energies of all particles but also their kinetic energies
Ti in the C frame: Ei = motc2+ Ti • .

Obviously, the same is true for the rest mass of the sys
tem:

Mo=Eolc2 • (7.30),

In particular, it follows from this that the rest mass of
the system is not equal to the sum of the rest masses of
its constituent particles:

illo> ~ mot.

The introduction of the rest energy and the rest mass of
a system, .Eo and M 0' makes it possible to regard a system
of" non-interacting relativistic particles as one particle with
the total energy E = )J mic2, the momentum p . 2]Pf'
the rest "mass\Mo = Eo/c2 , and to claim Eqs, (7.12) and
(7.14) to he valid for the system of particles as well:

E2- p2C2 = Af~ct. = inv, <:. (7.31)

p=EV/c2• (7.32)

where V is the velocity of the system as a whole, i.e, the
velocity of the C' frame. In accordance with Eq. (7.32) this
velocity may be represented in the following form:

V= (~ Pi)/(~ mi), (7.33)

whero m, is the relativistic mass of the ith particle of the
system. Note that. Eq. (7.33) coincides in form with the
corresponding nou-relatlvistic expression (4.~) for the
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x'

Fig. 136

'~'
V..,

velocity of the system's centre of inertia.
Collision of two particles. We' shall corrsider the colli

sion process as proceeding in two stages: first, the formation
of a compound particle A * and then its decay into two par
ticles that, in the general case, may differ from the initial
ones:

AI+At~A·~A3+A~+ ....

In the 'process of the convergence of particles Al and A 2
the interaction between them may not remain weak, and·
Eq. (7.28) becomes inapplicable. However, after the result
ing particles have separated far from each other, Eq. (7.28)
becomes applicable agairi.

In the given case the sum of the total energies of the two
initial particles (when they are so far from each other that
their interJetion is negligible) can be shown to' equal the
total energy of the compound particle. The same is true
for the second stage pf the process, that is, the decay. In
other words, it may De shown
that the total energy censer- /(
vation law proves to hold 'I
true for this process in the 71
following form:

Et+Ez=E*=E3+Ei + ... . .
(7.34) I x

We. shall demonstrate that 1f
this is really so by the fol-
lowing simple example. 2

Let us imagine a collision
of two identical particles 1
and 2 that results in the formation of a certain compound
particle. Suppose the particles move toward each other in
the K frame before the collision with the same velocity
v as shown in Fig. 136. Let us consider this process in the
K' frame moving to the left with the velocity V relative
to the K frame. Since in the K frame the velocity of each
particle is perpendicular to the vector V, the two particles
in the K' frame, in accordance with Eq, (6.14), have z
component equal to V. The compound particle formed,
whose relativistic mass is denoted by M, has the same
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velocity in the K' frame .. Applying the momentum conser
vation law before and after the collision (to the x component
of the momentum), we obtain 2m (v') V = M· V, where
v' is the velocity of each initial particle in the K' frame.
Hence,

~m (v') = 1'!,
i.e. the sum of the relativistic masses of the initial particles
is equal to the relativistic mass of the formed particle.The
situation is similar in the K frame. Indeed, if the value of
V is small, the velocity v'is practically equal to u, and the
mass M to the rest mass M 0 of the formed particle, so that
in the K frame

2m (v) = fMo.

It is seen that the rest mass of the formed article is greater
than the sum of the rest masses of th initial particles.
The kinetic energy of the initial particles experiences a
transformation which causes the rest mass of the formed
particle to exceed the sum of the rest masses of the initial
particles.

Thus, we have shown that due to the system's momentum
conservation the sum of the relativistic masses of the initial
particles equals the relativistic mass of the formed particle.
The same is obviously true for the total energy. Therefore,
we can assert that the conservation of the total energy in
the form described by Eq. (7.34) indeed occurs in the con
sidered stages of that process.

As we already mentioned at the end of § 7.3, the energy
conservation law, when applied to nuclear processes, made
it possible to experimentally verify the validity of one of
the fundamental laws of the theory of relativity, the mass
energy relationship. Let us consider some examples.

. Example t. Energy yield of nuclear reactions. Let us consider
a nuclear reaction of the type

At + A 2 -.. Aa + Aj ,

where the initial nuclei are on the left-hand side and the reaction
product nuclei on the right-hand side. We apply the law of conserva
tion of total energy to this reaction:

E1 + E2 = E a + E j •
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Recalling that the total energy of each particle may be .given as E =
= moc2 + T, where mo is the rest mass of a nucleus and T is its ki
netic energy, we rewrite the preceding equality as

(m1+ ml) cl +Til = (ms+ me) c' +T34 ,

where TIl and TS4 are the total kinetic energies of nuclei before and
after the reaction. Hence,

T34- T11= (ml +ml) cs-:"" (ms+ m4) cS.

The left-hand side of this equality is the increment of the overall
kinetic energy of the nuclei of the given system. It is referred to as
the energy yield of a nuclear reaction and is denoted by the letter Q.
Thus, .

Q= [(ml + mz)..;,...(ms+ me)] ct.

This quantity may have either sign depending on the nature of the
nuclear reaction. Thus, the energy yield of a nuclear reaction is deter
mined by the difference of the cumulative rest masses of nuclei before
and after the reaction. All the quantities involved in this relation
can be experimentally measured with a sufficiently high accuracyt

verifying thereby the equality itself.
Let us.4fonsider the specific nuclear reaction

~ 'Li + IH -+ 2t He.

The rest masses of thezse nuclei measured in atomic mass units (amu)
are equal to 7.0160, 1.0078, and 4.0024 amu respectively. From this
it is not difficult to calculate that the sum of rest masses of the nuclei
decreases by 0.019 amu as a result of the reaction. Since one amu cor
responds to an energy of 931.4 MeV, we find Q = 0.019 ·931.4 MeV =
= 17.7 MeV. This value agrees very accurately with experimental
data.

Example 2. Decay of a particle. Suppose a stationary particle Ai
spontaneously decays producing two particles A I and A 3: Al -+ A 2 ++ A s. In accordance with the law of conservation of total energy,

E1 = E 2 + s;
As the totalenergy of each particle is E = moe' + T, the preceding
equality takes the form

m1c
l = (ml+ ms) c2 -f T23 ,

where T23 is the overall kinetic energy of the resulting particles.
This energy is referred to as the decay energy Q. Thus,

Q= [ml-(m 2+ ms» ct.

Since Q is essentially a positive quantity, the spontaneous decay
of a particle is possible only if

ml > m2 + ms,

that is, if the rest mass of the i ni tial particle exceeds the sum of the
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rest masaes of the fonned particles. Otherwise, spontaneous decay
is impossible. Experimental evidence fully confirms this conclusion.

Let us consider, for example, the decay of a pi-meson. It is an
experimental fact that charged pl-mesons disintegrate into a mu-meson
ana a neutrino v: 3t -+ f.L + v, The tabulated data give the rest
masses of these particles (in electron rest mass units) as 273.2, 206.8
and 0 respectively. It follows that the rest mass decreases by 66.4 emu
a8 a result of the decay. Since one emu corresponds .to an energy of
0.5i MeV, the energy of this decay Q = 68.4·0.5f MeV = 34 MeV,
which accurately·agrees with experimental data.

Since the collision of particles and the subsequent decay
of the compound particle do not involve any change in
the total energy of the system (and consequently, its momen
tum), another important concl~be inferred: for
a system, "the quantity EI ~ pieS is invariant not only
with respect to different inertial reference frames but also
with respect to the above-mentioned stages of a collision
process.

Imagine, for example, two relativistic particles to expe
rience a collision which leads to the generation of a new
particle with rest mass Mo. If in the K frame of reference
the total energies of the particles are equal to Et and E2
before the collision (and their momenta to PI and P2 respec
tively), we may write immediately that on transition from
the K frame (prior to the collision) to the C frame (after
the collision) the following equality holds:

(El +E2)1_ (PI+ pt)2 c2= M:c',
, ~ ./ ~

K frame C trame

(7.35)

in which it is taken into account that the formed particle
is at rest in the C frame.

The invariance of the quantity EI - ptct provides us
with a means to investigate the various processes of decay
and collision of relativistic particles. Its application sim
plifies drastically both the analysis of the processes them
selves and the appropriate calculations.

Example. In the K reference frame a particle possessing a rest
mass mo and a kinetic energy T strikes a stationary particle with the
same rest mass. Let us find the rest mass M 0 and the velocity V of the
compound particle formed as a result of the collision.
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Making use of the Invariance of the quantity EI - pieS, we write

EI-:- p1et = Mlef.,

where the left-hand side of the equality relates to the K frame (prior
to the collision) and the right-hand side to the C frame (after the
collision). In this case, E =' T + 2moct ; besides, in accordance with
Eq. (7.15), p1r.?.= T (T + 2mocl), and therefore,

(T +2mocl )l - T (T+2m'ocl ) ==A-fftc4 •

Whence,

Mo= V 2mo(T+2moc2)/c.

The velocity of the formed particle is the velocity of the C Irarue,
In accordance with Eq. (7.32),

V == petIE == c yT (T+ 2mocl)/(T +2m'oc2) ::=; c/ V1+2nloc' IT.

Problems ~~ Chapter 7

Attention! In problems 7.4 through 7.11 we employ the abbreviated
notation described at the end of § 7.4. (e.g., p and mo arc the abbrevi
ated forms of' the quantities pc and moc2) .

e 7. t. Motion due to' 8 longitudinal force. A particle of rest mass mo
begins moving under the action of a constant force F. Find the time
dependence of the particlet s velocity.

Solution, Multiply both sides of- Eq. (7.5) by dt, Then

d (mov/ V1- (vlc)l) = F dt.

Integrating this expression and taking into account that l' = 0 at the
initial moment, we obtain movlv1 - (vic)" = Ft. Whence

v (t) = (Ftl rna)!V 1+ (Ftlmoc)l.

Let U5 compare the expression thus obtained with the classical one.
According to Newton's second law, UJ = F1mo and the velocity Vel =
= Ftlrno, and that is why the preceding expression for the velocity
v (t) may be presented as

v (t) =:: vellV t +(vellc)'.

FrOID this it is seen that v < Vel' Le. the actual velocity v of tho
particle grows more slowly with time 8S compared to Vel' and the
velocity v -+ c as t -+ 00 (Fig. t37).

It is interesting to note that the momentum of the particle grows
linearly with time: from the equation dp/dt = F it follows that
p == Ft. This is a characteristic property of relativistic motion: while
the velocity of a particle approaches a certain limit (i.e, becomes
practically constant), the momentum of that particle keeps growing.

• 7.2. Motion due to a transverse force. A relativistic particle
of rest mass rno and charge q moves in a stationary uniform magnetic
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field whose induction is equal to B. The particle circumscribes a cir
cle of radius p in a plane perpendicular to the vector B. Find the
momentum and the angular rotation frequency of the particle.

Solution; In this case the particle moves due to the Lorentz force
F = q [vB], where v is the velocity of the particle. Since F 1. v,
the magnitude of the velocity of the particle v = const and Eq. (7.5)
takes the form

mw = q [vB],

where m is the relativistic mass of the particle. Recalling that w
is a normal acceleration whose magnitude is equal to v2!p, we rewrite
the preceding equation as mrfJ/p = qvB. Hence, the momentum of
the particle is

p = mv = qpB. (t)

Thus, .the product pB may serve as a ~easureof the relativistic
momentum of the given particle.

With allowance made for Eq. (1) the angu ar frequency of the
particle is

(U == vIp = p!mp = qB!m.

I t follows that the angular- frequency (U depends on the velocity of
the particle: the greater the velocity of the particle, and therefore,

Fig. 137

the relativistic mass m, the lower the angular frequency 00. However,
at low velocities (v ~ c) m -+ mo, and

co = qB/mo = const,

Le. in this velocity range the frequency (U is practically independent
of the veloci t}· •
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whence

• 7.3. At the moment t = 0 a relativistic proton with momentum Po
flies into a region where there is a transverse uniform electric field
of strength E, with Po J.. E. Find the time derendence of the angle a
at which the proton is deflected from the initia direction of its motion.

Solution. Taking the x coordinate along the vector Po and the y
coordinate along E, we write Eq. (7.4) in projections on these axes:

dpJdt = 0, dpyldt = eE,

where e is the proton charge. From these equations it follows that

Px = Po, Pu = eEt,
or

From the ratio of the last two equalities we get

tan 0 = vylvx = eEt/po.

It is interesting to point out that in contrast to the non-relativistic
case Vx decreases with an increase in time here. To make sure of
this, let ~ square both equalities (t) and then add separately their
left-hand and right-hand sides: .

~~ (vi +v~)
1- (V/C)2 pl+ (eEt)l.

Recalling that ~ + v~ = v2, we obtain

( ~ ) 2~ [ 1+ P5::;~t)S r t

•

Substituting this expression into the first equality of (1), we get

Vx = cry1+ (moe/PO)2 +(eEtlpo)2,

i.e. V x really decreases in the course of time t .
• 7 .4. Symmetric elastic scattering. A relativistic proton possessing

kinetic energy T collides elastically with a sta~ionary j)r~ton with
the result that both protons move' apart symmetrically relative to the
initial motion direction. Find the angle between the motion direc...
tions of the protons after the collision.

Solution. In symmetric scattering of the protons their momenta
and energies must be equal in magnitude. This is immediately seen
from the triangle of momenta (Fig. 138), which expresses the momen
tum conservation law. From that triangle we can write, in accordance
with the cosine theorem,

pi =-: 2p'2+2p'2 cos a,
cos a= p2/2p'2_ t.

Using Eq. (7.25) and taking into account that T = 21', where T'
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is the kinetic energy of each proton after the collision, we find

pi T (T+2m:.) T+2mo
p'. = T' (T'+2";0) =4 T+4rno '

where mo is the rest mass of a proton. Substituting this exj.ression
into the formula for cos a, we obtain

cos 9 = T/(T + 4mo}.

Noto that 8S distinct from the non-relativistic case when e = 1(/2,
here 9 < n/2 .

• 7 .5. A photon of energy e is scattered by a stationary free elect
ron. Find the energy 8' of the scattered - n if the angle between
the motion directions of the incoming p oton nd the scattered one
is equal to o.

Solution. Let us apply the momentum and energy conservation
laws to the given process: .

Te = e - 8' , Pc = P - p',

where Te and Pe are the kinetic energy and the momentum of the
. recoiled electron, and P and p' are the momenta of the incoming

p

Fig. 138

p

Fig. 139

and scattered photons. According to the cosine theorem it follows
from the triangle of momenta (Fig. 139) that

p~= p2+ p'I-2pp' cos O.

Substituting here p = 8, p' = E' and Pe = Y Te (Te + 2me) =
= -V (E - 8') (8 - 8' + 2me) , whore m'e is the rest Blass of the
electron, we obtain after simple transformations

, E

e = 1+ (2e/nz e) si n2 (8/2) •

I,) 7.6. Two protons move toward each other with equal kinetic
energies T (in the K reference Irame). Find the kinetic energy T'
of one proton with respect to the other.

Solution, Let us take advantage of the invariance of the quantity
E2 - p2, writing it in the K frame (which is also the C frame here)
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and in the reference frame fixed to one of the protons

[2 (T+nlp)]t~ (T' +2""1J) ' - T' (T' +2n~p),

where mp is the rest mass of a proton. From this it follows that

T'=21 (T+2m p )/mp •

For example, in the case of protons (m,) ~ 1 GcV), if T = 50 GeV),
then T' = 5.103 GeV. The possibility of such a large energy "gain"
underlies the method of head-on collision beams.

.. 7.7. Energy diagram of a nuclear reaction. A particle Al with
kinetic energy T1 strlkes a stationary nucleus At (in the K frame).
As a result of the reaction the nuclei A 3 and A« are formed:

A1+A 2-+A 3+Ac•

The rest masses of the particles are equal to mit m2t m3t and m t respec
tively. Illustrate the energy level diagram of the nuclear reaction
for two cases: (8) ml + m 2 > m:t + m." and (b) ml + m2 < »« + m,.
For the second case find the threshold kinetic energy T1thr of tile
incoming particle in the K frame.

Solution.: From the law of conservation of the total energy it
follows that in the C' Irarne '

f12~1nl+ n~l= f34+n~3+ me,

where ~I and T34 are' the overall kinetic energies of the particles

£
raj E (bl

N l~lJ-:'

?.3 ~

u: mJ+m",
m,+mz !t Q

v
C3"

ms+m. m,+mz.

Fig. 140

before and after the reaction. Denoting the increment of tho kinetic
energy T14- 1'11 by Q, we may write the preceding expression u

Q = (lnt + ml) - (ma + m,).

where Q is the energy yield of the nuclear reaction. The energy diagram
of the reaction is illustrated in Fig. 140 for hoth cases. In cue <a> the
effect is pcsittve, Q > 0: the overall kinetic energy inerea.s at \he



Relativistic Mechanics

expense of a decrease in the sum of the rest masses of the"system's
particles; in case (b) the opposite is true. ~.

In the latter case, as it is seen from Fig. 140b, the nuclear reaction
is possible only if T12 ~ 1Q I. Here the equality sign corresponds
to the threshold value of the energy T12• In accordance with Eq. (4.16),
at low velocities,

IJ.v~el »« mlvf mi
T1Ithr = - 2- = m'1+ m'2 -2-= 1111+ m2 T1thr = I Q I,

whence
T1'hr = I Q I (m1+ml)/ml·

• 7.8. Threshold energy (the minimum energy required to activate
a given process) ..

1•.A relativistic particle of rest mass mo strikes a stationary par
ticle of rest mass Mo. As a result of the impact, particles of rest
masses mit ml' . . . are generated according to the scheme

'------- mo + Mo -+ m1 + m 2 + . · · .
Find the threshold kinetic energy T thr of the incoming particle.

2. Find the threshold energy of a photon for electron-positron pair
production in the field of a stationary proton.

Solution. 1. First of all, it is clear that threshold energy is meaning
ful only when the sum of the rest masses of the initial particles is less
than that of the rarticles produced. To find Tthn let us make use of
the invariance 0 the quantity E2 - p2. Let us write this quantity
prior to the collision for T = T ihr in the reference frame where the
particle M 0 is at rest, and after the collision in the C frame:

EI_pl= E2,
or

(Tthr+ mo+ M o)S-T'/lr (Tthr+ 2mo)= (m1+ Ins+ ... )2.

Here we have taken into account that in the C frame the kinetic
energy of the formed particles is equal to zero at the threshold of the
reaction, and therefore their total energy equals the sum of the rest
masses of the individual particles. From the latter equation we get

Tthr = [(ml + ml+ · · .)1- (rno+ M o)sJ/2Mo.

2. Let us write E2 - pi before the interaction in the reference
frame where the proton is at rest and after the interaction in the C
frame. At the threshold value of the energy s of the incoming photon

(€thr+ M O)t-efhr ==(Mo+2m'o)l ,

where M 0 is the rest mass of a proton, and rno is the rest mass of an
electron (positron). Hence, i

£thr = 2m·o (1+ 111 0 / 11-1u).
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It is seen that pair production requires the photon energy to exceed
2mo·

• 7.9. Decay of a moving particle. A relativistic nO meson of
rest mass mo disintegrates during its motion into two gamma photons
with energies 81 and 8 1 (in the K reference frame). Find the angle 9
of divergence of the gamma photons.

Solution. Using the invariance of the expression E2 - p2 t we
write it in the C frame before the decay and in the K frame after the
decay:

mB= (8]+el )I _ (pl +PI)I,

where .PI and P, are the momenta of the gamma photons. We trans
form the right-hand side of this equation taking into account that
PI = 8t and PI = 8 2; then

m!=2e181-2PIP2t or m~=2elel(t-cos8).
Hence

sin (9/2) = mo/2Y B181 •

• 7.tO. The total momentum and energy of a system of two non
interacting 18.rticles are p = PI + P2and E = E1 + Er.Demonstrate
explicitly tnat the Lorentz transformation for the tota momentum p
and energy E js consistent with the invariance of the quantity Et - pi
for the given system. it'

Solution. Using the ~ Lorentz transformation for momentum and
energy (7.26), we find the projections of the total momentum and
energy in another (primed) reference frame possessing the velocity p
and the corresponding Lorentz factor y:

p~= p~z+PI:r= Y (PIX+ P1x)-YP (E1+Et ) = 'V (p,,-PE);

pi, = PIli+PIJI = Ply + PlY = P,l;

E' = Ei +Ei=y (E1+E.)-y6 (PIZ+ Ptx)=Y (E-~px).

Hence
E'I- p'l= E't_(p~2+pill = EI- pl .

• 7.If , In the laboratory reference frame a photon with energy 8
strikes a stationary particle A .of rest mass mo. Find:

(1) the veloeity of the C frame for these two particles;
(2) the energies of the photon and the particle in the C frame.
Solution. 1. In accordance with Eq. (7.32) the velocity 01 the C

frame is
~ = pIE = e/(e + mo).

2. From the Lorentz transformation for energy (7.26) it follows
that the photon energy in the C frame is

.8=Y(S-pp)=y(e-~B)=s 1-P =s ... /1-f\
Yi-Pl V 1+p·

Substituting the expression for ~ from the previous part, we obtain

E=eVmo/(2e+ mol.
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The energy of the particle A in the C frame is

E~A =-= lnolV1-~t = (8-t lit) V ,nu/(2e+mo).

The correctness of the formulae obtained may be checked by making
use of the invariance of the expression E2 - ,02 on transition from
the laboratory reference frame to the C frame:

(8+ mo)2- el = <E-t- RA )2.



APPENDICES

1. Motion of a Point In Polar Coordinates

In polar coordinates p, cp the position of a point A on a plane
is defined if we know its distance p from the origin 0 (Fig. 141a)
and the angle q> between the radius vector p of the point and
a chosen direction 00', the zero reading of the angular coordi-
nate cp. .

Let us introduce unit vectors ep'and eq> associated with the mov
ing point A and oriented in the direction of the increasing
coordinates p and <p as shown in Fig. 1414. Unlike the unit vectors

O--~"'-""-..l'-----

(bJ

A

Fig. 141

of the Cartesian system of coordinates, ep and ecp are movable, that
is, they change their direction as the point A moves. Let us find
their time derivatives, which will be required later. During the
motion of the point A both unit vectors turn in the same direction
through the same angle dcp in the time interval dt (Fig. 14th) and
acquire the increments:

dep = t .dq>·rq>; aecp= t·dq>.( -eo)'

Dividing both expressions by 4f t we obtain

. .,.
ep= cpe.; 8cp= -Cfep, (1)

where. dot over a letter si_niftes differentiation with respect to
time.

Let us now determine the velocity and acceleration of the point A,
writing its radiUl ·vector ,. in the form

(2)
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(7)

The velocUY v of a point. Let us differentiate Eq. (2) with respect'0 time, allowing for Eq. (1):. .
v=pep+p<peql' (3)

i.e. the projections of the vector v on the movable unit vectors ep
and e4P aree~ .' •

_ _~= p; vq> == pcp, (4)

and the magnitude of the velocity vector is v = Vpi + p2~2.
The aoeeleratton w of a point, Differentiating Eq. (3) with respect

to time once again, we get
dv •• • d· , ••

w=d1=pep+pep + trf (PCP) eq>+pq>e(p.

After simple transformations we find, taking into account Eq, (f):

w=tp_p~l)ep+(2P~+pq;)eq>' (5)

i.e, the projections of the vector w on the unit vectors ep and ell> are
equal to

wp=·p_p~lt (6)

•• •• t d •
wcp=2P<i>+PCP =-p tit (ptcp).

The fundamental equation of dynamics in polar coordinates, The
fundamental- equation of dynamics mw = F in projections on the'
movable unit vectors ep and eq> is easy to obtain at once, making use
of Eqs. (6):

m tp-p~t)=Fp, }
ttl·.mpdt (plcp) = Fcpt

where Fp and F~ are the projections of the vector F on the unit vec
tors ep and ecp (Fig~ 142). In that figure Fp < 0 and Fcp > o.

2. On Keplerlan Motion

The motion of a particle in a central field of forces that are inverse
ly proportional to the square of the distance from the field centre
is called, Keplerian. The Newtonian attraction forces between may
points (or bodies possessing spherical' symmetry) and Coulomb forces
between point. ehar~s are forces of this kind.

In Such a field the potential f)Dergyof a particle is U = -r,JPt
where ex is a constant and p is the distance from tb. field centre. Let
us examine the case when a. > 0, i.e. the force acting on a particle
of mass m is directed toward the field centre (attraction). What shape
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does the trajectory of the particle have in polar coordinates P (cp)
if P (0) = Po at q> = 0 and its velocity is perpendicular to the radiul
vector and is equal to Vo (Fig. 143)?

To solve this problem, the laws of conservation of energy and
angular momentum are usually utilized. In polar coordinates the.
laws yield

m· • a. •T<p'+p'<p')- p=E; mpt<p=L,

where E and L are the total mechanical energy and the angular mo
mentum of the particle relative to the point 0, the field centre. Both
of these quantities are easy to find from the initial conditions.

These equations are solved 8S follows. Initially, in the first equa
tion differentiation with respect to time is replaced by differentiatioD

O~-_.....I--_.-.-.&._----o'

Fig. 142

o

Fig. 143

with respect to q>; this can be done by using the second equation:
dt = (mpllL) dq>. Then the variables p, <p are separated, i.e .. the ob
tained expression is reduced to the form dq> = f <f> dp. And finally,
that equation is integrated, with account taken 0 the initial condi
tions. The result of integration yields the lOught solution p (~).

We shall not describe the rather cumbersome procedure for solving
these equations here. If necessary, it may he found in almost an,
textbook on theoretical physics or mechanics. We shall restrict our
selves to an analysis of the solution obtained, which has the form

p (cp) = po/fa + (1 - a) cos <p], (t)

where tJ = aJmpovl-
It is known from mathematics that Eq. (1) describes a curve of

the second order. Depending on the value of the parameter a this
may be an ellipse (circle), 8 parabola, or a hyperbola.

1. It is immediately seen that at a = t P does not depend on q>,
i.e. the trajectory is a circle. A particle has such a trajectory at a veloc
ity Vo equal to

VI::::II Y a,lmpo. -:. (2)

11*
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p (n = poI(2a - f).

2. For all values of the parameter a at which p is finite up to !p =
= :1:, the trajectory has the form of an ellipse. At cp = n, as it follows
from Eq. (1),

It is seen from this that p (n) is finl only when 24 > 1, i.e. when
.the velocity Vo < VII, where

VII = 11 2a'/rnpo· (3)

3. If 2a = i, i.e. Vo = VII, the ellipse degenerates into a parabola,
which means that the particle does not come back again. f

4. At vj» > VII the trajectory has the shape of a hyperbola.
All of these eases are illustrated in Fig. 144. It should be pointed

out that in elliptical orbits the field centre coincides with one of the

Fig. 144

ellipse's focal points: namely, 'with the back focus if Po < "It and
with the front focus if DO > VI. .'

Note that Eq .. (t) describes, for example, the trajectories of the
planets of the solar system, with a, = ymM, where.M is the mass of
the Sun. As applied to the motion of space vehicles, VI and VII are
the orbital and escape velocities respectively. Obviously, their mapi
tudes depend on the mass of the body that is the source of the field.

3. Demonstration of Steineres Theorem

. Theorem: the moment of inertia 1 of a solid body relative to an
arbitrary axis z equals the moment of inertia Ic of that body relative
10 the axis Se parallel to the given one and passing through the body'.
centre of inertia, plus the product of the mass m of. the body and the
-.uare of the distance 4 between the axes:

I = I c+ nia2•
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Proof. Let us draw through the ith element of the body a plane
perpendicular to the % axis, and in this plane, three vectors p,,' pi
and a (Fig. 145). The first two vectors describe the position of the 'th
element of the body relative to the z and za axes while the vector a
specifies the position of the %c axis relative to the J axis. Taking

Zc

Fig. 145

advantage of the relationship between these vectors (P, = pi + a),
we transform the -expreeslon for the moment of inertia of the bod)' .
relative to the % axis:

I = }Jm,PI = ~ m, (pi +a)2 = I mfPil + 28}Jmtpi +~ mfa2.

The first term on the right-hand side of that equality is the moment
of inertia 1a of the body relative to the sc axis, and the last term il
equal to mal. What is left is to show that the middle term equals zero.

Supposeri is the radius vector of the ith element of the body

relative to the centre of inertia; then the vector 2J mtri = 0 relative
to that centre. J:lut pi is the vector projection of the vector rj on the
plane perpendicular to the z axis. Hence it is clear that if the composite
vector is equal to zero, the sum of its vector projections on any plane
is also equal to zero, i.e, ~ miPi = O. The theorem is thus proved.
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4. Greek Alphabet

Appendices

sin CI=a.

cos ex ="1-a'/2
tana=a

A, a-Alpha I, L-Iot~ P, p-Rho
B, p-Beta K, X-Kap~a ~, a-Sigma
r, v-Gamma A, "A-Lam da -, T, -r-Tau
4, 6-Delta M, fJ.-Alu r, \)- u~silon
E, e-Epsilon N, 'V-Nu <Il, cp-P i
Z, t-Zeta 3, ;-Xi X, X-Chi

H, T)-Eta 0, o-Omicron '1', 1I'-Psi
a, e,'6'-Theta IT, 1t-Pi 0, w-Omega

I. Some Formulae of Algebra and Trigonometry

The "roots of the quadratic equation azl+bz+c=O

-b± V.bl - 4ac
Zl.1 = 24 •

Some approximate formulae. If a ~ i, then
(i±a.)R=1±na
e~=1+a,

In (1+a.)=a.

The basic formulae of trigonometry
sinl a+cos. a= 1 sin (Ct±~)=

= sin a cos ~±eos a sin P
sec1a-tan1a=t
esc' a-cot' a.= 1

sin e-sse a = 1

cos a·csc a, = 1

tan c.·cot a= 1

sina t
V 1+cot1a

1
cos ex = --;:'===::::;:=y 1+tan1 a,

cos(a.±P) =
= cos a, cos ~+sin a. sin P

tana=Ftan p
tan (a,±P) = t-t ta P+ ana- n
cot (a+p> cot a·cot ~+1

- cot p+cot a.

sin a.+ sin p=
=2sin at~ cos a 2 ~

sin a-sin p=
=2 cos at" sin a;-~



sin 2cz=2 SiD CZ •cos C&

cos 2a = cos' (1-sinl a

2tan a.
tan 2a= i-tan' CI

cotta,-t
cot2a 2cota

• (X .. / i-cos a,
sloT=: V 2

'Cz .. / t+cosa
cosT= V ,.2
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Coneludetl

cos a+cos ~=
=2 cos et.t($ cos 'a. 2 ($

cos a-cos p=
2 . a+p · a-p

=- 810 -2- SIn-2-

tan a.+tan ~ sin (a.±P>
- cos c-cos P

sin (a,±P)
cota+cot A=+. . A

- tJ' - sin a.'Sln t'

2 sin a.·sin P=cos (a.-P)
-cos (a+p)

2 cos a..cos P=cos (a-p>+
+cos (a.+P)

2 sin a·cos p=sin (a-p>+
+sin (a.+P)

6. Table of Derivatives and Integrals

Function I Derivative I Function I Derivative

xn nx n- 1 sin x coax
1 1 coax -sinz- -7x i
1 tan x

cos'xn
z" -z;m-

1
i cot x - sinlzy;-

211 x 1arcsin oXex ex y 1-z1

en x neR X tarccos oX
aX (IX In (J ,y ~-~,
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ConcluUfI

Function I Derivative ~] Function
I

Derivative
I

In z] t arctan x
t- t+xlX

V~
u'

arccot x
t

2Yu - t+x'
u' sinh s cosh x

pnu - cosh e -sinh xu

u vu' -v'u
tanh e t- vi coshs zv

coth z
1

sinhloX

J
XR+l

ZR dx=-'- n=l=-1
n+1 '

Jd: =lnx

Jsin x dx= -cos x

Jcos x dx=sin x

Jtan x dx= -In cos x

~ cot x dx = In sin x..

7. Some Facts About Vectors

Scalar product:

r ~=tanzJ cos z

J~=-cotxSlnlz

~ &Zdx=elC.
Jf~:1 =arc tan x

r dz arcsin x
J y t-z'

r dx (n (z+ y zl_t)
J Y 3;1-1

ah=ba=ab cos (I;
a (b+e)=ah+ae.

Cross product:
lab] = - [bali' r [ab} r= ab sin cx;

(a, b-l-el = lab] + [ae].
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Concluded

Mixed, or vector-scalar, product of three vectors is a scalar
equal numerically to the volume of the parallelepiped construct
ed from these vectors:

a [be] = b [ea] = c lab];

,8 [be] = -b [ac] = -8 [eb].

Double vector product:

[a [bell = b (ae)-c (ab).

Products of vectors in coordinate form. If

a = tJlei +ates+ases,

b = htet+b,e2+ b3ea,
where el t eSt es are coordinate unit vectors which aremutually
perpendieular and form a right triad, then

~: ab = 41 bl +alb,+asba;

et e2 ea
lab] == 41'4. as = (~~b3 -(Jaba) el+ (aabl - albs) e l +(alb.-a.b t ) ea.

bl b2 ba

The rules for differentiating vectors depending on a certain
scalar variable t:

d da db
7ft (a+b)=dt+dt ;

II da da
7ft (cxa) = (F a+a dt i

d da db
lit (ab)=dt b+a lit;

;t rab] = [ :: bJ+[a :-J.
Gradient of the scalar function ff:

V = 8q> 1+ 0'P J+ ocp k,
<P ox fly 8z

where I, i, k are the coordinate' unit vectors of the a , y, z axes.
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8. Units of Meehaolcal Quantities ID the 81 aDd CGS Systems

Unit Converalon
Quantity ractor, ! 81

I unlt/! CGS
81 CGS unit

Length m cm {OS
Time s s 1
Angle rad rad 1
Area ml emt t0 4

Volume ml emS t06

Velocity m/s cmzs i02

Acceleration mist em/s2 102

Frequencl Hz Hz 1
Angular requency radrs rad/s 1
Angular velocity rad/s rad.s 1
Angular acceleration rad/sl rad/52 · 1
Mass kg g 103

Density kg/ma g/cm' 10-3

Force N dyn 10~

Pressure Pa dyn;'cm2 10
Work, energy J erg 10

'Power ·W ergis 10'
Momentum kg-mrs g-cm/s iOa
Power impulse N·s dyn-s 10a
Force moment (torque) N·m dyn-cm 107

Angular momentum kf o m2/s g·cm2Js 107

Moment of inertia g·m' g.cm2 107

Torque momentum Nvm-s dyn-cm-s . 107

Energy flux W erg/s 107

Energy flux density W/m l ergJ(s ·cmt) 103

9. Decimal Prefixes for the Names of Units

T tera (1011) c centi (10-2)

G giga (t09) m milli (10-8)

l\t mega (1Q6) JA, micro (to-6)

k kilo (103) n nano (10-a).
b hecto (102) p pica (10-11)

da deca (t01) f femto (to-1 i )

d deci (to-1) a atto (10-1 8)

Examples: nm nanometer (10-a m)
kN kilonewton (1()3 N)

MeV megaelectronvolt (10e eV)
JA,\\T microwatt (10-6 W)
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Length

Time

Mass

Force

Pressure

Energy Ijt" ••

Power ...

1 A (angstrom) = 10-10 m .
{ AU (astronomical unit)=1.496·1011 m
{ light-year=O.946·f018 m
t parsee=3.086·1018 m
1 in (inch)=O.0254 m;
t ft (foot) = 0.3048 m; 1 yd (yard) = 0.9144 m
1 mile=1609 m
1 day = 86400 s
1 year=3.tf·tO'. s
1 amu=f.66·{O-21 kg; 1 oz (avdp)=0.028 kg
1 ton = 103 kg; 1 lh (avdp) =0.454 kg
1 kgf (kilogram-force) = 9.81 N
1 tf (ton-force) = 9.81· {OS N
1 bar = 10~ Pa (precisely)
1 atm (atmosphere) = 1.01.105 Pa
1 mm Hg (Torr) = 133 Pa
1 in Hg=3386 Pa
1 psi (pounds per square inch) = 6895 Pa
i eV = 1.60.10-19 J
t Wh (Watt-hour)=3.6.108 J
f hp (horsepower) = 736 W

.:

t I, Astronomic Quantities

I :r.lass, kg I Mean radius,

I
Mean orbit

m radius, m

,

Sun f .97.1030 6.95.108 -
Earth 5.96·102' 6.37.106 t .50.1011

Moon. 7.34·t022 1.74.106 3.84.108

i2. Fundamental Constants

Velocity of light ill vacuo

Gravitational constant

Standard free
fall acceleration

c={
1'= {

g={

2.998.108 ms
2.998.1010 eta}»

6.67.10-11 m3 /(kg .s2)

6.67.10-8 cm 3/(g. 82)

9.80i m/s 2

980.7 cm/s'
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Concluded

Avogadro constant

Elect~n rest mass

Elementary charge

6.025.1026 krnol-1

6.025.1013 mol-1

1.602· 10-1 9 C
4.80.10-10 esu

0.911.10-80 kg
0.911.10-21 g
0.511 Mev

{
1.76.1011 Cjkg

Electron charge to mass ratio · e/lne = 5.27.1011 esu/g

{
1.672· 10-2 7 kg

Proton rest mass • · · · · .. m p = 1.~72.10-2. g

{

1.660·10-·7 kg
Atomic mass unit ••••.. 1 amu= 1.660.10-1 4 g

931.4 MeV
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Acceleration 15
angular 24
centripetal (normal) 2t
Coriolts 32
free fall 58
of a point in polar coordi

nates 298
relativistic transformation of

226
tangential 21
transformation of 31

Aiming parameter 133
Angular momentum 147

conservation of 156
interna~61
relative' to an axis is

Angular velocity 24
summation of 29 ..

Arc coordinate 19, 55 '"
Axes, free 173

of inertia, principal 173

Centre of mass (inertia) 120
motion equation of 121

C frame 9, 123
Clock synchronization 195
Coefficient of friction 52
Collision 126

completely inelastic 127
endoergic 133
exoergic 133
head-on 128
inelastic f33
non-central 129
perfectly elastic 128
of two particles 126
of two relativistic particles

245
Conservative system 125
Contraction of length 204
Coordinates

arc 9, 55
Cartesian 17
polar 257

Coordinate system 5, 54
Couple 160

Decay of a stationary particle
247

of a moving particle 254
Diagram of momenta, vector 130
Dilation of time 200, 219
Diminution 82
Direction cosines 18
Doppler effect 223

radial 223
transverse 224

Einstein's postulates 194
principle of relativity 194

Energy
conservation of 93, 101
decay 247
internal 124
internal potential, of a sys-

tem 96
kinetic 90
kinetic, of a solid body 171
kinetic, of a system 98
mechanical 90
potential 81, 95
potential, 'of a system 95
of a relativistic particle 234
of a rotating solid body 167
threshold 254
total mechanical 91

Energy conservation law 93, 101
Ene~y content 237
Energy diagram of nuclear reac-
, tions 252
Bnergy-momantum relationship

238
Energy yield of nuclear reactions

246
Equation

of dynamics, fundamental
52

of harmonic vibrations 87
of moments 147
of moments in the C frame

163
of relativistic dynamics, fun

damental 231
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Equipotential surface 86
Equivalence principle 60
Event 195

Field
of central forces 80
of elastic forces 83
of force 79
of gravity 83
of a point·mass (charge) 83
potential 79
stationary 79

Field potential 88
Field strength 88
Force 46

central 80
centrifugal 57
conservative 79
Coriolis 57
Coulomb 51
dissipative 100
elastic 51
equivalent 164
external 99
of a field 84
friction 52
gravitational 50
inertial 57, 60
internal 99
longitudinal 233
Lorentz 249
magnetic 51
non-potential 99
normal 55
potential 99
of reaction 48
reactive 137
resistance 52
of sliding friction 52
tangential 55
transverse 232

Fundamental equation of dyna
mics 52

in polar coordinates 298
of variable mass 136

Fundamental equation of rela
tivistic dynamics 231

Galilean relativity 43 I

Galilean transformation 34

Indez

General theory of relativity 61
Gradient 86
Gyroeflect 178
Gyroscope 174

precession of 175
Gyroscopic couple (moment) 177
Gyrostatic action 178

Hooke's law 52

Increment 82
Inertness 45
Initial conditions 16
Instantaneous rotation axis 28
Interval 214

light-like 214
space-like 214
time-like 214

I sotropy of space 42

Keplerian motion 298
Kinematics of a point 14

of a solid body 21
Kinetic energy 90

relativistic 234
of a solid body 171

Law
of acceleration transforma

tion, relativistic 226
of conservation of angular

momentum 156
of conservation of energy

93, 101 .
of conservation of momentum

117
of inertia 41
Newton's first 41
Newton's second 46
Newton ' s third 48
of universal gravitation 50
of velocity transformation,

relativistic 215
Laws of ·forces 50
Light clock 201
Local time 211
Long-range action 49
Lorentz contraction 205



Lorentz factor 241
Lorentz transformation 208

of momentum and energy
240

Mass 45
gravitational 50
reduced 125
relativistic 229
rest 229

Mass-energy relation 236
Meshehersky equation 137
Michelson'8 experiment 192
Minkowski diagram 217
Moment of force 148

relative to an axis 15i
Moment of inertia 166
Momentum 47, 114

conservatidn of t 17
relativistic 227, 230
of a system 115
total, of external for~8 160

Path 14
Perfectly rigid body 12
Plane motion 26

of a solid body 170
Potential 88
Power 78
Precession 175
Principle of equivalence 60
Proper length 205
Proper time 202

Reference frame 11
helioeentric 42
inertial 41
non-inertial 42

Relativistic mechanics 12
Rod-and-tube "paradox" 222

27i

Rotation 22
of a solid body 38
about a stationary axis 22,

165
Rotation axis, instantaneous 28

Simultaneity 197, 210
relativity of 219

Space-time diagram 224
Steiner's theorem 301, 167
Superposition of fields 88
Symmetric elastic scattering 251
Symmetry of space-time 42

Time dilation 200, 219
Torque 148
Transformation

of acceleration 31
of velocity 31
of velocity direction 225

Translation 22, 57

Uniformity of space 42
of time 42

Vector
axial 24
displacement 14, 35
mean velocity 15
polar-23

Vector diagram of momenta 130
Velocity .

of a centre of mass (inertia)
120

of light 49
of a point 14

Weight 51
Work 74

of Coulomb force 76
of elastic force 75
of gravitational force 77

World line 217
World point 217
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